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Abstract 

This paper is a call for theoretical and experimental studies on the problem whether the relativity and quantum mechanical laws 
which have proved so effective for the atomic as well as the nuclear constituents are truly verified also for the hadronic consti­
tuents. For the intent of stimulating these studies, this paper is devoted to the problem whether a violation of the laws considered 
in the arena considered is conceivable, plausible and quantitatively treatable on grounds of our current knowledge. This problem 
is studied according to a number of sequential steps. 

First, we conduct a critical analysis of the quark models on the hadronic structure to the effect of indicating that, perhaps, 
their known problematic aspects are only the symptoms of a much more fundamental problem of consistency at the level of the 
basic laws. By noting that the available unitary models produce a Mendeleev-type classification of hadrons of unequivocal physi­
cal effetiveness and of virtually conclusive character, we search for a compatible but fundamentally different model of structure 
along much of the differentiation between the problem of classification and that of structure which resulted as necessary at the 
atomic level. 
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We then enter into the study of a conceivable new model of hadronic structure which is capable, on one side, of achieving 
compatibility with the established models of unitary classification and, on the other side, of resolving the fundamental problematic 
aspect of available models of structure, the identification of the hadronic constituents with physical particles. According to our 
priorities, we assume as fundamental the problem of the nature of the forces of the hadronic constituents. The second problem in 
our priorities is that of the disciplines capable of treating the assumed type of strong hadronic forces. The last problem in our 
priorities is that of the construction of a structure model of hadrons and of its confrontation with physical reality. 

A crucial experimental data of the hadronic phenomenology is that the charge volume of hadrons does not appreciably increase 
with mass (contrary to the correspondent occurrence at the nuclear level) and it is of the same order of magnitude of that of any 
other know, massive and charged particle. It then follows that, if the hadronic constituents are massive, charged and physical 
particles, that is, non-point-like, they are bounded according to a state of penetration of their charge volumes (or wave packets). 
This yields a realization of the strong hadronic forces as being nonlocal and nonderivable from a potential, that is, a type of force 
which is beyond our current knowledge at this time for any effective, quantitative treatment. We therefore approximate these 
forces with local forces nonderivable from a potential. This yields forces which,. at the primitive Newtonian level, are the noncon­
servative forces of the systems of our everyday experience. The fundamental physical character of the assumed strong hadronic 
forces is therefore that of being nonconservative. These forces essentially constitute the simplest conceivable analytic generali­
zation of the Lorentz force, in the sense that the Lorentz force is linearly dependent on the velocities and derivable from a potential 
(variationally selfadjoint forces), while our strong hadronic forces are dependent on the velocities in a generally nonlinear way and 
are non-derivable from a potential (variationally nonselfadjoint forces). 

We then enter into the study of the quantization of nonconservative Newtonian forces in general and of strong nonselfadjoint 
hadronic forces in particular. For this purpose we briefly recall the dual methodologies for the classical treatment of the forces 
considered, as presented in details by the author in preceding papers and forthcoming monographs, those of the Inverse Problem 
and of the Lie-Admissible Problem. The paper essentially presents a study for the quantization of these methodologies which 
results in a proposed dual covering of Schrodinger's and Heisenberg's equations. A central result is that, under the condition that 
the quantum mechanical algorithms at hand (r, p, H, M, etc.) possess a direct physical significance, the brackets of the time evolu­
tion law must violate the Lie algebra identities as the fundamental condition for mathematical and physical consistency for the case 
of nonselfadjoint forces. Instead, the brackets considered can characterize a covering Lie-admissible algebra, in precisely the 
same way as it occurred at the classical level. Intriguingly, there is the emergence also of the Jordan algebras, which therefore 
acquire an apparent fundamental methodological role for the quantum mechanical treatment of nonconservative forces, perhaps 
equal to that of Lie algebras. Indeed, the brackets of the proposed covering of Heisenberg's equations result to be, jointly, Lie­
admissible and Jordan-admissible. The epistemological lines for a possible covering of conventional quantum mechanics, here 
called hadronic mechanics, are presented. It is then pointed out in details, either via the generalized algebraic structure of the 
theory or via direct analysis of the dynamical behaviour, that the inflexible laws of quantum mechanics (here called atomic mecha­
nics) for the treatment of selfadjoint forces are fundamentally inapplicable to the broader physical context constituted by strong 
nonselfadjoint hadronic forces. Instead, the familiar quantum mechanical laws appear to be replaced by covering laws capable of 
identically recovering the former at the limit of null forces non-derivable from a potential. 

As a necessary complement to the above dynamical analysis of the problem, we then study the relativity laws which are applica­
ble in nonconservative quantum mechanics (the hadronic mechanics in our terminology). This objective is achieved by quantizing 
the Lie-admissible covering of Galilei's relativity for nonconservative Newtonian mechanics proposed by the author in a recent 
paper. This results in the proposal of a quantum mechanical covering relativity for the hadronic constituents, under the assumed 
broader forces, which is Lie-admissible in algebraic character and, as such, capable of identically recovering the conventional 
relativity of atomic mechanics at the limit of null nonselfadjoint forces. It is pointed out thatestablished relativities (Galilei's, Einstein's 
special and Einstein's general relativity for the interior problem) are inapplicable to the considered more general nature of the 
strong interactions. In particular, the proposed covering relativity results to be of non-Lie, non-conservative, non-inertial, non­
linear, non-geodesic, non-symplectic and non-Riemannian character to technically characterize physical systems which are non­
derivable from a variational principle. In conclusion, our studies on the dynamical profile of the problem of quantization of nonself­
adjoint forces result to b� in full agreement with the corresponding studies on the relativity profile. 



We then enter into the study of an apparent dichotomy of physical laws for the hadronic phenomenology: the unequivocal validity of 
• established laws for the behaviour of a hadron as a whole under ut most electromagnetic interactions and the conceivable applica­
bility of covering laws for the hadronic constituents. This problem is studied via the use of nonintegrable, classical and quantum
mechanical subsidiary constraints. In figurative terms, the established laws for the total physical quantities of a hadron are im­
posed ·as subsidiary constraints to the covering laws for the individual constituents. The emerging overdetermined systems of
differential equations result to be consistent (that is, admitting a physically meaningful solution) under the proper selection of
nonselfadjoint forces. It is this property which, in the final analysis, has allowed the presentation of the analysis of this paper.
According to this approach, established laws are valid by construction for a hadron as a whole, and possible departures are admit­
ted only for the hadronic constituents. In particular, the violation ofthese laws at the level of the constituents (only) emerges as a
necessary condition for the existence of more general structure forces in order to attempt a real departure of the hadronic from the
atomic structure. For instance, the imposition of Gali lei's relativity at the structure level would imply conservative strong forces. We
then argue that, under these conditions, the atomic and hadronic structures are dynamically equivalent.

As the last step in our priority, we finally consider the problem of the construction of a new structure model of hadrons based on
this dichotomy of physical laws, and its confrontation with experimental data. The study essentially indicates that the identification
of the constituents of unstable hadrons with suitably selected massive particles produced in their spontaneous decays, while
prohibited by the conventional relativity and quantum mechanical laws of strict Lie algebraic character, becomes admissible under
the proposed covering, relativity and quantum mechanical laws of joint Lie-admissible and Jordan-admissible algebraic character.
The case of mesons is considered in detail and it is indicated that the model is capable of producing a quantitative representation
of all the .intrinsic characteristics of the particles, while offers some genuine hope for a quantitative interpretation of the decay
modes and related fractions. Thus, the proposed new model of hadronic structure appears to resolve the fundamental problematic
aspect of the quark models, the identification of the constituents with physical particles, while reaching full compatibility with the
established-unitary models of classification.•

As we all know, our current theoretical knowledge can be interpreted as characterized by suitable implementations of the experi­
mentally established knowledge for the electromagnetic interactions which preserve the underlying basic laws. Pending the veri­
fication by interested researchers, our analysis essentially indicates that such knowledge can be considered as applicable, provided
that the forces (or couplings) are local and derivable from a potential, that is, the system is represented in its entirety via the simple
Lagrangian structure Ltot= Ltree + L int• If the strong interactions are assumed as dynamically nonequivalent to the electromagnetic
interactions and their forces are realized in a form analytically nonequivalent to the Lorentz force, they demand the abandonment of
the virtual entirety of our current theoretical knowledge (such as: Gali lei's and Einstein's relativities; Heisenberg's equations and
Pauli's exclusion principle; scattering amplitude and Feynman diagrams; canonical field quantization and spin-statistics theorem;
etc.). Instead, under the conditions indicated, the courageous construction ·of covering disciplines must be undertaken for the
strong interactions in general and for the hadronic structure in particular, in exactly the same way as it occurred for the electro­
magnetic interactions in general and for the atomic structure in particular.

The paper concludes with remarks concerning the future orientation of experimental high energy physics which is needed to
provide means for a physically effective selection among an ever increasing number of hadronic models. It is argued that, until the
experimental efforts are essentially restricted to the identification of new particles, the problem of the hadronic structure will
likely remain fundamentally unresolved, because the knowledge of new particles adds informations which are certainly useful for
the classification of hadrons, but not necessariiy for the structure. It is submitted that, jointly with the continuation of these valua­
ble experiments, the fundamental problem of the validity or invalidity of established relativity and quantum mechanical laws for the
hadronic constituents is confronted. In the final analysis, if the laws considered will eventually result to be valid in the arena con­
sidered, the quark models are likely to emerge as the only conceivable models at this time. On the contrary, if the laws considered
will eventually emerge as being violated in the arena considered, the concept of quark as the constituent of �adrons is likely to be
ruled out in a final form.

Copyright@ 1978 by Hadronic Press, Inc., Nonantum, Massachusetts 02195, U.S.A. All rights reserved. 
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I. STATEMENT OF THE PROBLEM 

One of the objectives of the HADRONIC JOURNAL is to attempt an active editorial 

policy in the sense that any member of the editorial organization of the journal may, at 

his own election, solicite contributions on open problems of general or specific interest 

in hadron physics. 

Along these lines, the objective of this paper is to solicit contributions by interested 

researchers on the problem of the experimental verification (or test, if you prefer) of the 
validity within a hadron of established relativity and quantum mechanical formulations, with 

particular reference to Einstein's special relativity1 and Pauli's exclusion principle 2• 

In its simplest possible form, the argument is the following. The validity of the laws 

considered for the behaviour of a hadron as a whole under electromagnetic interactions 

appears to be established on solid experimental grounds, Neverthless, strictly speaking, 

this does not constitute evidence of the validity of the same laws for the hadronic constituents. 

Since a direct experimental evidence for the latter context is lacking at this moment, it follows 

that the current contributions on the problem of the hadronic structure are based on the ( often 

tacit) assumption of the validity of the laws considered. This occurrence can be interpreted 

as an expression of clear plausibility of these laws and of the models based on them. 

Neverthless, without a direct experimental verification, this occurrence also cannot be 

interpreted as a final resolution of the problem considered, 

After all, the historical nonapplicability of previously established knowledge to the 

problem of the atomic structure, or the more recent, but equally historical discovery of 

parity violation, should not be forgotten. 

It is an easy prediction that an exhaustive study of the problem considered demands 

contributions from the scientific community at large. In particular, a number of complementary 
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contributions appear recommendable. First of all, there is a truly realistic possibility 

that a proper reinterpretation of available experimental data (e.g., for deep inelastic 

scatterings) from the viewpoint of the validity of established laws could resolve the issue. 

At the same time, the issue whether the same experimental data can be quantitatively inter­
preted by models based on the inapplicability of established laws as currently known, should 

be confronted. Also, delicate mathematical issues in each of these opposite, yet complementary 

approaches should perhaps be first resolved at the pure mathemat ical level in order to reach 

the needed physical effectiveness. Finally, contributions by experts on the epistemological 

meaning of the terms "experimental verification" or "experimental test" should not be 

overlooked to avoid potential unnecessary controversies. 
This completes the editorial part of this paper. 

The rest of this paper is devoted to an initial identification of specific tests, via the study 

of the problem whether a violation of the laws considered within the arena considered is con,­

ceivabl e, plausible and quantitatively treatable on grounds of our current knowledge. In 

essence, we argue that an effective way to stimulate the necessary partecipation of independent 

researchers for a future resolution of the issue, is to initiate a study for the possible violation 

for the hadronic constituents of those laws which have proved to be so effective for the atomic 

(as well as nuclear) constituents. As such, the remaining content of this paper, besides being 

basically insufficient to resolve the issue considered, must be considered at this time an 

exercise of scientific curiosity. 
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2. A CRITICAL ANALYSIS Op THE QUARK MODEL 

The period of the history of theoretical physics ranging from the awarding of 

the Davy medal in chemistry to D.I. MENDELEYEV
°

in 1882 to N. H. D ,  BOHR's 

reception of the Nobel price in physics of 1922, as is kno�, was dominated by the 

problem of identifying methndological tools capable of providing an effective repre­

sentation of the atomic structure. 

It was not without controversy that the need of a radical departure from previously 

established classical formulations finally emerged. As a result of corageous contri -

buttons ranging nver the first half of this century, a new mechanics, called quantum 

mechanics, was identified, conceived and constructed by founding fathers such as 

N,BOHR, M,BORN, L.V.DE BROGLIE, P.A.M.DIRAC, W. HEISENBERG, P. JlRDAN , 
W. PAULI, M. PLANCK and E. SCHRODINGER. 

The outcome was the establishing of� model of the hydrogen atom which proved 

to be fully consistent with physical reality. The advent of the special theory of 

relativity by A. EINSTEIN and the related implementation of quantum mechanics Into 

a broder discipline, called relativistic quantum mechanics, resulted to be crucial for 

bringing the model of the atomic structure to its utmost maturity,as it is known nowadays. 

The period of the history of theoretical physics ranging from 1922 to E. FERMI's award 
of the Nobel price in physics of 1938 , as is also known 4; was dominated by the problem 

of the structure of the atomic nucleus. The fundamental discipline used for this objective 

was, and still is, quantum mechanics, As a result of a rather large number of 

contributions, an effective understanding of the nuclear structure was finally achieved, 

The aspect of this latter period of the history of theoretical physics which ls relevant 

for this paper Is that quant11111 mechanics produced only one model on the structure of 

the hydrogen atom capable of interpreting the entirety of its phenomenological behaviour, 

while the same discipline, applied to the structure of the atomic nucleus, produced a 

variety of models, such as the shell model, the Fermi gas model, the optical model, 

etc, , none of which seems to be individually capable of representing the entirety of the 

new physical context. Despite the subsequent advent of clustering models , this 

situation still persists as of today. 

This situation seems to indicate that in the transition from the atomic to the nuclear 

level, nature suddenly becomes polyhedric by restricting our capability to effectively 

represent it to only few of its facets at a time. Our contention is that, on a comparative 

• Other spellings in the English literature are: Mendeleev, or Mendeleeff or Mendelejeff 
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basis between atomic and nuclear physics, the latter ls still fundamentally unresolved as 

of now. Indeed, the problem of the forces responsible for the atomic structure can be 

considered as resolved on ground on clear experimental evidence, while the ·problem 

nf the nature nf the nuclear forces is still open at this moment. We therefore argue that the 
chapter of the nuclear structure cannot be considered as closed until a final resolution of 

the probleIT, of the nature of the n11clear forces and of the methodology for their treatment 

is achieved. 

The �erlod of the history of theoretical physics ranging from 1938 until now has been 

dominated, as it is also well known, by the problem ,of the structure of the strongly inter· 

acting particles, �e hadrons. The fundamental discipline used in the virtual totality of the 

contributions in this topic is, again, quantum mechanics or Its relativistic discrete or 

quantum field theoretical extension, but this time complemented with new tools, the unitary 

internal symm:ry groups and, most notably, the SU(3) model by M, GELL-MANN and G. 

ZWEIG of 1964, subsequently subjected to a series of implementations such as color 
7 

' 

flavor, etc. 

The formidable task confronted by physicists In this latter period of the history of 

theoretical physics was in actuality two-fold. First, there was a clear need of producing 

an effective classification of an ever increasing number of hadrons, that is, to formulate the 

"Mendeleyev table "of the subnuclear particles . Secondly, there was the central problem 

of identifying the structure of the particles considered which, from mounting experimental 

indications, cannot be elementary. 

As a result of brilliant contributions, it appears that the unitary models have indeed 

produced a "Mendel:yev classification" of hadrons of clear physical relevance•. Thus, the 

first of the indicated two objectives can nowadays be considered as accomplished to 

a major extent. 

The same unitary models have been used to jointly attempt the construction of structure 

models of the hadrons, again within the context of quantum mechanics (or quantum field theory) 

as the fundamental discipline. The net outcome has been this time controversial. It would 

be of questionable scientific mentality to deny that some of the more recent contributions 

within the context of unitary structure models of hadrons constitute genuine progress in 

a rather formidable problem. But it would be unobjective to deny that the emerging models 

of structure have a lesser physical effectiveness on a comparative basis with nuclear and 

• The .I2 ... event �eproduced in the front page of this journal has been selected to 
honor this achievement. 

• 584 • 

atomic models. 
An aspect which is relevant for this paper is that, in the transition from the nuclear 

to the hadronic level(wlthln the context of the same fundamental disciplin<i)there has beerr 

a larger proliferation of models which appea� to emphasize the departure from the unity 

of atomic physics. The interested reader is suggested to inspect for instance the review 
. ·s 

' ' 

article of ref. , identify the number of different models and ascertain the reasons for 

our inability to perform a clear selection of one model versus another. It seems as if, in 

the transition from the nuclear to the hadronic level, nature perfQrms the transition from 

a polyhedric structure to a structure of undefined topology, with consequential loss of 

guidance for our efforts to effectively represent it. 

This, however, is only part of the reasons of controversy indicated earlier. Other 

reasons can be identified as being a direct consequence of the 

discipline used in these studies. As is known, the fundamental representation of the SU(3) 

group, jointly with its use in the problem of the classification of hadrons, was assumed 

to represent a physical particle, called quark, and interpreted as the constituent of 

hadrons. The inflexible laws of quantum mechanics, however, directly imply certain special 

features of quarks, whenever they are assumed to be physical particles. Fnr instance, in 

the models currently receiving the majority of consensus, 1!he quarks possess a fractional 

charge. Since no such particle Is produced in the spontaneous decays of unstable hadrons, 
a sizeable experimental effort has been implemented during the last decade and lately 

intensified aiming at the detection of quarks (or, more generally) fractionally charged 

particles) without achieving a final experimental resolution until now, despite co n tributlo� 

of unequivocal scientific value.3 In turn, this situation has stimulated considerable 

theoretical efforts aiming at the so-called models of conflnement�
0
n;;plte equally brilliant 

contributions of equally undeniable scientific value , no conclusive model of confinement 

which can be accepted by the physics community at large has been achieved until now. 

But perhaps, more problematic aspects of the quark model are only surfacing at this 

time. An increasing experimental evidence indicates the existence of additional new (leptons 

and) hadrons, to the point that the possible existence of an infinite number of these particles 

cannot be ruled out at this moment. As it has been in the past, it is conceivable that the 

quark models on the hadronic structure must be subjected to a progressive number of 
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sequential implementations. Technical arguments then suggest the need of introducing 

new quarks. At the possible limit of an infinite number of hadrons this could imply the 

assumption of an infinite number of different quarks. In any case, irrespective of whether 

this number is finite or infinite, any increase in the number of different quarks casts 

shadow on the conception that the quarks are the elemental constituents of the hadronic 

matter. 

To summarize this brief historical perspective, the use of quantum mechanics as the 

fundamental discipline within the context of the currently identified layers of the microsco­

pic reality 

(I) the atomic layer, 

(II) the nuclear layer, and 

(Ill) the hadrOnic layer, 

has produced 

(I') one single model capable of effectively representing the entirety of the phenomenological 

behaviour for the layer for which it was conceived, the atomic structure, 

(II') the lack of one single model for the subsequent layer of the nuclear structure, although 

the emerging models exhibit a clear physical effectiveness, and 

(ill') a proliferation of models for the subsequent layer of the hadronic structure of lesser 

physical effectiveness on a comparative basis with that of the nuclear and atomic models, 

to the point that no conclusive model of hadronic structure can be claimed at this moment.2
° 

This situation calls for a critical analysis of the quark modebaiming at the identification 

of conceivable alternatives which deserve a study, in the traditional spirit of unsolved 

physical problems. 

One of the major difficulties of this task is the identification of an arena of unequivocal 
physical relevance of the quark models and of the underlying fundamental discipline. This 

problem is created by the clear achievements of clear physical relevance of the quark models. 

As a result, it is unlike that any final, future resolution of the problem of the hadronic 

phenomenology will be achieved '\l.i.thout the use of unitary model), The problem therefore 

consists of the identification of a part of the hadronic phenomenology for which the unitary 

models unequivocally apply, and a part in which the search for fundamentally different 

models might have a scientific value. This is clearly a problem which cannot be resolved 

in an individual paper and will likely demand the partecipation . of the scientific community 

- 586 -

at large. The tentative answer which will be attempt ed in this 

paper is essentially the following. An arena of unequivocal applicability and physical rele­

vance of the unitary models is that of hadronic classification only. In relation to the 

different problem of the hadronic structure, studies along the current unitary trends 

must continue, Jointly, fundamentally different models of structure should be attempted 

and subjected to a comparative confrontation with the hadronic reality. 

Another major difficulty of the task under consideration is related to the identification of the 
reasons which prohibit the establishing of the quark models at this time as the conclusive 

models of the hadronic structure. This too, is not a problem which can be resolved in 

an individual paper and will also demand the contribution of the scientific community 

at large. The crucial nature of the problem considered is self-evident. If these diffi-

culties can be identified in a way as detailed as possible, this would constitute a: 

basis for further progress on the problem of the hadronic structure. 

valuable 

This latter issue has clearly a complex structure owing to the inevitable enclosure 

of co n ceptual, technical and methodological aspects of the problem of the hadronic structure. 

The current problematic aspects of the unitary models of structure (lack of identification 

of quarks with physical particles, lack of a conclusive model of confinement, etc.) will 

not be considered in this paper. It is hoped that experts in the field will eventually study 

these issues under the profile considered. Our efforts will be centered instead on the 

methods used in the construction of unitary models of structure, in line with the episte­

mological considerations of Section 1. The issue which will be considered is 

not whether new models can be constructed within the context of the same fundamental 

discipline, quantum mechanics. Instead, the issue which will be considered is whether, 

in much the same way as it occurred at the at omic level, the problem of the hadronic 

structure might demand the construction of a new discipline, specifically conceived for 

the considered layer of the physical reality. It is this aspect which is here considered 

crucial for the objective of this paper: to stimulate the experimental verification of 

the validity (or invalidity?) of established laws for the hadronic structure. Indeed, if broader 

disciplines appears to be conceivable for the hadronic structure, the need of proving 

on clear experimental grounds the validity of established disciplines is consequential. 
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To avoid possible misrepresentations, it should be stressed already at the level of 

these introductory remarks that this conjectural possibility of broader disciplines will 

be studied� for the proble m of the hadronic structure and not that of the behaviour of 
a hadron as a whole. This distinction between the methodological profile of the 

problem of structure and that of classification or "exterior behaviour" is suggested 

by the fact that, according to clear experimental evidence (e, g., in particle accelerators), 

established relativity and quantum mechanical laws unequivocally apply for a hadron as a 

a whole, such as, the conventionally quantized value of the spin, the relativistic behaviour 

under electromagnetic interactions, etc. 

In conclusion, the exercise of scientific curiosity with which I hope to entertain 

the interested and open minded reader is whether the current problematic aspects of 

the current quark m0dels of hadronic structure are only the symptoms of a much 

more fundamental problem of consistency at the level of the basic laws. 

The theoretically inclined reader should keep in mind that this paper is primarily 

devoted to the researchers who will expectedly produce, in due time, the actual resolution 

of the issue: the experimentalists. As a result, I shall provide a genuine effort in presenting 

the main ideas in a language as simple as conceivably possible. A more technical study of 

the topic, which can indeed become quite involved on mathematical grounds (e, g., as the 

reader will see, via the use of non-Lie, but Lie-admissible algebras), is contemplated 

in subsequent papers. 

For conciseness, I shall present the argument in sequential tables. A more detailed 
Zi-22 study is presented in the forthcoming monographs , I have attemted to render this 

paper conceptually selfsufficient. Neverthless, the knowledge of the preceding paper 2. � 

on the classical relativity profile appears to be recommendable. 
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TAl)LE 2.1: A FIRST POSSIBLE DICHOTOMY: THE ESTABLISHED UNITARY MODELS 

OF CLASSIFICATION VERSUS THE SEARCH FOR DIFFERENT MODELS OF .STRUCTURE, 

As recalled in the introduction of this section, the problem of the atomic phenomenology 

demanded two different but compatible models: The Mendeleyev model of classiflcation� 

and the B ohr model of structure, later on generalized to what is currently known as the 

Thomas-Fermi model for higher atomic structures. 

As a specific example, consider the palladium group, an octet. The identification of 

this group belongs to the Mendeleyev classification. Neverthless, the structure of each 

individual element of the group belongs to the (Bohr-) Thomas-Fermi model of structure. 

y 

ATOMIC PROBLEM 

ClassificatiOn : Mendeleyev model. 

Structure: Bohr-Thomas-Fermi model. 

The two approaches, the classification and the structure, are profoundly different 

on conceptual, technical and methodological grounds. Neverthless, they are compatible 

in the sense that the classification produces essential elements for the structure problem, 

while the structure models reproduce the classification. 

When seen from this profile, the quark models exhibit a rather peculiar feature. They 

are customarily interpreted as providing a joint solution of both, the problem of classifi­

cation and of structure. 

As a specific example, consider the group of "stable" mesons, also an octet. The 

identification of this family was a result of the SU(3) model. The same model, under the 

assumption that the fundamental representation of SU(3) represents physical particles, 

the quark s, was then used to construct a structure model of each element of,the group as 
a bound state of a quark and an antiquark. 



HADRONIC PROBLEM 

ClassificatiOn: the SU(3) model. 

Structure : the SU(3) model. 
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Our contention is that, perhaps, this occurrence could create a dichotomy of fundamental 
physical relevance. We argue that the physical signifieance of th" S.U(3) model for the 

considered hadronic classification is unequivocal. Thus, the SU(3) model can indeed be 
interpreted as providing the Mendeleyev classification of stable mesons. The situation 

for the corresponding problem of the structure of each individual element of the octet 
might instead result to be profoundly different thanthat currently conceived, in much the 

same way as it occurs at the atomic level. 

In relation to the problem of structure two different alternatives are conceivable. 

First, there is no a priori reason why the situation which eventually resulted as necessary 
for the atomic phenomenology (a differentiation between the models of classification and 
of structure) should also occur within the context of the hadronic phenomenology. Thus, 
studies alOJl g the unitary models of joint classification and structure should continue. 
Secondly, there equally exis�no a priory reason which prohibit,, on grounds of our current 

knowledge, a differentiation of the model of classification and of structure in exactly the 
same way as it occurred for the atomic phenomenology. Thus, the search of new models 

of struoture which are fundamentally different than the unitary models (In a form to be yet 

indicated) appears to be recommendable. 

We reach in this way our first 

ASSUMPTION 2.1.1:The problem of the hadronic phenomenology demands two 

different but compatible approaches: the, established unitary models of 
classification and new models of structure. 

It should be stressed that, according to the above assumption, the available unitary 

models are assumed to be fully valid. Only their physical relevance is restricted to that 
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of hadronic classification only. As a matter of fact, most of the subsequent efforts 

along the line of study of this paper are devoted to the identification of the rudiments of 

a possible different model of structure under the uncompromisable condition that 
it should be able to recover the unitary classification in full. This is the meaning 

according to which the compatibility of possible new models of structure and the esta -
blished unitary modelfis intended in Assumption 2. 1.1. A problem which we shall leave 

open for the experts in the field is the selection, among the rather large variety of 
available models, of that model which is adequate and sufficient for an effective classi­
fication of hadrons (the originally conceived SU(3) model or some of its subsequent 
implementation,Svia color, flavor, etc.). 

It is advisable to stress one crucial implication of Assumption 2.1.1 already at 

this introductory stage. Strictly speaking, the assumption implies that the quark is only 
the fundamental representation of a Lie group, the SU(3) group, and does not represent 

a physical particle. This ls clearly a crucial prerequisite for any search for possible, 

fundamentally different structure models. Additional implications will be pointed out 

during the course of our analysis. 

TABLE 2.2: A SECOND POSSIBLE DICHOTOMY: THE ESTABLISHED CONCEPTS FOR THE 
UNITARY HADRON CLASSIFICATION VERSUS THE SEARCH OF NEW CONCEPTS FOR 
THE HADRONIC STRUCTURE. 

Theoretical physics is essentially a quantitative representation via mathematical 

algorithms of primitive physical concepts or notions or insights. Before entering into 
the problem of the disciplines which are applicable to the hadronic structure, it appears 

then recommendable to devote some attention to the basic ideas. Again, a comparative 
analysis with the corresponding situation at the atomic level may serve as of valuable 

intuitional guidance. 
As is well known, the Mendel.;yev table is based on a number of fundamental concept,, 

such as the valence, the atomic weight, etc. The problem of the atomic structure demanded 
instead fundamentally different concepts as the central building blocks, such as the 

De Broglie's wavelenght, Einstein's frequency, etc. , which however resulted to be 
able to achieve the compatibility between the classification and the structure models 
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indicated in Table 2.1. 

Ftmdamental concepts for the classification: valence, atomic weight, etc. 

1 

Fundamental concepts for the structure: wavelenght, frequency, etc. 

Again, the concepts and notioreof the classification where recovered by the structural 

approach, but they pla yed no constructive role. For instance, a structure model of, 

say, the helium atom which is based on the notion of the valence as the fundamental 

building block, was inconceivable at the time its structure was identified and remains 

to be so nowaday, 

When seen from this profile, the quark model exhibit a second peculiar feature 

which is, in essence, a consequence of its customary dual interpretation as classification 

and structure model. In short, the same notiomwhich are essential for the classification 

are used for the problem of structure. I am here referring in particular to the concept 

of particle multipletO.n any of its several variation�which is virtually dominating 

contemporary hadron physics. 

HADRONIC PROBLEM 

Fundamental concept for classification: multiplet. 

Fundamental concept for structure: 1111ltiplet 

The physical effectiveness of the concept of multiplet for the hadronic classification 

should be stressed. In the final analysis, the lack of use of this notion would likely 

prohibit any physically meaningful classification of hadro�. This is, for instance, the 

case for the notion of isotopic triplet for the pions. 
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In the transition to the problem of structure, again, two different alternatives are 

conceivable. First, it may be that the same fundamental concepts used in hadron classi­

fication are also essential for the problem of hadronic structure. Secondly, it may be 

that basically different concepts will result to be needed for the problem of the hadronic 

structure. We reach in this way our second 

ASSUMPTION 2. 2', !:The conventional concept of hadronic multiplet , while 

essential for the problem of classification, prohibits the proper formulation 

of the problem of the structure of each individual element of the multiplet and 

new, compatible concepts should be attempted. 

In essence, we argue that a structure model of say, the 11'0
, which is centrally 

dependent on the notion of, say, the isotopic triplet of pions is conceptually equivalent 

to the attempt of constructing a structure model of the helium which is essentially 

dependent on the concept of valence as a building block . As we know, each element 

of an aromic group resulted to possess its own individual structure, even though 

a number of si)!ilarities emerged and allawed the classification into a group. On 

equivalent intuitiOnal basis, we argue that, in the final analysis, the 'lJ"''�md the 'tr :± 

may eventually result to have fundamentally different structurea(in the sense, e.g. , 

of demanding a different number of constituents), even though they exhibit clear 

elements of similarity to be consistently classified as an isotopic triplet. 

One crucial implicatiOn of Assumption 2. 2.1 should be here stressed. It essentially 

implies that our subsequent efforts will be devot,:,d to the attempt of identifying a 

conceivable structure model of hadrons which, by central requirement, does not depend 

on the notion of multiplet and treats instead each hadron as an individual entity
_, but which, 

however, is capable of recovering the notion of multiplet of the corresponding unitary 

classification. 

Of course, the above critical remarks on the conventional notion of multiplets is 

per se sterile until new concepts for the structure problem are attempted and their 

plausibility assessed. The study of this problem will be initiated in Section 3. 

Almost needless to say, the above critical remarks also apply to another notion which 

is also dominating current hadron physics, that of mass spectrum. A formula producing a 

mass spectrum which fits particle data by no means should be interpreted as providing 

the final solution of the structure problem, because subsequent studies may indicate that 
it is merely another way of formulating the classification problem. 
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TABLE 2, 3: A THIRD POSSIBLE DICHOTOMY: STRONG HADRONIC FORCES DB�lVABLE 

OR NON DERIVABLE FROM A POTENTIAL. 

Vf e are now sufficiently equipped to begin our analysis of a problem which 

appears to be the truly fundamental problem of the hadronic structure: the nature of the 

strong hadronic forces, Again, a comparative analysis with the corresponding situation 

at the atomic level might be of intuitional guidance, 

In unpedagogical terms, we can say that one of the fundamental problems which 

was confronted for the identification of the atomic structure was that of the nature of 

the acting forces, The problem of the methods for their treatment was, to a considerable 

extent, sequential. As we all know, the founding fathers of atomic physics conjectured 

that the acting forces were of electromagnetic nature and then constructed a new discipline, 

quantum mechanics, for their treatment in the new layer of the physical reality then 

cOnsidered, As also familiar, this conjecture subsequently resulted to be consistent 

with physical reality1 and it is now an established scientific truth, 

ATOMIC STRUCTURE PROBLEM 

Identification of the structure forces 

(electromagnetic) 

Construction of the applicable discipline 

(quantum mechanics) 

Construction of the structure model. 

(Bohr-Thomas -Fermi model) 

When seen from this profile, the currently available unitary models of hadronic 

structure exhibit an additional peculiar feature. In essence, the attitude which has been 

implemented in the available studies has been that of first constructing unitary structure 

models and then studying the compatible realizations of the structure forces which, in 

this case, imply the additional presence of strong. forces, besides the conventional 

electromagnetic forces. 

HADRONIC STRUCTURE PROBLEM 

Assumption of the applicable discipline 

Construction of unitary structure models 

Identification of compatible realizatioM 

of the strong hadronlc forces. 
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In short, a series of circumstances, essentially dictated by the lack of established experimental 

knowledge on the nature of the strong hadronic forces, has produced a third departure 

of the studies on the hadronlc structure from the corresponding conceptual lines of 

studies on the atomic structure. In particular, the emerging realizations of the compatible 

strong hadronic forces are those derivable from a potential in the sense, for instance, 
'1.lf, 

of references . It is significant here to indicate that the compatibility of this type of 

strong hadronic forces with the unitary models is of two-·fold nature, First of all, the 

assumption that the forces cansidered are (local, of class C
., 

and ) derivable from a 

potential directly implies the full applicability of established quantization procedures, 

Thus, the forces considered are compatible with the used fundamental discipline to 

begin with, Secondly, the forces considered have exhibited a rather remarkable 

compatibility with the unitary models based on the indicated fundamental discipline, 

Indeed, upon a judicious selection of the potential, the agreement of the prediction 

of the theory with available experimental data is remarkable, although restricted to 

the case of the heavy hadron spectroscopy. 

At this point a third possible dichotomy of fundamental physical relevance is conceivable. 

As we shall Indicate during the course of our analysis, the problem of the laws which are applicable 

to the hadronic constituents is crucially dependent on the nature of the strong hadronic 

forces, If these forces are (local, of class C
"" 

and ) derivable from a potential, established 

relativity and quantum mechanical laws are expected to apply in full, pending an explicit 
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experimental verification. On the contrary, if the strong hadronic forces are structurally 

more general (in a form to be yet identified), then the problem of the applicable relativity 

and quantum mechani cal laws appears to be open, pending theoretical verifications by 
interested researchers. 

This situation suggests,as a possibly effective alternative,the reversing of the 

order of priority for the problem of the hadronic structure. We are here referring to 

the assumption of the problem of the nature of the strong hadronic forces as the fundamental 

problem. The problem of the relativity and quantum mechanical laws which are applicable 

to the assumed form of the forces is then second. Finally, the problem of the actual cons­
truction of structure models is third. This line of study, of course, is here advocated 

only as a complement to current trends in the hope that a possible, future, comparative 

con frontation with the physical reality may produce a resolution of the issue. 

We reach in this way a truly crucial problem for the analysis of this paper: the 

identification of a conceivable mor& �neral form of the strong hadronic forces. Again, 

a comparative analysis with the corresponding atomic context may be valuable. 

Let us consider on a comparative basis the lightest known atom, the positronium, and 

the lightest known hadron, the 1r 0
• These two states exhibit a number of similarities, 

such as, they are both neutral, they have similar decays modes, and they can be both 

conceived as a bound state of one massive, charged particle and an antiparticle. The 

two states considered also exhibit fundamental physical differences, such as the charge 

radius of the 7(0 is substantially smaller than. that of the positronium, the fractions of 

each decay mode is different, an(\last but not least, the 1"(0 demands the additional 

presence of short-xange forces which we call "strong" We here ign ore a number 

of additional technical implementations (e, g, , the Bethe-Salpeter equation for the posi tronium 

and the use of the so-called "sea of gluons" for the 'f1'0 ) because inessential for the 

intended level of these considerations, 

As is well known, the force responsible for the positronium structure, the Coulomb 

force, is derivable from a potential, Contrary to previous occurrences, the currently 

used assumption on the nature of the strong hadronic forces is that it is 

analytically equivalent to that of the Coulomb force, that is, also derivable from a potential. 

This is epistemologically in line with the indicated similarities between the 11'0 and the 
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positronium. The major differentiation is provided by the existence of unitary internal 

degrees of freedom which are absent for the positronium, This is epist emologically in 

line with the physical differences between the states considered, 

A number of remarks are here in order to attempt an assessement of this situation, 

First of all, it should be recalled that the assumption that the strong hadronic forces are 

derivable from a potential does not appear to be in clear agreement with the light 

hadron spectroscopy, The agreement of the studies of refs. 2.4- with the experimental 

data refer only to the heavy hadron spectroscopy, while no study of comparable physical 

effectiveness is available as of now, despite a number of attempts, 

for the case of light hadrons, It is this point which renders potentially 

effective the studies of alternative forms of the strong hadronic forces. 

Secondly, besides the problem of the explicit form of the potential, a more fundamental 

issue might be the question whether the unitary internal degrees of freedom are actually 

sufficient to represent the indicated physical differences between the 'ii'" and the positronium. 

This problem is created by the fact that, again in an unpedagogical language, those degrees 

of freedom occur in a mathematical internal space combining the 11'
0 

with other mesons, 

while the physical differences considered occur in the physical space of the experimental 

detection (the Euclidean or Minkowski space), For instance, it may well be that a proper 

selection of the potential of the strODg hadronic forces and the use of the internal unitary 

degrees of freedom may account for the different value of the fraction of the l '( decay 

mode of the 1( 0 and of the posit ronium. But, on grounds of our current knowledge, we do 

not know whether the final interpretation of this difference will eventually demand a 

differentiation of the 11'0 and of the positronium structure in the physical space of the 

Euclidean (or Minkoswkyvariables. In this latter case, the most likely candidate is a 

differentiation of the analytic structure of the acting forces, 

In any case, if we intend to assess the possible physical relevance of Assumptions 2, 1.1 

and 2. 2. I, the use of unitary internal degrees of freedom at the level of the structure 

problem is prohibited. The interpretation of the similarities as well as differences 

between the 'Ir" and the positronium is then essentially reduced to llhe explicit form of 

the strong hadronic force in the space of the experimental detection. Under these 

circumstances, the assumption that the strong hadronic forces are also derivable from 
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a poteia tial, as it is the case for the Coulomb force, becomes som�at unappealing on 
intuitional grounds. It then becomes recommendable the study of broader forces. In this 

respect two alternatives are conceivable. Toe first is that the strong hadronlc forces 

responsible for the 'ii' 0 structure (besides the Coulomb force of its constituents 

assumed. as charged) are nonlocal and not derivable from a potential. The second is that 

the forces considered are local but not derivable from a p otential. Clearly, the technical 

difficulties for the treatment of the former type of force are expected to be substantial 

(assuming that they are treatable in a physically effective way on grounds of our current 

knowledge). The second alternative therefore appears as more recommendable as an 

initial attempt of somewhat intermediate technical difficulties between local forces derivable 

from a potential and nonlocal forces not derivable from a potential. Besides, local forces 

not derivable from a potential as known to provide a good approximation of nonlocal forces. 

We reach in this way our most crucial 

ASSUMPTION 2. 3.1: The strOng hadronic forces which are responsible for 

the structure of the "stable" mesons are local, of class c "°and variationally 

nonselfadjoint, as an approximation of expected nonlocal forces, 

The crucial problem of the currently identifyable degree of plausibility of this 

assumption will be studied in Section 3, In essence, in line with Assumptions 2. 1.1 and 

2. 2. 1, the above assumption is consider at this time on mere grounds of scientific curiosity. 

Also, the assumption is considered only as a complement of the con ventional assumption 

on the strong hadronic forces and not as a substitute, More specifically, our view is that 

studies on the current trends on the nature of the strong hadronic forces should continue 

while, jointly, studies on possible more general forces should be initiated, 

Secondly, the reader should be aware that the assumption considered is introduced� 

for the stable mesons, Thus, the case of nucleons, hyperons, and other heavy hadrons 

are excluded, This attitude is motivated by the pragmatic intention of confronting first 

the problem of the lighter known hadrons and than that of heavier hadrons. After all, the 

former might ultimately result to have a considerably simpler structure than that of the latter 
(despite different plausible viev.s). Also, the problem of the stability of the proton might 

well result to be of a complexity beyond our Imagination at this time, 

Finally, we assume that the reader Is familiar, from refs.fl1/!at the terms "variationally 

nonselfadjoint" are the technical characterization within the context of the Inverse Problem 

of forces not derivable from a potential. On a comparative basis, the established force 

of the positronium is "variationally selfadjoint". 
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TABLE 2.4: A FOURTH pOssrBLE DICHOTOMY: ESTABLISHED RELATIVITY LAWS 

VERSUS THE SEARCH FOR .COVERING LAWS. 

A cc Ording to our line of study, once the nature of the strong hadronic forces has 

been assumed, the subsequent step is the identification of the 

applicable laws. This problem is (at leas0 two-fold in the sense that it demands 

the identification of the applicable relativity and quantum mechanical laws. It appears 

advisable to consider first the problem of the applicable relativity and than that of 

quantization. This is due to the possible deep impact on quantum mechanical formulations 

of the relativity laws (as we shall better illustrate in Section 3). In turn, the problem 

of the relativity laws is per sci multi-fold, in the sense that it can be of discrete non­

relativistic or relativistic nature, inclusive or noninclusive of gravitational considerations, 

etc. 

In this paper we shall only consider the most rudimentary possible relativity aspect, 

that of discrete nonrelativistic nature, A part from a few incidental 

comments, the problem of the relativistic, field theoretical and gravitational estensions 

will not be considered at this time, 

Under these restrictions, our problem is that of identifying the relativity which is 

applicable to classical discrete systems under assumption 2. 3, 1. This is equivalent to 

the problem of the relativity which is applicable to local, class c.
"°

, regular,Newtonian 

systems with arbitrary forces, i.e., the nonconservative and Galilei form-�nvariant 

systems of our everyday experience. 

The study of this problem was the subject of ref. 2 3 , The conclusion of this study 

was that the problem of the relativity which is applicable to the systems considered is 

still open as of today, This suggests our fouth 

ASSUMPTION 2. 4.1: Under a discrete, nonrelativistic, classical apprOXimation, 
the Galilei rel ativity is applicable to a stable meson as a whole with ut 

most electromagnetic interactions, while a covering relativity must be 

specifically constructed for the motion of the constituents of the same hadron • 

The hope of this assumption Is to attempt another methodological differentiation between the 

problem of classification or "exterior b.ehaviour" of the hadrons and that of the structure, 

Notice the dichotomy constituted by the assumption of established relativity ideas (under 
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the restrictions considered) for the "exterior problem" of hadrons and the assumption of 

a covering relativity for the case of the "interior problem" (only). 

In essence, we argue that charged stable mesons under ut most electromagnetic 

interactions must obey experimentally established relativity laws. This is the case, for 

instance, of the "pionic atom", i, e,, the bound state under the Coulomb force (only and 

at distances >> lF) of a 'ii .,. and a 11' - . At the discrete, nonrelativistic, classical limit 

this state is essentially that of a conservative Coulomb system, where the term "conservative" 

is intended to express the fact that the particles move in vacuum (and , thus, without dissi -

pative forces) or, equivalently, that the Coulomb force is the only acting force, such a 

system, besides being conservative, is manifestly invariant under the Galilei transformations, 

We are therefore within the context of an"arena of unequivocal applicability1of the Galilei 

relativity (in the language of reft' � ). This, incidentally, implies (by using expansion 

techniques) the unequivocal applicability of Einstein special relativity under a relativistic 

extension for the same context, as in any case experimentally established, In turn, this 

implies the applicability of Einstein general relativity for the exterior problem. 

In the transition to the problem of structure,the relativity profile results to be profoundly 
23 

altered by Assumption 2. 3, 1, This is due to a number of aspects considered in ref., such 

as the fact that the forces considered are now �conservative and Galilei form -�invariant. 

In turn, this creates the problem of the Newtonian relativity which is applicable to these 

forces. The contention of Assumption 2. 4.1 is that a covering relativity specifically conceived 

for the forces considered must be built. 

Among the numerous problems which are opened by Assumption 2. 4. 1, a fundamental 

one is whether such dichotomy of conventional relativity ideas for the "exterior problem" 

and a covering relativity for the "interior problem" can be technically realized in a consistent 

way. The line of study which will be attempted in this paper is via subsidiary constraints, 

In unpedagogical terms, we shall impose the validity of the conventional Galilei relativity 

for the indicated behaviour of a 4stable11mesons as a whOle as a "subsidiary constraint" to 

any conceivable generalized model of structure, The hope of this approach, in case results 

to be consistent, ls to recover in full the available experimental evidence on the validity 

of established relativity laws for the "exterior problem" of the hadrons considered, while 

any departure from these laws should occur, by construction, only in the "interior problem". 
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Our epistemological argument is essentially the following. Consider, again, the 'T(0 

as a bound state of a massive, charged particle and ib antiparticle, and as isolated from 

the rest of the universe, Assumption 2, 3, 1 essentially implies that each constituent is 

in highly nonconservative conditio111which, as we shall see better later on, result 

in the exchange (-and thus, nonconservation) of its physical characteristic with the other 

constituent, But the system is isolated from the rest of the universe. Thus, as a whole, 

the system must be conservative. In different terms, the nonconservation of a physical 

quantity of one constituent must be entirely compensated by that of the other 

constituent in such a way to result in the conservation of the correspo'Ylding total quantity. 

Equivalently, this is a particular case of the conventional notion according to which the 

conservation of a total quantity does allow the nonconservation of its individual terms, 

The novelty is that it is realized via forces not derivable from a potential. It is this 

aspect, as we shall see, that demands the use of subsidiary constraints to ensure the 

conservation of total quantities, while such subsidiary constraints are unnecessary for 

the case of conservative forces. 

Assuming that this dichotomy of relativity ideas for the exterior and the interior 

problem can be consistently resolved at the nonrelativistic level, the 

next fundamental problem is whether the approach will demand a consequential construction 

of a covering of the Einstein special relativity for the relativistic (classical, discrete) 

extension, This problem was only briefly touched in ref.2?, . In essence, it was recalled 

that local forces not derivable from a potential can be subject to a number of relativistic 

extensions. As a result, the issue here considered cannot be resolvai without a specific 

study. It was however argued that the issue will fundamentally depend on the nature 

of the relativity which emergeto be applicable at the Newtonian level. 

For instance, if such relativity will result to be of Lie-admissible type, a consequential 1 
necessary generalization of the special relativity appears to be conceivable ( owing to the 

strict Lie algebraic character of the latter versus the non-Lie algebraic character of 

the former). In turn, this could imply the need for a consequential covering of the general 

theory of relativity (owing to an indicated possible incompatibility of the Riemannian 

geometry with Lie-admissible algebras) but, again, for the interior problem only. 

It is in respect to these latter issues that we shall restrict ourselves to only few incidental 

remarks in the hope that they can be of some assistance for the interested reader, and our 

analysis will be essentially restricted to only the discrete nonrelativistic profile. 
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With an open mind on these issues, an implication of Assumption 2, 4.1 should be 

here indicated, The assumption essentially characterizes an attempt of differentiating 

the atomic and the hadronic structure via the applicable relativity laws. By again using 

the positronium and the 11' 0 on a comparative basis, the Galilei relativity is fully 

applicable to the positronium structure, while for • Assumption 2, 4. 1 the same 

relativity under the same classical, nonrelativistic and distrete approximation, is not 

applicable to the 1r' 0 structure. It is precisely in this differentiation that our hopes 

of attempting a representation of the differences of the structures considered rely. 

Irrespective of Assumption 2. 3, 1, we argue that, perhaps, the assumption that the 

relativity for the 'iT' 0 constituents is the same as that of the positronium constituents 

implies an equivalent dyna ,nical characterization of these structures which, in turn, is 

insufficient to represent their physical differences. 

At. its extreme potential implications, Assumption 2, 4, 1 implies an attempt of 

differentiating the electromagnetic and the strong interactions in the physical space 

of their experimental detection via the applicable relativity laws: the established relativity 

laws for the former and possible covering laws for the latter. 

Again, we argue that, if the strong int er actions are assumed as obeying the same 

relativity of the electromagnetic interactions (e. g. , Einstein special relativity) t his 

necessary implies a form of equivalent dyna rrical behaviour . We then argue that, if 

the differentiation between these interacticm is attempted with the only additional presence 

of mtitary internal degrees of freedom for the strong, this is perhaps insufficient to 

represent the physical reality, because the .rather profound differences between the 

interactions considered occur in the physical space of their experimental detection, 

while the unitary degrees of freedom could only result as acting in a mathematical 

internal space, 

When the problem of the strong interactions in general, and that of the hadronic 

structure in partictiar, are inspected from this profile, the established relativity laws 

appear in a different light: perhaps, they constitute a major �for a genuine 

differentiation of the electromagnetic and the strong interactions in general, and of the 

atomic and hadronic structures , in particular. 
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TABLE 2, 5: A FIFTH POSSIBLE DICHOTOMY: ESTABLISHED QUANTUM MECHANICAL 

LAWS VERSUS THE SEARCH FOR COVERING LAWS. 

The last aspect Of our critical analysis of the quark models is that related to the 

problem of the applicable quantum mechanical laws, In essence, our analysis of the 

models considered is centered on a critical inspection of the used disciplines, rather 

than the models per se. Our central cOntention is that the current problematic aspects 

of the quark models 

could in the final analysis only result to be the symptoms of a more fundamental 

consistency problem, Irrespective of whether this ls the case or not, the most effective 

way to achieve, in due time, a final resolution either in favor of the quark models or 

against, is that of establishing the validity or invalidity of the used fundamental laws 

in an incontrovertible experimental form. 

In essence, if the established relativity and quantum mechanical laws (which, as is 

well knoWn, are at the foundation of the quark models: in virtually all available variations) 

will result to be valid for the hadronic constituents, the quark models are likely the 

only conceivable structure models . Intriguingly, this possibility appears to be centrally 

dependent on the nature of the strong hadronic forces which, as such, acquires a fundamental 
physical role, The problem, in this case, will then be that of finding the "right quark model". 

However, if the established relativity and quantum mechanical laws result to be 

inapplicable to the hadronic constituents and covering laws must be identified, the quark 

models on the hadronic structure are likely to be ruled out in a final form, and fundamentally 

different models are likely to be needed in this case, It should be stressed, in line with 

the remarks of Table 2. 1. that, if this is the case, by no means this will necessarily rule 

out unitary models from the hadronic phenomenology, New insights in theoretical 

physics .never "destroy" previous accomplishments of proved physical relevance, They 

only identify their arena of applicability. For the issue under considerat ion, the physical 

relevance of models for the problem of hadron classification appears to be 

established on rather unequivocal terms. Tue i"ossible invalidity of the quark models of 

structure here referred to would leave this physical relevance unaffected. This is, in 

essence, the spirit of Assumption 2. 1.1. 

In conclusion, the experimental verification of established laws advocated in this 

paper could likely result to be a final test for the validity or invalidity of the quark models 
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of structure only, while leaving the validity of the same models for the hadronic classi • 

fication unaffected, 
These remarks have here been made for the intend of stressing the crucial nature 

of the problem of the applicable quantum mechanical laws. The remarks of relativity 
nature of Table 2, 4 are per st! inapplicable for an experimental verification because 
classical. Clearly, in order to attempt a possible, future,experimental verification, 

a consistent form of quantization is needed for the context of Assumption 2, 3, 1. 
Along the line of study of this paper, the problem under consideration is whether 

conventional quantization techniques, laws, principles and insights are applicable or 
not to nonselfadjoint Newtonian systems (i. e, , systems with local forces not derivable 
from a potential). 

A simplistic solution of this issue based on mere relativity considerations would 
be in the negative, In essence, the transition from the Galilei relativity to the covering· 
Einstein special relativity demanded the implementation of quantum mechanics into a 
covering relali vistic discipline, If a nonconservative, classical, nonrelativistlc covering 

of the Galilei relativity exists,this migt inevitably imply the existence of a corresponding 
covering of quantum mechanics for which conventional laws, principles and insights 
are inapplicable as currently known in favor of covering notions, 

It is in this respect where the algebraic profile might play a crucial role, We are 
all aware of the fundamental physical role of Lie algebras in quantum mechanics, e, g. , 
for Heisenberg's time e wlution law, for the construction of the conventional quantum 
mechanical notion of spin, etc, In the transition to· relativistic quantum mechanics 
this algebraic character persists and therefore implies the preservation of a number 
.of furdamental notions and only their generalization to a relativistic co ntext, If a 
nonconservative, classicai and nonrelativistic covering of the Galilei relativity exists 
and results to be of non· Lie type (e.g., Lie-admissible), its potential implications 
at a quantum mechanical level are predictably conspicuous, to the point of rendering 
conceivable the existence of a nonrelativistic covering of quantum mechanics for 
local forces not derivable from a potential, as we shall indicate in Section 4, 

The problem under consideration, however, is such to also warrant the study 
of the quantum mechanical profile in a way independent from relativity considerations. 
A number of aspects in this case become relevent, Some of the most significant are the 
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quantization of nonconservative systems within the context of statistical-thermodyna mical 
formulations and that of discrete nonrelativistic mechanics (along much of the lines 
of conventional quantum mechanics, but now referred to broader forces). Within the 
former context major results have been achieved, most notably, by I. PRIGOGINE 

, H . and his collaborators. Within the latter context, the problem appears mstead to be 
essentially open at this time, despite a number of attempts, It goes without saying that 
the analysis of Section 4 in relation to this issue Is largely insufficient 
even for a partial study of the issue considered, It Is primarily intended to stimulate 
the awareness of our community on the existence of the problem of quantization of forces 
not derivable from a potential. 

Besides technical consideratiom, there is an epistemological aspect which should 
not be overlooked, Here a comparative analysis of the corresponding situation for the 
atomic structure might again provide valuable intuitinnal insights, 

As it is known, the only disciplines available at the time of the inception of the 
Mendeleyev classification of atoms were classical (as well as nonrelativistic), The problem 
of the structure of the atoms was initially confronted with the use of the same disciplines 
which had proved so effective for the problem of classification, A number of .consistency 
problems subsequently forced the acceptance of a radical departure from classical atti • 

tudes, The solution of the problem of the atomic structure simply demanded the courageous 
construction of a new discipline, quantum mechanics, specifically conceived for the 
interpretation of the atomic phenome nology (spectral lines, stability of the electron's orbits, 
etc,), 

In conclusion, the problems of the atomic classification and structure, even though can 
be treated nowadays within the context of quantum mechanical formulations, were initially 
resolved with different but compatible disciplines, With reference to the group of the 
palladium considered earlier, we can therefore symbolically write 

y 

ATOMIC PROBLEM 
Classificati<>n : classical formulations, 

Structure: quantum mechanical formulations, 
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A comparative analysis of the above occurrence with the corresponding occurrence 

for the quark models of hadrons indicates the existence of an additional differentiation 

in attitude of the hadronic versus the atomic problem. In unpedagogical terms, a funda -

mental idea of the quark models ls that of implementing with unitary Internal degrees 

of freedom the discipline previously established for the electromagnetic phenomenology, 

quantum mechanics. The basic notions, laws and principles of this latter discipline, however, 

remain unaffected by such a unitary implementation. With reference to the previously 

considered family of '"stable" mesons we can then symbolically write 

HADRONIC PROBLEM 

ClassificatiDn: quantum mechanic�. 

St ructure : quantum mechanics. 

Our epistemological argument is that, irrespective of any preceding remark, a 

differentiation of the disciplines used In the hadronic classification and structure 

might in the final analysis result to be needed and, in any case, cannot be ruled out 

on grounds of our current knowledge. In essence, the issue here referred to is whether 

the available quantum mechanical formulations are capable of producing a final repre.­

sentation of the hadronic phenomenology. The major basis of judgment which is available 

at this time is that of the unitary models. But these models have been unable to achieve the 

objective considered in a final, incontrovertible form u p  to this moment, despite the 

partecipation of a rather significant part of the community of basic studies. Our attitude 

is by noW familiar. Studies along the current unitary trends within the context of established 

disciplines must be continued because their possibility of achieving the objective consi­

dered cannot be ruled out. Jointly, different insights should be attempted. 

Within the co n text of the latter alternative, a fundamental issue is the Identification 

of a possible generalized discipline specifically conceived for the hadronic constituents 

which is capable of producing a representation of the hadronic structure In the 

desired incontrovertible form. Inevitably, this demands the joint resolution of the problem 
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of the hadronlc constituents. We reach in this way our fifth 

ASSUMPTION 2. 5.1: Under a discrete nonrelativistic approximation, 

conventional quantum mechanics applies to a stable meson as a whole under 

ut most electromagnetic interactions, while a covering discipline specifically 

constructed for the constituents of the same hadron must be built. 

The argument for the first part of this assumption is essentially the following. As 

indicated earlier (Table 2. 4) a hadron, when considered as isolated from the rest of 

the universe, exhibits the Conservation of all its physical characteristics. Conventional 

quantization procedures of these total quantities (e.g., the spin) must then apply, as 

experimentally established in any case. The situation for the hadronlc constituents is 

potentially different. Again, If a total quantity is conserved, this does not necessarily 

imply that its individual components are conserved too or that the acting forces are (local and) 

conservative. Subject to an explicit verification to be attempted in Section 4, the possibility 

that the acting forces are (local but) not derivable from a potential cannot be ruled out. 

In this case, as we shall indicated, all the physical characteristics of an Individual consti -

tuent are expected to be nonconserved, of course, in a way compatible with the 

conservation of the corresponding total quantities. It is this aspect which suggests the 

search for possible covering quantization rules for the "interior problem" only. In 

this way no deviation from established quantum mechanical laws ls expected for the 

"exterior problem" of a hadron. 

To attempt an Initial identification of the problem to be confronted, consider a massive, 

charge '"stable" particle with a finite charge volume which penetrates into an atomic 

strncture. Owing to the large distances of the atomic constituents, the motion of such a 

particle while within the atomic structure can be well approximated as a motion in the 

physical vacuum (here intended as the absence of matter-to differentiate it from the quantum 

field theoretical vacuum) under electromagnetic interaction. The applicability of conventional 

quantum mechanical laws is in this case unequivocal. Suppose now that the same particle 

penetrates into a hadronic structure or, better, is created in the core of, say, a neutron 

star undergoing a phase transition to the hadronic constituents, and preserves its identity 

for a sufficiently long period of time (at the hadronic scale). In this case the approximation 

of the motion as occurring in the physical vacuum is questionable owing to finite charge 

volume of the particle and the high density of hadronlc matter (whether a hadron or the 



- 607 -

core of a neutron star), As a matter of fact an opposite conjecture is now more plausible, 

that the motion occurs in a physical medium, the "hadronic medium", As we shall see in 

the next sections, Assumption 2, 3, 1 is considered in the hope of attempting a more realis­

tic representation of this different context, In turn, it is this type of motion which suggests 

the possible nonconservative of all physical characteristics of the particle considered 

during the motion considered, including and, most importantly, the intrinsic characterists. 

The need of searching for possible covering quantum mechanical formulations is then 

consequential. 

The major expectation for such a possible generalized approach is that of providing 

some hope for a resolution of the problem of the hadronic constituents, The line of study 

which will be attempted in Section 5 is essentially the following. An intriguing experimental 

data on the mesons considered is that they exhibit spontaneous decays. We therefore argue 

that the (massive and charged).constituents of unstable hadrons could, in the final analysis, 

be produced in these decays in mu:h the same way as the positronium admitJthe decay 
+ -mode e e , According to this vie":, the unstable hadrons would essentially be a bound 

state of suitably selected massive and charged particles produced in the spontaneous decays 

(e, g., those of the decay modes with the lowest fraction) by therefore removing in this 

way the need of confinement as well as of conjecturing yet unidentified constituents. 

The crucial point (which the interested reader is here urged to verify) is that such a 

view of the hadronic structure appears to be inconsistent with conventional quantum 

mechanics for much of the same reasons which ruled out the old idea that the neutron is 

a bound state of a proton and an electron, Our contention is that, if a covering quantum 

mechanical discipline is constructed for the structure problem, such incompatibility could be 

removed, As a matter of fact, much of our subsequent efforts will be devoted to ascertain 

the possible existence of such a covering discipline which allows the consistent representation 

of an unstable hadron as a bound state of suitably selected massive and charged particles 

produced in its spontaneous decays. 

In conclusion, besides technical aspects, the assumed me ntal attitude emerges as crucial, 

If a researcher insists in the preservation of established quantum mechanical laws for the 

hadron! c structure problem, the ultimate implications are the current problematic aspects 

for the ·hadronic constituents. If another researcher, instead, admits the possibility that 

broader laws exhist , new, intriguing
1
perspectives appear to be open. When inspected from 

this profile, the established quantum mechanical laws appear 'in ·a different light: perhaps, they 

constitute a major. obstacle for the identification of the hadronic constituents with physical 

particles. 
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3. THE EPISTEMOLOGICAL ARGUMENT FOR A POSSIBLE NEW MODEL Op 

HADRONIC STRUCTURE. 

In order to attempt an initial assessement of the degree of plausibility of the 

assumptions of Section 2 a number of sequential steps will be implemented. The key 

idea is that, in order to stimulate the experimental verification of the validity of esta-

blished laws within a hadron along the lines of Section 1, an effect! ve way is that 

of ascertaining whether thar violation is conceivable on grounds of our current knowledge. 

In turn, this appears to demand the attempt of the explicit construction of a structure 

model based on such conjectural violation and its confrontation with the experimental 

data. 

In this section we shall introduce the epistemological argument for a possible structure 

model of "stable" mesons based on the assumptions on Section 2. The problem of the 

applicable relativity and quantum mechanical laws will be considered in Section 4. Finally, 

the study of the degree of plausibility of this approach to the hadronic structure will 

be conducted in Section 5. 

The reader should be aware that the assumptions of Section 2 have been conceived 

for the intent of producing a radical departure from current trends, in the hope of sti -

mulating the line of study of Section 1. 

For instance, Assumption 2. 2.1 prohibits the use for the structure problem of all 

the "chemical" quantum numbers, such as isospin, hypercharge, color, flavor, etc., 

which play an essential role for the problem of a Mendeh{yev-type classification 

of hadrons. Thus, the only considered physical quantities are those definable in the 

carrier space of the experimental detection of each individual hadron ( the Euclidean or 

Minkowski space). These physical quantities will be classified into two groups: the 

kinematlcal quantities ( or characteristics) of the hadronic constituents, such as the 

kinetic energy, linear momentum and angular momentum, and the intrinsic quantities, 

such as mass, charge, spin, electric and magnetic moments, space and charge parity. 

All the remaining internal quantities , such as isospin, hypercharge, etc. , will 

be ignored for the hadronic constituents and considered only for the classification of 

hadrons. This is intended to be in line with Assumption 2, 1. 1 according to which unitary 

models are fully applicable to the classification and new models are considered only 

for the structure problem under the condition that they are capable of reproducing the 
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unitary classification, 

Assumption 2. 3, 1 implies an additional considerable departure from current trends. 
Typically, a central starting point of the available quark models of structure is a Lagrangian 
of the fnrm L

tot = L
free + Lint' The underlying tacit assumption is that such a 

Lagrangian is capable of representing the hadronic structure in its entirety. According 
to Assumption 2. 3. 1, such a Lagrangian is insufficient to represent the structure 
considered because the additive term L. to the free term implies that the strong hadronic mt :2'!> forces are (local and) derivable from a potential (see ref. for details). But this is only 
a first conceptual departure from conventional trends. A deeper departure is given by the 
fact that Assumption 2. 3. 1 prohibits, in general, the use of any Lagrangian as a c<;ntral 
starting point. The reason is simple. When a Lagrangian of the type L

tot = Lfree + Lint 
is considered, the explicit computation of the equations of motion is trivial and often 
unnecessary because the forces are derivable from Lint' When forces not derivable from 
a potential are used instead, the computation of a Lagrangian beCllmes, by far, a nontrivial 
problem, assuming that it exhists in the considered local variables. The study of 
the integrability conditions for the existence of a Lagrangian for the systems considered 
and the methods for its computation belong to a discipline called in rer/1 the Inverse 
Problem of classical mechanics. In conclusion, Assumption 2. 3.1 implies a sort of return 
"ad orlginem": the equations of motion are assumed as the fundamental physical quantities, 
while their Lagrangian representation is assumed as a derived notion of primary metho­
dological significance. 

Finally, to keep in mind an intended continuity with Section 4, the reader should be 
aware that Assumptions 2. 4.1 and 2. 5. 1 imply an additional radical departure from conven­
tional attitudes. Typically, when considering equations of motion, the conventional attitude 
Is that of ascertaining the compliance of the equations with the applicable,established, 
relativity ( Gllilei or Einstein). The case for Assumptions 2. 4.1 and 2. 5.1 ls exactly the 
opposite of that, in the sense that now the efforts are devoted to the identification of Newtonian 
equations of motion ( field equations) which violate the Galilei (Einstein) relativity 
in some of the mechanisms identified in ref.2 

> . Clearly, this is essential for the objective 
of studying the plausibility for their violation. 
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� 3.1: THE POSSIBLE PHYSICAL ORIGIN Op STRONG HADRONIC FORCES AS NON 
DERIVABLE FROM A p0TENTIAL. 

As indicated in Table 2. 3, the problem of the nature of the strong hadronic forces 
appears to be the truly fundamental problem of the hadronic structure in the sense that 
different forms of these forces may imply different applicable methodologies and, 
thus, different models of structure. The study of the plausibility of Assumption 2. 3. 1 
is therefore crucial for our program. 

The problem under consideration is to see whether there exists any physical basis 
for the assumption that the strong hadron!c forces are local but not derivable from a 
potential. 

Our epistemological argument, in the simplest possible language, is the following. 
An intriguing experimental data of the hadronic phenomenology is that the charge volume 
of the hadrons does not sensibly increase with the mass and it is of the same order of 
magnitude of any other, charged, physically known particle ( rv 1 F). If the hadronic 
constituents are assumed as massive, charged .and physical particles, that i5, also 
possessing a finite charge radius, the hadronic structure emerges as being 
substantially different than the atomic and the nuclear structure according to the 
following comparative lines. 

(1) Atomic structure . From the established experimental data, the relative distances 
of the constituents are in this case much greater than the charge radius of the constituents. 

(2) Nuclear structure . From the established experimental data we know that the nuclear 
charge volume is (approximately) proportional to the number of nucleons and such 
that the charge volumes of the constituents are "very close" to each other. 

(3) Hadronic structure. From the established experimental data on the charge volume 
of the hadrons it follows that, if the constituents also possess a finite charge volume of the 
same order of magnitude, 
the others. !Z 6 

each constituent is bounded within the charge volumes of

In different terms, starting from the very large distances between the charge volumes 
of the constituents for the atomic structure, and going through the intermediate level of 
the nuclear structure in which the charge volumes of the constituents are very close to 
each other, we reach the hadronic level in which, to account for a non-point-like structure 
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of their charged constituents, we have a "penetration" of the charge volume of each consti­

tuent with that of the others, according to the following schematic, comparative, view 

GJ 0- +CJDo +(ID-
- .., 

Positronium Deuteron 
11"0 

This conception of the hadronic structure will inevitably imply nonlocal forces 

not derivable from a potential for any rigorous study. The technical problems for 

the treatment of these forces, however, are expected to be conspicuous (assuming that 

we oossess the necessary knowledge at this time). In order to attempt any structure 

model which can be quantitevely treated at this time, an approximation of these forces 

is in order. 

We reach in this way a crucial point of tb.e analysis of this paper. We know from 

classical mechanics that local forces not derivable from a potential constitute a good 

approximation of nonlocal forces in general. We therefore argue that the possible physical 

origin of strong nonselfadjoint forces is that of constituting an approximation of more 

general forces which appear to be essential to account for a non-point-like structure 

of the charged constituents of hadrons. 1n essence, Assumption 2. 3. 1 emerges from these 

consideratiOlllas representing a sort of intermediate step between the conventional 

quark models with point-like constituents and strong selfadjoint forces, 

and expected nonlocal generalizations for non-point-like constituents. Equivalently, 

Assumption 2. 3, 1 can be considered as characterizing a first nontrivial generalization 

of available mode)sbut of approximate character, prior to the possible future study of 

more rigorous models. 

A few comments are here in order. First of all, it should be indicated that Assumption 

2, 3, 1 implies the possibility of interpreting the strong hadronic forces as constituted by the 
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superposition, in general, of two classes of forces, a first group {local and) derivable 

from a potential along much of the available models, and a second group (local and) n011-

derivable from a potential. In different terms, according to the assumption 2. 3. 1, the 

strong hadronic forces are only partially nonderivable from � potential, and ordinary forces 

are fully admissible. This is clearly dictated by nuclear considerations. 

As we shall Indicate in Section 4, this latter feature has potentially crucial methodologi­
cal implications because one can start from available models of bound states with forces 

derivable from a potential and of Lie algebraic character and then add suitably selected 

local forces non-derivable from a potential by therefore rendering applicable the Lie-admissi­

ble formulations along the lines of ref. 2.;, . 1n particular, one can also attempt as a first 

study the addition of these latter forces with infinitesimal coefficients by therefore rendering 

potentially applicable a Lie-admissible (rather than Lie) deformation theory, in this case, 

of the first order.2� 

Another crucial implication of the picture of the hadronic structure proposed in this 

table is that it implies a differentiation between the nuclear and the strong hadronic forces 

as a direct consequence of the difference of charge volume distribution per each structure, 

More intriguingly, if the strong hadronic forces will eventually result as being nonderivable 

from a potential, this will likely call for a reinspection of the problem of the nuclear forces. 

In this case the contribution from the more general forces considered can ut most be of 

infinitesimal nature, by therefore bringing into focus, in a natural way the potential 

significance in nuclear physics of a first order Lie-admissible deformation theory, as 
� 

conjectured in ref, It is of course understood that, whether nuclear of hadronic, the component 

of the forces which is derivable from a potential can be of either central or noncentral type. 

In other, words, we are here referring only to a possible implementation of the available 

nuclear forces with contributions from terms not derivable from a potential, and not to 

a modification of these established force s. 

A further crucial implication of the hadronic structure model here considered is that 

the strong hadronic forces are not expected to be unique . Instead, a hierarchy of forces 

of increasing complexity and methodological needs is expected to occur, as the reader can 

seeby inspecting, for instance, the transition from two to three constituents, each bounded 

within the charge radius of the other. When reinspected ·from this profile, the indicated 



possible differentiation between the nuclear and the hadronic forces appears as 
a first indication of possible deeper differentiations within the hadron, depending on the 
complexity of the structure considered, 

The indicated view of the strong hadronic forces implies a differentiation with the 
electromagnetic forces on a number of counts, First of all, the electromagnetic and the 
strong forces emerges as being analytically nonequivalent in the sense that the former 
are fully derivable from a potential, while the latter are not. Secondly, while the explicit 
form of the electromagnetic forces (e.g. , the Lorentz force) is unique, this is not the 
case for the strong forces considered, because several functionally nonequivalent forms 
no11-0erivable from a potential become admissible, depending on the structure considered, 
Neverthless, according to this view, the electromagnetic and the strong forces are both 
defined in terms of the lncal variables of the experimental detection and their derivatives 
(or the field components and their derivatives), without any recursion to unitary internal 
degrees of freedom, As by now familiar, this point appears to be crucial to attempt a dynamical 

differentiation of the electromagnetic and the strong Interactions in the physical space 
of their experimental detection, 

TABLE 3,2: THE CONCEPT Op HADRONIC CONSTITUENT. CALLED El.ETON, AS A 
MUTATION OF A CONVENTIONALLY QUANTIZED PARTICLE. 

T0 make further progress, it is here essential to identify in more details the notion 
of hadronic constituent which emerges from the analysis of the preceding table, A compa­
ti ve analysis of simple atomic and hadronic structures is of some intuitional value. 

Consider , again, the positronium. It is known that electromagnetic Interactions do 
allow the exhange of kinematical quantities (kinetic energy, linear momentum and angular 
momentum) between the constituents while prohibit the exchange of intrinsic quantities 
(spin, charge, etc,). In different terms , the notion of positronium constituent we are here 
referring to is that of a particle ( an electron· or a positron) whose kinematical characteristics 
are generally nonconserved, but in such a way that the corresponding total quantities are 
conserved, The point whicl) is rolevant for the analysis of this paper is that the positronium 
constituents preserve their individual intrinsic characteristic during the entire life of the 
system, Most importantly, the constituents are spin ij2 Fermions and remain spin J/2 
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Fermions. 
Cons1'der now the ,.,.,., 0 b II as a ound state of a massive, charged, non-point-like particle 

and its antiparticle under Assumption 2, 3, 1 for the strong hadronic forces (local and not 
e ntirely derivable from a potential). As it is well known in NewtOnian mechanics, these 
forces are nonconservative. As a result, they also imply the nonconservation of the 
kinematical quantities of each individual constituent (the problem of the conservation of the 
corresponding total quantities will be considered in Table 3.+ ) . ./\n issue of fundamental 
physical relevance is, however, whether the intrinsic quantities of each individual constituent 
are conserved or not, Our contention is that, if these quantities are conserved, as for the 
positrOnium constituents, we imply a dynamical equivalence between the electromagnetic 
and the strong interactions which, perhaps, is not sufficient to represent their physical 
differences ( e, g. , the differences between the positronium and the Tl"; both considered as 
a bound state of a charged particle and an antiparticle), 

We reach in this way our sixth 

ASSUMPTION 3.2.1: The constituents of the "stable" mesons are massive, charged! 
spinning and non-point-like particles of charge radius of the order of lF for which 
all physical characteristic� of both kinematical and intrinsic type are generally 
nonconserved)mt such that the corresponding total quantities are conserved and 
quantized according to conventional rules. 

One Of the primary implications for which the above assumption is in the final analysis 
conceived is that if a hadronic constituent is, say, a spin 1/ 2 Fermion at a given instant of 
time, it does not necessarily preserve the value of the spin and, thus, its statistical charac­
ter during its evolution in time, even though the hadron as a whole has a fixed, co n ventionally 
quantized value Of the spin. 

The epistemological argument which suggests the study of the above assumption is essen -
tially the following. At the level of the atomic structure the preservation of the "perennial 
value" of the spin of the constituents is fully admissible on intuitional grounds owing to the 
large distances invdved. In the transition to the hadronic case the situation is different, 
Consider, for instance, a particle produced in the core of a neutron star under the assumption 
that it is massive, charged and non-point-like. But then the preservation of the value of the 
spin becomes unappealing on intuitional grounds, owing to the penetration of its charge volume 
with those of other hadronic constituents during its evolution in time, i. e, , the motion of a 
state of finite dimension in a medium of high density. Mutual interferences • in this 
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case could well result in a "mutation" of the value of the spin. 

In concluainn, Assumption 3. 2.1 essentially implies that the same massive, charged, 
spinning and non-pOint-like particle can exists in a hierarchy of dynamical conditions. First, 

there is the conventionally quantized state under electromagnetic interactions (only) as 

experimental detected with currently available techniques. In this case its kinernatlcal 

characteristics are generally nonconserved, but the intrinsic characteristics are strictly 

conserved. In particular, and most importantly, the particle preserves the value of its 

spin and, thus, its statistical character. Secondly, the same particle can exhists in a 

"mutated" form when penetrates into a hadronic medium (only) in which case, in addition 

to the nonconservation of the kinemattcal quantities, there is the nonconserva-

tion of the intrinsic quantities. In particular, and most importantly, the value of the spin 

a:::id, thus, the statistical character , is not necessarily preserved during the motion within 

a hadronic medium (only). 

It might be of some value to indicate that this concept of "mutation" of a conventionally 

quantized and experimentally detected particles (under electromagnetic interactions ) is 

suggested, besides the indicated epistemological arguments, by one of the most significant 

nonassoclative algebras of potential applicability, the Lie-admissible mutation algebras 2.'?>,
Z7 

A(A, r ), as we shall indicated in more details in Section 4. In other words, the concept 

of mutation we are here attempting is inspired by algebraic consideration suggested by 

the forces here considered (not derivable from a potential) . 
2� 

and the corresponding algebras which have been indicated in ref. as being in this case 

directly applicable (the strictly non-Lie, but Lie-admissible algebras). 

somewhat reluctantly awing to the recent proliferation of new words In physics, it appears 

advisable to here introduce a new name for the proposed concept of hadronic constituent for 

both, concise subsequent reference, as well as for Its necessary differentiation from the 

known concepts of hadronic constituents, such as quark and parton. 

After some selection and for reason which will be indicated later on during the course 

of our analysis, I hereby submit the name nf 

ELETON (or ANTIELETON) 

fr0m the greak meaning (with some lingnistic licence) 
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(I would like here express my gratitude to C. N. Ktorides for assistance in this greek 

meaning of the term). 

Thus, the term eleton (or antieleton) stands for a massive, charged, spinning, non­

point-like particle within a hadronic medium in such high dynajllical conditions, to have 

all its physical characteristics, of both kinematical and intrinsic nature, generally 

nonconserveci. For instance, the difference between an electron (as commonly understOOd) 

and an eleton is that the former refers to a conventionally quantized particle under 

electromagnetic (long-range) interactions only which exhibits a "perennian value" of 

the spin and of its statistical character, while the latter refers to a particle under 

electromagnetic and strong hadronic forces (the latter being short-range and not derivable 

from a potential) whose value of the spin and statistical character is not necessarily 

preserved. It should be stressed that, when the short-range forces not derivable from a 

potential are null, the conventionally quantized notion of particle under electromagnetic 

interactions only is recovered In full. Thus, the concept of eleton is a covering of that 

of conventionally quantized particles. It should also be stressed that, according to our 

assumption, the� particle can exists in both, the conventionally quantized state 

and the "eletOnic state", depending on the region of space in which exists (an atomic 

cloud or, say, the core of a neutron star). 

As the attentif reader has by now identified, the notion of eleton has numerous 

implications from a relativity profile. We reach in this way the essence of this paper. 

As by now familiar, an objective of this paper is to stimulate the awareness of the 

physics community on the need to verify with experiments the validity of Einstein special 

relativity within a hadron, as a fundamental prerequisite far the future achievement 

of a final resolution of the problem of the hadronic structure. This objective is attempted 

by studying the plausibility of a possible violation of the relativity considered in the arena 

considered. The reader should therefore be aware that the mental attitude implemented 

in this paper is different than that of current papers in hadron physics. Here, all our 

efforts are centered in studying the maximum possible violation of established relativity 

ideas which can be identified on grounds of our technical knowledge at this time. 

On grounds of pure scientific curiosity, we can therefore say that the concept of 

eleton is attempted as a realization of Assumption 2. 4. 1 (on the nonapplicabillty of 

the relativity considered in the arena considered). More technically, we can say that 
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for a (local) field to be a genuine representative of an eletonic particle lt must not 

transform covarlantly under the Poincare' group. This aspect will be studied 

ln more details in Sections 4 and 5. At this point a conceptual argument should be 

sufficient to identify our objective. 

In essence, if a(local) field is subjected to the condition of transforming covariantly 

under the POincare' group according to conventional approaches, the net effect ls the 

preservation of the value of the spin of the state considered and, thus , its statistical 

character in the conventionally known way. In turn, this implies the lack of representa -

tion of an eletonic particle. On the contrary, to achieve a technical characterization 

in field theory of a particle with varying spin and statistical character, the lack of 

covariance of the representative field under the POincare group appears to be a necessary 

prerequisite. 

This situation is created not only by the strict Lie algebraic character of the 

Einstein special relativity, but more specifically, by the SU(2)-spin (Lie) subalgebra 

of the Poincare' (Lie) algebra. A study of the representatiomof the SU(2) algebras then 

indicates the inability of this algebra to characterize a 

varying spin, 

Of cnurse, it remaims to be seen whether this notion of eleton can be technically 

realized in due time. The conceivable line of study which is adv'>cated in this paper is 

an embedding of the SU(2)L ie-apin algebra into a covering SU(2)-Lie-admissible-spin 

algebra, along the lines of ref.2-3 . For the reader in search of a rudimentary Newtonian 

correspondent of this context, we can indicate the transition from the SO(3)-Lie treatment 
of the conservative top1 versus the SO(3)-Lie-admisslble treatment of 

the spinning top with additional drag torques not derivable from a potential and 

responsible for the decaying in time of the angular momentum, as conform to experimental 

evidence . 

The attentif reader has by now also identified technical inconsistencies of the notion 

of eleton with conventional quantum mechanical notions, laws and principles. The point 

is that this is precisely the desired occurrence, It Is sufficient at this point to say that 

the concept of a particle with varying spin does not appears to be treatable with 

conventional quantum mechanical rules. Of course, it remains to be seen whether 

a generalization of quantum mechanics capable of properly characterizing 

the concept of eleton can be consistently achieved. On grotmds of scientific curiosity, 

this is perhaps one of the most intriguing problems we have identified until now. 
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TABLE 3. 3: THE PRIMITIVE NEWTONIAN FORM Op THE EQUATIONS Op MOTION 

FOR AN ELETON. 

In Order to attempt a technical characterization of the concept of eleton it appears 

advisable to first identify the eqnations of motion at the primitive Newtonian level. This 

may provide.-invaluable intuitional guidance, as well as an initial basis for the Identifi­

cation of the technical problems to be confronted for a consistent quantization. The reader 

should be aware, from the remarks in the introduction to this section, that the conventional 

starting point of virtually all contemporary physical contributions, a Lagrangian, Is 

inapplicable and potentially misleading in our case, It is inapplicable because the assumed 

forces are not derivable from a potential and, thus, the problem of the construction of 

a Lagrangian (when and if it exhists) is by far nontrivial. It is potentially misleading 

because, as indicated In ref.2? , a possible,admissible
1
Lagrangian has an arbitrary 

functional structure (the conventional structure L
tot = L

fre + L
int is here prohibited) 

which, In turn, exhibits rather complex degrees of functional arbitrariness (the isotopic 
2.1),� 

transformations of ref� ). The former occurrence creates problems of the direct 

physical interpretation of the acting forces (which is absent in the conventional conserva:ive case 

case-the forces in this case being uniquely characterized by L. ), The latter occurrence mt' 
creates additional , unnecessary technical problems for a consistent quantization (also pres-

ent in the conservative case), as will be indicated in Section 4. 

Let us begin from established grounds. The positronium structure, at a primitive 

Newtonian limit, is a two-body conservative Coulomb system in vacuum (that is, the 

particles move in vacuum under only the Coulomb force-thus yielding a conservative 

system). In their simplest possible form, the equations of motion can be written 

L/YVI ii e .... "' f (t. �
c

:
R 

O 
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where c07 indicates that the acting forces are infinitely differentiable, R denotes that 

the functional determinant of the system (given by a power of the mass) Is nonnull (and 

thus, the masses are nonnull) and SA denotes variational selfadjointness, This latter 
property is the technical characterization in the language of the Inverse Problem of the 



fact that the Coulomb force is derivable from a potential.
2 fl 

If the more general Lorentz force is considered, we shall write 
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SA 

_ .fLo'l.eAJz __ 
�l,,\(�,1,'!.) + q_ 't)U(b,1.,i) £ (3 .3. 2.b)

.... IC - "'"' - "G)�I'- -i,//: 011< 
where the reader should keep in mind the crucial preservation of the selfadjointness 

property (the Lorentz force is variationally selfadjoint in Euclidean, Mink!\Vski and 
2ti' 

Riemannian spaces). Also, the reader should recall that, upon quantization, systems 

(3. 3.1) and (3. 3. 2) describe conventionally quantized systems. 

We now implement these systems in accordance with Assumption 2. 3.1. This 
"" 

simply demand the addition of local class C forces which, as a fundamental requirement, 

this time are not derivable from a potential and we shall write 

J

c"";tc 

f (!;, l , i -::: OI 
JAt tr 

HSA 

where NSA stands for nonselfadjointness and constitutes the technical characterization 

(3.3.3) 

in the language of the Inverse Problem of the property that the F-forces are not derivable 

from a potential? 8 

System (3. 3, 3) constitutes the primitive Newtonian characterization of the motion 

of eletonic particles. The reader should be aware that numerous technical implementations 

are needed to actually achieve a technical characterization of an eleton. System (3, 3. 3) 

is only the most rudimentary possible first step. 

It might be of some assistance for the interested reader to recall that the Inverse 

Problem provides a dual characterization of systems (3. 3. 3) into 
23 

NONESSENfIALLY NONSELFAD]OINT SYSTEMS . These are, in essence, systems 

(3. 3. 3) which , even thOugh prohibit a direct analytic representation of the type possible 

for systems (3. 3.1) and (3. 3. 2), i.e., 

(3 . 3. J,.._a.) 
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they are such to admit an indirect analytic representation via a class C , regular matrix 

of factor terms, I.e. 
.!}II" ,,,. -3 1c'°'; R - C , I' Cir. ( 

o/ <2)L!
4!Al

_'c)Li"== ( �
k
!"cb,'!,".!)10-z;i.- f;b)- �1,J 

J
; 

d,.b <;> >i:1<0.. 'i> � ,.� I � s� HSA SA 

�,J=l,Z, ... , a..,b=X,'J,Z, 
in which case the emerging Lagrangian can be computed via the techniques of the Inverse 

Problem and result to have a generalized structure of the type 

= 

'l,:,•-..,.b lb« �)iJ"1- .2-i•"-i=-: 'b(t,t)�;1,+ �·" £� ·1,
(

1-,'.!,) 'l,;1]. 
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(3.3.6) 
i3 

ESSENTIALLY NONSELFAD]OINT SYSTEMS . These are systems (3. 3. 3) which 

are such to violate the integrability conditions for an indirect analytic representation 

of type (3. 3. 5 ). In this case a Lagrangian for the analytic representation of the systems 

considered in the variable considered does not exist • 

Before proceeding with the consideration of subsequent aspects, a few comments 

appear to be recommendable. In particular, a comparative analysis of the Lorentz 

force and the'eletonlc forces" (i.e., the F-forces) may be of some value. 

Intriguingly, the Lorentz force and the eletonic forces have several features in 

common. They are both local and of class c "" and, most importantly, they have the 

same functional dependence, i. e. , they both depend expl icltly on time, coordinates and 

velocities. Their first major difference is that they are analytically nonequivalent, that 

is, the Lorentz force is derivable from a potential (selfadjoint) while the eletonic 

forces are not (nonselfadjoint). By recalling that the former (lat ter) are representative 

of the electromagnetic interactions (strong hadronic forces), this is in essence our 

idea of achieving a dynamical differentiation between the interactiom considered in 
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the (Euclidean, in this case) space of their experimental detection. 

Notice, in conformity with Assumption 2. 2. I, the complete absence of internal 

unitary degrees of freedom. This absence is crucial to attempt a characterization of the 

structure of each hadron of a given unitary mul tiplet of classification as an individual, 

unlque,entity per s:, in much the same way as it occurred at the atomic level. Therefore, 

the reader should expect that all our efforts will he devoted in attempting the complete 

absence of all unitary numbers (isospin, hypercharge, color, flavor, ecc.) at each 

and every level of our analysis for the structural part. 

The methods of the Inverse Problem produce significant informations on the indicated 

analytic nonequivalence of the forces considered. In essence, a necessary condition for 
. 28 a force f (t,f., !) to he variationally selfadjoint is that it is linear in the velocity. This is 

exactly the case for the Lorentz force. The eletonic forces are therefore expected to be 
28generally nonlinear in the velocities. 

This is a realization of our idea of attempting the simplest possible generalization of 

the analytic structure of the electromagnetic forces for the strong interactions, as an 

approximation of an expected, substantially more complex physical reality. In essence, we 

argue that the velocity dependence of the acting forces is already present at the 

electromagnetic level . It only occurs in its simplest possible form, the linear form. 

The logical, simplest possible generalization is then that of a nonlinear dependence in the 

velocities for the strong hadronic forces. But this implies the lack of derivability of the 

forces considered from a potential (we here refer to the forces themselves and not to an 

indirect Lagrangian representation of the complete systems). In turn, at a primitive 

Newtonian level, this implies that the forces considered are nonconservative. Still in 

turn, this has fundamental methodological implications (to he indicated in the next section) 

because it implies the transition from the typical methodological setting of conservative 

mechanics to broader disciplines for the treatment of nonconservative mechanics. 

Another crucial differentiation of the Lorentz force and the eletonic forces is that 

the functional dependence of the former is unique, while this is not the case for the latter, 

and a virtually infinite variety of different functional structures are in principle conceivable. 

On technical gr,unds, this is expressed by the classification of the eletonic forces into 

nonessentially and essentially nonselfadjoint, with each group havfug its own subclassification 
21.,2� 

depending on a number of technical aspects here inessential. 
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This is a primitive realization of our idea that, in the transition from, say, the 11'
0 

(135MeV) to the K* (1420 MeV), a possible increase in complexity of the acting 

force should not he excluded on grounds of the increase in the rest energy (by a factor 

of the order of IO) without any appreciable increase of the charge volume. 
It then foll<:>ws that one of the most crucial aspects of the line of study of this paper 

is the proper selection of the explicit form of the eletonic forces JJ. k" This problem is 

practically rendered more complex by the fact that these F-forces are in actuality 

composed of two groups, one fully derivable from a potential and one not, as indicated 

in Table 3. 2. Almost needless to say, to even partially comront this problem, the prior 

identification of the methods for their treatment is necessary. Thus, the selection of an 

explicit form of the eletonic forces is expected to he of (at least) dual and sequential 

nature. A first selection is expected to be of methodological character (on pragmatic 

grounds, this implies the restriction to forces which are treatable on grounds of available 

knowledge). The second selection is expected to be of phenomenological nature, that is, 

originating from the confrontation of the predictioruof the theory with the experimental data. 

TABLE 3. 4. THE PROBLEM Op THE COMPATIBILI1Y OF A HADRON AS A WHOLE WITH 

ESTABLISHED RELATIVI1Y LAWS. 

System (3. 3. 3) dOes not represents the(Newtonian limit of) the motion of eletons on 

numerous counts. A most important reason is that it violates Assumption 2. 4.1 on the 

(uncompromisable) condition that an eletonic bound state must obey, as a whole, established 

relativity laws, and possible violations should occur � at the level of each individual 

hadronic constituent. 

This crucial point can be easily identified. System (3. 3. 3) is an ordinary Newtonian 

nonconservative system . Thus, the total physical characteristics are not conserved. This 

is in violation of the conservation laws of the Galilei relativity. Also, it is inconsistent 

within the context of our model of hadronic structure because when a hadron is interpreted 

as a bound state of particles,irrespective of the nature of the acting forces its total 

physical characteristics must he conserved whenever it is isolated from the rest of the 



universe. 
We reach in this way another most crucial point of onr analysis. Experimental evidence 

of incontrovertible nature indicates that hadrons under ut most electromagnetic interactions 
obey established relativity laws (Galilei or Einstein special relativity). No structure model 
nf the hadron can achieve even a minimum degree of plausibility unless this property is 
recovered in its entirety. 

As indicated in Section 2. 4, the idea which we shall attempt, to achieve this consistency,. 

is via subsidiary constraints. To present this possibility, it is advisable to reinspect the 
Coulomb system (3, 3.1). It is manifestly invartan t under the Galilei group. This implies (via 
Noether's theorem) the existence of ten conservation laws (for the total energy, linear 

momentum, -angular momentum and uniform motion of the center of mass). 
By including these conservation laws, system (3. 3, I) can be explicitly written 
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For reason which will appear selfevident in a moment, we shall say that the above system 
is a trivially constrained system , in the sense that Eqs. (3. 4,1 b) through (3. 4,le), which 
ensure the compliance with the physical laws of the Galilei relativit}S are not subsidiary 
constraints. Instead, they are simply first integrals of the eqnations of motion. 

This is sufficient to provide the needed intuitional element. To attempt consistency 
with the Galilei relativity for an eletOnic bound state, we simply impose the Gal!lei conservation 
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laws for total quantity as nontrivial subsidiary constraints, 
The primitive Newtonian form of an eletonic bound state for, say the 'fr O 

, interpreted 
as a bound state of an eleton and an antieleton, can be then writtea 
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It results to be a nontrivially constrained system, in the sense that, unlike the case of 
Eqs. (3, 4.1), now Eqs. (3. 4.21>) through (3, 4.2e.) constitute bona fide subsidiary constraints 
to Eqs. (3. 4.Za). The generalization to more than two eletons is trivial and will· be 
tacitly implemented in the following, 

In model (3, 4. 2), upon a number of technical implementations, relies our hopes of 
stimulating the awareness of the physics community on the need of verifying the established 
relativity laws within a hadron, 

In essence, model (3. 4. 2) realizes, this time at a primitive,classical and Newtonian 
level, the dichotomy of relativity profiles according to Assumption 2. 4.1. The state as 
a whole is fully consistent with the Galilei relativity because it obeys the physical laws 
of this relativity by construction. Neverthless, as we shall elaborate better later on, 
the Gal!lei relativity is violated at the level of each individual constituent, also by 
construction. It is sufficient to say, at this point, that the force.fr can be, for instance, 
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of the type 

,... 1.. 
which implies the form-noninvariantllll(jer the complete Galilei group. 

It might be of some value to reelaborate our epistemological argument in terms of 

model (3, 4. 2). In essence, for the Newtonian limit of the positronium structure, experimental 

evidence dictate that the equations of motion must be conform to the Galilei relativity. 

The situation for the 'i1'
0 

is different. Here, our incontrovertibly established knowledge 

is •minimal, as far as the structure is concerned. The net result is that at least 

two possibilities are conceivable : the Galilei relativity applies and does not apply for 

the interior case (with an understanding, stressed earlier, that the relativity applies in 

both cases for the state as a whole). Clearly, to conduct a study of the problem of the 

structure of the hadrons of sufficient depth, both possibilities must be studied and subjected 

to a comparative confrontation with physical reality. The former possibility (the case of 

validity of established laws for the structure problem) has been studied in details along 

the available unitary models, but has resulted in a number of problematic aspects which 

are still unresolved as of today, Thus, the second possibility (invalidity of the established 

relativity laws for the structure problem only) should deserve a study, 

In the most simplest possible form, our argument in favor of such a latter study is 

the folloWing, The imposition of the Galilei form-invariance .on the equations of motion for the 

structure directly implies a substantial restriction of the admissible forces . In tum, 

this directly impiles the analytic equivalence of the electromagnetic and the strong hadrOnic 

forces (in the case at hand, both must be conservative), In tum, we argue that this is 

insufficient to represent the physical differences bet ween the interactions considered, 

Explicitly, our contention is that, perhaps, if we implement the Coulomb system with 

conservative, Galilei form-invariant forces, we do not achieve the departure from the 

positronium structure which is needed to properly represent a strongly interacting particle, 

the 1T' 0• 

On the contrary, if the Galilei relativity ls assumed as being violated for the structure 

problem, (only), the situation is different. Now we have no restriction on the explicit 

form of the strong hadronic forces, Thus, we have full freedom to attempt a profound 

departure from the posltronium structure . for the structure of the 17' 
0 

. 
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Permit me also to elaborate on the concept of "mutation" of a conventionally quantized 

particle ·or, in this instance, of a bound state. An inspection of model (3, 4. 2) indicates 

that this structure of the 'ii' 
0 

is conceived as a "mutation of that of the positronium" in 

the sense that it is realized via the addition of Galilei form-noninvariant forces .. The 

important point is that, at the limit of null F-forces, the positrinium structure i s  recovered 

is full . And indeed, under this limit Eqs. (3, 4,2b) through (3. 4.2e) recover their significance 

of being first integralsof the equations of motion and the system is no longer with subsidiary 

constraints. 

We cannot close this table without considering the problem whether a constrained system 

of type (3. 4, 2) is actually consistent, i.e. , admits solutions (in the sense of the theory 

of overdetermined systemsof ordinary differential equations). Equivalently, this problem 

consists of the study whether there exist nontrivial forces nonderivable from a potential 

for which system (3. 4. 2) is consistent for N❖ 2. 

This is a typi cal case to illustrate the relevance of mathematics for physical problems. 

Indeed, if system (3. 4. 2) can be mathematically established as being Inconsistent for forces 

nOTlderivable from a potential, the physical issue considered in this paper is closed, in the 

sense that there would be no ground of suspecting a possible violation of established relativity 

laws for the badronic constituent at the level here considered (Galilean). 

Regrettably, while the theory of determined systems of ordinary differential equations 

(i.e. , systems in which the number of equations is .equal to the number of unknown) is 

an established mathematical discipline by today's standard, this ls not the case for over­

determined systems (i. e. , system in which the number of equations exceeds that of the 

unknownrwhich is precisely the case for systems (3. 4. 2)). To the best of my knowledge, this 

is a topic with a number of aspects which are still open on grounds of pure mathematics. 

This is also an area, as indicated in Section 1, in which contributions by mathematicians 

in the field are a necessary prerequisite to attempt physical conclusions.( a number of 

additional areas in which this interplay between mathematicians and physicists ls essential 

to attempt physical progress will be indicated later on). 

With an understanding that the issue must be resolved on rigorous mathematical grounds, a. 

few rudimentary remarks are essential for the content of this paper. In essence, the 

answer to the problem considered appears to be in the affirmative, in the sense that there 

exist nontrivial forces nonderivable from a potential under which system (3. 4. 2) ls consistent. 

As a matter of fact, it appears that there exists three classes of consistent models of 
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increasing complexity of the nonconservative forces (and, thus, of methodological needs),. 

according to the following outline, 

(A) Models in which simple nonconservative forces are selected with empirical means, 

e, g. , their direct compatibility with the subsidiary constraints (for details, see below). 

(B) Models in which the nonconservative forces are selected in compliance with the 

Levi -Civita sufficiency method. T, LEVI -ClVITA '2S identified (in 1906) a simple but quite 

effective method for the study of tha consistency of overdetermined systems. It is essentially 
for which 

given by a sufficient condition V the subsidiary constraints are particularized first 

integrals of the equations of motion, The consistency of the system is then selfevident. 

The physical effectiveness of the method is that it allow the use of forces more general 

that those identifyable with empirical neans and, most importantly, the met h od can be 

applied without any knowledge of the solution, By recalling that the equations considered 

are· generally nonlinear in both the coordinates and the velocities, the importance of this 

latter property for practical applications is also self evident. It should be indicated for 

clarity that this Levi -civita method is only sufficient and not necessary and sufficient. 

This is an indication that yet broader forces are conceivable for the consistency of system 

(3. 4, 2) .. The only recent account on this method of which I am aware is that by 
io 

S. SHANMUGADHASAN . Oddily, there has been a rather intensive study of constrained 

systems in the recent physical literature (mostly in relation to the so-called Dirac theory 

of systems with subsidiary constraints), but the problem of consistency of the systems 

considered is not treated in most of these studies, to the best of my knowledge, For 

more specific contributions, the interested reader may consult the easily identifyable 

literature of the Calculus of Variations, with particular reference to the so-called Problem 

of Bolza in general, and the multiplier rule in particular. 

(C) Models in which the nonconservative forces can be selected in compliancewith the 

available theorems of the existence theory of overdetermined systems. The reader should 

be aware that the conventional existence theory of ordinary differential equations (for the 

case of determined systems) is not applicable to systems (3. 4. 2), even though they satisfy 

the continuity and regularity conditions of such existence theory, because the systems 

considered are overdetermined, In this case, a number of valuable studies by mathematicians 

have been conducted to extend the existence theory to the broader context here considered. 
,1 

For the interested reader, reU. gives the specialized literature of which I am aware 

at this time (I would like to thank D. C. Spencer for indicating to me these papers). The 
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aspect which is relevant for the analysis of this paper is .that, apparently, and pending 

verifications by interested mathematicians in the field, these existence theorem for the 

theory of overdetermined systemi(the so-called theorems of formal integrability), alloW 

a further broadening of the admitted forces, on a comparative basis with approaches 

A and B. 
In conclusion, it appears that our dichotomy of relativity laws (validity of the Ga!ilei 

relativity for the exterior behaviour and its invality for the interior problem) is technically 

realizable with consistent differential equations. It is this property which has allowed 

the presentation of the argument of this paper. 
Permit me to illustrate the case with one of the simplest possible examples a.long 

the empirical methods of approach A. First, to avoid complexities beyond our capabilities 

at this time, we assume that system (3. 4. 2a) is nonessentially nonselfadjoint, i. e,, it 

does indeed admit a Lagrangian according to Eqs, (3, 3. 5 ).Secondly, we content- ourselves 

with a nontrivially generalized structure of the Lagrangian of the simplest possible type 

L, 
,,µ1;,r -,.. 

where the multiplicative term Lint 
is different than one. The reader sould be aware 

that for Lint, I= 1, the system is the conventional Colomb system, Thus, the multiplicative 

interaction term to the term representing the free motion is essential to achieve a "mutation" 

of the Coulomb system in the sense indicated earlier. This is sufficient to indicate the 

departure from conventional models which are all based, in general, on the addition of 
interaction terms to that representing the free motion, Also, the reader should be aware 

that this approach implies a further broadening of the functional dependence of the F-forces 

because for Lagrangian (3. 4.t) they are also linearly dependent on the accelerations. Since 

this dependence is (necessaril� li near, we are still within the context of Newtonian forces 

(we have , in essence, the so-called acceleration couplings of the theory of coupled 

oscillators), 

We now select the F-forces with empirical means, in such a way to allow the verification 

of the Galilei conservation laws for the total quantities1 while yielding a generalized 

structure of a Lagrangian of type (3, 4.4). By summing up the equations of motion (3. 4. 2a), 

the conservation of the total 1 inear momentum is satisfied if and only if!. 1 = -z2
. In turn, 
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this yields a motion in a plane, as for the conventional Coulomb system. To treat the system in the center of mass coordinates, we assume that Pt = 0. Th� uniform -motion of the center of mass, Eqs, (3.4,2e) is now automatically verified, and system (3. 4, 2) can be rewritten 

M R- = 0 J r 
12, _f F = 0 M .: .z,.... It'"'.½ /1'1,t I ,.. 1-4" ,..,. 

eJ E 
�\-- "' 

=O
.,, 

d M 
,el\---1;--

1 
,,.. .:::-.t' ,,, . .f 

J>...t., >V, ,z.. 
-r 
>'-In view of the property 

:::-0 / -t=:- �,-t2. -

= F =- - F 
.... -1. ...,.t, 

.::::: = 
the conservation law of the total angular momentum holds if and only if 
Similarly, in view of the property 

t.F
- ,.,_, I 

the con,servation of the t otal energy holds if and only if 
Thus, system (3. 4. S ) can be rewritten . ' 

{IA�· _.f _ t=' -=:D, M �-::::0, r - ..... -""' -.>z:xF -o .,..;.F:::::o. 
,&.L\ � - � ....... p,11 

I (__3.4-.5) 

(_3. 4-- t)

{._3. "-· 7/ 

(_?, - i. �) 

L3. 4-. 9 J 

Our problem is the identification of a force,! of the above system which yields consistency as well as a generalized Lagrangian, Our simplest possible solution is given by 

where we have ignored the third component under the assumption that the motion is in the (x, y) plane, and where the second form of the forces is computed by using the 

equations of motion. Our contention is that the emerging system 
{ M�=o, 

/J, � �: = : � D , t ' :: 
- ,,.,. I 

- 630 

(_3. It-. 1:i "'-) 
l?- Lr, 12. b) 

has a physically meaningful solution, To see it, consider the following generalized form of the Runge-Lenz vector 
J 

Then 
Jt = A 'l Co.SBI'& 
...... ,.,. 

Ji::� 
262 J\ 1" � .,oz 

I 

pA }-'- - i 

fYV\ .::: M '>( ( .f + F ) . 
,..._ ...... I;- ,.. ,,.. 

= 

'I 
'Z ,.,. 

2. l 2. 

t:! e' -+��I 

r-1-
:! z = I �I. 
-'l- / A solution of Eqs. (3. 4,IZ b) is given by the conventional forttl of a conic 

(_J.1,../t,..o..} 

t�-4-- /i,.h) 
2 

e,2. 
U- £ CoS9) I [3. 4-. /5) ...L .::- 2:. 

lf'--'} !::] ;'l 

but with different coefficient than that of the corNentional Coulomb system and a different value of the excentricity 

The important point is that constraint (3,4,(U.) now restrictithe only admissible orbit to the circle 
' r

e 

The other important point is that a Lagrangian for the relative motion is indeed generalized 
L 1e.,<. ::::; � T _ 

V 
Coe. e.,...,b 

This concludes the example. 
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The rather intriguing conclusion of the above simplest possible "mutation" of the 

positronium structure is therefore that, while for the positronium both elliptic and 

ci rcular orbit are allowed, the only admissible orbit for the 1( is the circle , of course 

at this primitive Newtonian level. Neverthless, as we shall elaborate in more details 

in Section s, there could be some value in this occurrence. The argument is quite simple, 

In the positronium the charge volumes of the constituents are at very large distances 

from each other. Thus, elliptical orbits are fully admissible, 

In the transition to the 11'
0 

the situation is, again, different. Under the assumption that 

the constituents are in a state of penetration of the charge volumes 

Positronium 

the elliptical Qrbits are expected to be highly unstable We then remain only with the 

circle as the orbit with a possibility of yielding a stable structure of the 1r' 
0 

• Of course, 

this is a first,rudimentary, classical 
I 
look at the 'lr O as a bound state of an eleton and 

an antieleton which, as such, leavejopen numerous other possibilities (e, g., an infinitesimal 

value of the excentricity). 

Another significant indication which emerges from the above model is that, in all 

exp.ectations, this structure of the 'iT 
O 

appears as rather unique, in the sense that

in the transition to the structure of the charges pions, 'if ± , a substanli a·lly different 

structure might eventually emerge as necessary, despite the fact that all these particles 

constitute an isotopic triplet, This is a first elaboration of our argument that, perhaps, 

in much the occurrence at the atomic level, each hadron possesses its own unique structure 

which is distinct from tint of others to the point of even demanding a different number of 

constituents (e.g., starting from two eletons for the ,;r
0 , we might need three eletons 

for the '1T ± ). The reader can thus begin to see the departurelfrom current trends which 

are implies by the model under consideration (for the quark model all pions have the � 

number of quarks " plus the sea of gluons), 
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In closing this table, it might be of some value to reexamine the argument on the 

physical origin of more general forces for the hadronic constituents (Table 3, 1. ). Again, 

Newtonian mechanics can prove to be of invaluable intuitional possibilities. Let us recall 

that one of the conceptual foundations of the theory of nonconservative Newt onian systems, 
2£,21,2.'!> 

as elaborated .in ref), , is given by the notion of physical medium (liquid, gas, or plasma) 

i n  which the motion occurs. This is clearly a necessary prerequisite for the dissipation 

of energy by the particle considered, In particular, the medium is the receptacle of the 

energy lost by the particle, In turn, the contact forces produced by the motion in this 

medium emerge as being nonderivable from a potential, that is, ?f a class more general 

than the action-at-a-distance forces (e, g., the Coulomb force), 

The problem we are here referring to is a conceptual identification of the hadronic 

equivalent of this Newtonian nonconservative context as the conjectured physical origin 

of nonselfadjoint structure forces. Here a variety of situations may occur, dE!)ending on 

the case at hand. The first occurrence can be that of a (charged) particle penetrating 

into a hadron (e.g., as for deep inelastic scatterings). In this case the hadron itself 

can be conceived as the hadronic medium owing to its high density of mat ter, 

We then argue that it is this medium which Is responsible of local nonselfadjoint forces 

acting on the particle considered and only while within the hadron considered, 

again, as an approximation of expected more complex forces, 

In the transition to the problem of structure the situation is different and depends 

on the considered number of charged, non-point-like constituents (eletons and antieletons). 

We are here interested to the case of model (3, 4, 2), i.e., when there are two 

constituents, In this case we argue that each constituent constitutes the hadronic medium 

of the other because each non-point-like c'>nstituent moves within the charge volume 

of the other, In turn, this situation opens rather delicate problems concerning the proper 

systems of coordinates, which are absent for conventional systems, 

Let us recall in this respect that in conservative mechanics it is costumary to move,i_nertial 
from oneV:reference system to another without any risk to alter the dynam�cs (i. e, , the 

z.t 2.i 
forces), In the transition to nonconservative mechanics the situation is, again, different, J 

This is due to the fact that the forces now are not form-invariant under familiar transfor­

mations (e, g. , the Galilei transformations), The net effect is that the transition from one 

reference frame to another generally imply a change in the structure of the forces not 



nnt derivable from a pntential. For instance, the following two forces in different refe­

rence frames 

/ F' =
,., :1. 

are related by a Galilei bonst, even though they appear as structurally nnnequivalent, 

The net effect is that care must be exercised in the selection nf the explicit fnrm of 

nnnselfadjoint forces because such form depends on the selected system of coordinates. 

In this respect too Newtonian mechanics can be of assistance, The most natural way to 

identify nonconservative (e, g. , drag) forces is by using a reference system at rest 

with respect to the medium in which the motion occurs. This suggests that for the 

study of the motion of an eleton-antieleton bound state a valuable reference frame 

is that of the relative coordinates because each particle is assumed as the medium 

in which the motion of the other occurs. In turn, this aspect may have considerable 

implications for relativity problems, as we shall indicate in Table 4."I. 

TABLE 3, 5: THE PROBLEM Op THE RELATIVISTIC, FIELD THEORETICAL AND 

GRAVITATIONAL EXTENSIONS Op THE EQUATIONS OF MOTION Op AN ELETON. 

As stressed earlier, the analysis of this paper is essentially restricted to the 

first and simplest conceivable profile, that nf discrete nonrelativistic particles. It is 

an easy predictinn that the problem under consideration cannot be exhaustively studied 

without relativistic extensinns, owing to the expected high value of the kinetic energy 

nf the hadronic constituents, We shall attempt to consider these aspects in some subsequent 
paper, Neverthless, few introductory remarks can be of some value for this paper, 

because technical difficulties which might be overlooked at the discrete nonrelativistic 

level, are better fncused when studying relativistic extensions. 

On classical methodological grounds, the first recommendable step is to extend 

the methodology of the Inverse froblem to the broader arena under consideration (Minkowski 

space, local field theory and Rlemanllian manifolds), Indeed, this approach, as It was the 

case for the Newtonian context, provlde:svaluable tools for the study of the structure of 

the forces (or couplings) considered as well as methods for the c""1putatiOn of an 

action functional (when it exists in the considered system of local variables). These 

extension s  of the Inverse Problem heve been studied in refs,24. f;s well as In the quoted 

papers 

We shall not enter here In the problem of a relativistic discrete extension of model 

(3. 4, 2) because of the alternatives for such an extension of forces n<m derivable from a 

potential, which demand a specific study. For later needs we simply restrict ourselves 

to the remark that, for a conceivable relativistic extension of model (3, 4, 2) the four­

momentum of an Individual eleton may obey a generalization of the energy-momentum law 

of the type 

o, 
r 

- e(-lr) (\">'- e �r) .= f 0u 2� Y. -<, p"), (3.5.1.J 

�,: o,t.,2,':!-
1 

while the total four-momentum obeys, as a subsidiary constraint, the conventional law 

/.._3. s . .2.) 

where: (a) the symbols p
l( 

/A represent the canonical four-momenta of the maximal 

associated selfadjoint subsystem (i. e, , the system without forces not derivable from a 

potential), (b) A cl is the conventional electromagnetic potential and (c) all strong hadronic 

forces are assumed as not derivable from a potential (if this is not the case, Eq . 

( 3. 5. 1) exhibit! a simple modification). 

The field theoretical extension of model (3. 4, 2) is less subject to technical alternatives, 

as typical for most of the field theoretical extension! of Newtonian mechanics, lf we consider 

the case of the motion of a particle moving in a hadronic medium, the s:implest possible 

equations can be written in the second order form 

tl (_Q -t Ml�) 'e

ie � -= <;) ie. I <7) 
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where SA and NSA represent again selfadjOintness and nonselfadjointness, but now referred 

to a different methodology, In this respect, the interested read§; may inspect the explicit 
,Z-1:'ll'- 2 g 

form of the conditions of selfadjointness as identified In ref), (:;ee ) • 

Notice the crucial appearance of an explicit dependence of the nonselfadjoint forces 

in the Minkowski conrdinates, which is customarily absent in conventional models, It is 

a direct generalization of the Newtonian occurrence whereby nonconservative forces may 

depend explicitly on time. 

This state of affairs suggest the following interpretation of Eqs. (3, 5, 3), 

(1) It constitutes an approximation of the field theoretical description of the motion of 

massive, charged and non-point-like particle moving within a hadron. 

(2) The admitted interactions can be classified into two groups, depl!lndi·ng on their 

character under the conditions of selfadjointness. The first group is represented 

by conventional couplings ( "· g. , electromagnetic) which are identified by the 

Inverse Problem as being selfadjoint. The second group is represented by non­

selfadjoint couplings and is here interpreted as characterizing stroig interactions, 

(3) The Minkowski coordinates x.( are assumed as characterizing a reference frame 

whose space component is at rest with respect to the hadronic medium considered 

(the hadron itself), to comply with the conjectured physical origin of the generalized 

couplings of Table 3. 4. 

For instance, the following extension 

of the familiar equation for nonlinear models 

(3 .5.5) 

is an example of Eq, (3, 5, 3), Notice, however, the difference in interpretation, Customarily, 

Eq. (3, 5. S ) is interpreted as characterizing a "selfcoupled" field. In our model the corre­

sponding nonselfadjolnt extension (3, 5. '+ ) characterizes a strong interaction, 

As for the Newtonian case, Eq, (3, 5, 3) can be classified as being of either nonessentially 

nonselfadjoint type (i. e,, admitting an indirect Lagrangian representation) or of essentially 

nonselfadjoint type (in which case a L,grangian, in the considered local variables, does not 

exist). Intriguingly, the Lagrangian densities sometimes emerging for the former case 
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are of the type 

== + 
(_3. S . 6) 

(also called chiral Lagrangians), while the most general Lagrangian density ls of the type 

+ t::.(><.�'e).
(3,_5.7) 

The point is that Lagrangians with the simpler structure (3, 5, b ) yield nontrivial nonselfadjoint 

If a field theoretical extension of the complete, constrained model (3, 4, 2) is desired, 

it results to be of the form 

ll (0 1-irn;) <e�

e1, er:=: 

d M JA"i-= 
/" 1-ol· 

0 1<- = 
1
1 2, -- - , r-1, 

D/ (3,. g. <Jc) 

where Eqs, (3, 5,'jb) and (3, 5,'i c ) represent the conservation laws of the energy-momentum 

and of the angular momentum of the total quantities and are here interpeted as providing the 

compliance of the state as a whole with the physical laws of the Poincare symmetry in 

Einstein special relativity. 

Again, model (3, 5, 9 ) is of the class with subsidiary constraints, The problem of 

its consistency, however, now becomes rather substantial and we shall not consider it, Also 
1 

the problem of the computation of explicit solutions appears to be beyond our knowledge at 

this t i me, It is here appropriate to note .that the solutions of even a .»simple"system 
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of type (3. 5. t,-. ) Imply a rather conspicuous technical Implementation of the currently 
available methods for the computation of solutions of the selfadjoint model (3. 5, 5 ) 
(whether in Euclidean four-space or in a reduced Minkowski space). This is clearly due 
to the additional presence of the nonlinear c cupling in the partial derivatives. 

The extension of the proposed realization of strong interactions to the case of 
first order field equations is particularly intriguing because it involves a generalization 
of Dirac's equations for a charged particle in an (external) electromagnetic field and under 

... 1If ;I:�::·:)� ( :: T]�- ( ;: r-f ��:.J

f _ = _ <"Jii',.-1: f =_�I½ ... � of.<� -= ; e e ex) A cxJ l,...ec><},e <c) e e � € ' ,.,.. er- /-J' (_'5.5- IOJ,) 
F-e: 1 

Fe � ,....,...de.�·.-. .!,,& t"',... Q.,..A.e.t.H1'•':l-
ln turn, this opens a number of intriguing problems which we hope to consider in detail 
in some subsequent paper (e.g., whether the matrices fJ-'of Eqs. (3. 5,10� are Dirac's 
matrices or not). The reader should be, however, aware that, even though Dirac's 
equations in their conventional form verlfy the condition of selfadjointness (as it is the 
case for all models with the trivial Lagrangian density <,t it'('-

, .. ,e .;.., b ), the explicit 
form of the conditions of selfadjolntness in the trans!tkon from second-order to first order 
partial differential equations is substantially altered. 

A most intriguing point is that, in order to achieve a nonselfadjoint generalization generally of Dirac's equation, the extra additive couplings depend on the partial derivatives 
of the fields. This is a field theoretical extension of the primitive Newtonian notion that 
nonconservative forces are generally dependent on the velocity. As we shall see later on 
(Table 4,20), this feature produces a rather profound "mutation" of a conventional Dirac's 
field, e.g., because the Dirac's term (" e �

,. 
nnw loses its dominance for the 

characterization of the intrinsic quantities in favor of a co�responding dominance by the 
strong couplings. In turn, this has a number of implications for relativity aspects. In 
conclusion, Eqs. (3. S:iO ) appears to be a genuine representation of a Dirac particle 
in an"eletonin state", according to the terminology of Table 3. !l. 

But, perhaps, one of the most intriguing problems which is identified by our line 
of study is that of a possible gravitational extension of model (3, 4. 2) whereby, as by now 
familiar, the conventional Einstein's equations for the exterior problem are recovered 
in full (to comply with the available experimental evidence), and a departure from 
Einstein's gravitational approach is attempted� for the interior problem. As indicated Z"; • f • h • l E' t ' ' t·o in ref. , a conceivable approach is that o imposmg t e conventtona ms em s equa 1 ns 
for the exterior problem as subsidiary constraints to a more general model for the Interior 
problem specifically constructed for forces non-derivable from a potential. After all, model (3. 4. 2) could in the final analysis emerge as a primitive Newtonian 
limit of such possible generalized approach to gravitation, in which the subsidiary 
constraints ensuring the cnmpllance·wlth the Galllei relativity Jaws are a nongeometrical 
limit of Einstein's exterior equations. 
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4. THE EPISTEMOLOGICAL ARGUMENT FOR A POSSIBLE LIE-ADMISSIBLE COVERING 

OF QUANTUM MECHANICS FOR FORCES NONDERIVABLE FROM A POTENTIAL. 

Clearly, no assessement of any effectiveness of the model for the hadronic structure 

proposed in Section 3 can be attempted without identifying, at least in a rudimentary way, 

the classical and quantum mechanical methods for the treatment of local forces not 

derivable from a potential, and then confronting the predictiomof the theory with physical 

reality. Inevitably, this problem demands the study of the relativity and quantum mechanical 

laws which are applicable to the systems considered. 
.21., 2.Z. My studies on the classical profile of this problem are presented in monographs 

t?, 
For a summary, see ref. The first tables of this section will summarize, for the reader's 

convenience, only the very essential aspects. 

The quantum mechanical profile of the problem appears to be open as of now, to the 

best ·of my knoWledge. It should be here recalled, as stressed in Table 2 . 5 , that the 

open aspect of the issue is that of the problem of each individual particle under the broader 

forces considered and not the statistical - thermodynamical treatment of nonconservative 
' 

25 systems which has seen major advances. 

At a closer look, the quantum mechanical methods which are needed to achieve an 

assessement of the possible physical relevance of the proposed model of hadron structure 

• appear to be differentiated into the folloWing classes of increasing complexity. 

{l) The possible existence and physical consistency of a quantum mechanical formulation 
of nonconservative Newtonian systems without subsidiary constraints. We are here 

referring to the case, say, of� particle under action-at-a-distance and contact forces 

not derivable from a potential. It is customarily believed that contact forces of frictional 

nature have no place in the microscopic world. Our contention is that this belief should be 

reexamined prior to a final judgment. Our argument is by noW familiar. There is no doubt 

that these forces have no place in the physical arena for which quantum mechanics was 

conceived, the atomic structure. In the transition tp the hadronic structure the situation_is 

different, provided that particles are assumed to be physical, that is, non-point-like. In 

this case a quantum mechanical extension of frictional, contact forces could well emerge 

in the final analysis as existing and being physically relevant, of course, as ai approximation 

of expected more complex forces, In any case, the motion of a massive, charged 

and estended particle in a hadronic medium is purely nonconservative in conception, 
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and it is sufficiently intriguing to deserve a study fo., its possible quantum mechanical 

formulation. 

(II) The possible existence and physical consistency of a quantum mechanical formulation 

of nonconservative Newtonian systems with subsidiary constraints. As familiar, Newtonian 

systems are often constrained in practice. lf the quantum mechanical problem of aspect (I) 

admits a solution, the next logical step ls the study of the possible extension of the emerging 

quantum mechanical context to the case with subsidiary constraints. By inspacting the 

Newtonian form of our model nf hadronic structure, Eqs. (:!,. 4. 2), tm study of this 

more general context appears to be essential. 

{III) The possible existence and physical consistency of relativistic, quantum mechanical 

extensions. As indicated in Section � , the speed of our hadronic constituents, the eletons 

and the antieletons, is expected to be of the order of that of light {for details, see Section 5). 

Therefore, if the quantum mechanical aspects {I) and {II) can be successfully achieved 1 
this will provide the necessary tools for only a crude assessement of the 

problem considered. The study of possible relativistic extensions will then be essential. 

In this section I shall present an initial, tentative study of Problem {l) 

and only few incidental remarks related to the more general Problem (11). No relativistic quantum 

mechanical (o'r quantum field theoretical) extension will be considered at this ti�� 
The study is in essence an attempt of quantizing the methodologies of the Inverse Problem ' ' 

22 
and of the Lie-admissible problem for nonconservative Newtonian systems. 

Before entering into the presentation of this study, a few introductory remarks could 

be of some value. In essence, besides predictable technical difficulties, the major diffi­

culty in the problem of quantization of nonconservative forces appears to be of conceptual 

nature. In ref�
?, 

we have stressed the rather profound conceptual departures from conventio­

nal conservative mechanics which is needed for the study of �conservative systems. In 

the transition to a possible quantum mechanical extension, a fully equivalent situation occurs. 

As we all know, quantum mechanics was conceived for the quantization of conservative forces, 

the Coulomb force of an atomic structure, even though subsequent studies indicated that 

the emerging methods are indeed applicable to broader forces derivable from a potential . 

Neverthless, oWing to extended use, the primary emphasis still rests on the originally 

conceived conceptual foundations, such as the stability of the electon's orbits in an atomic 

structure, The major conceptual difficulty we referred earlier is given by the fact that, 
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a departure from these conventional notions is needed, as a necessary prerequisite to 

achieve a true nonconservative quantum mechanics. For instance, one of the problems 

we shall be confronted with is that of achieving a genuine quantum mechanical description 

of �stationary orbits, even for the case when the acting forces do not depend explicitly 

on time (but are no11derivable from a potential), lndeed, the stationarety of the orbit of 

a particle moving, say, within the core of a neutron star, would now be conceptually 

inconsistent, to begin with, 

Here, again, an inspection of the corresponding occurrence in Newtonian mechanics 

can prove to be of invaluable assistance, Consider the conservative case of a particle 

moving in vacuum under a central force, say, the gravitational force, Suppose that the 

orbit is "closed" (elliptical or circular). As familiar, the emphasis in this case in the 

interpretation of the stability of the orbit (e, g, , the stability of the orbit of a satellite 

in the -Newtonian- gravitational field of Earth). This is a typical conservative setting. 

Perform now the transition to a corresponding �conservative system, e, g. , the motion 

of the same particle under the same central force, but now moving in a physical, dissipative 

medium. Experimental evidence in this case indicates that the orbit decays in time. No 

representation of the system can be attempted in a way conform to physical reality unless the 

mental attitude is noW shifted to the proper representation of the �stationarety of 

the orbit. As we shall see, in the transition to a corresponding quantum mechanical context, 

the situation is fully equivalent on conceptual grounds, 

In conclusion, in the study of the possible existence of a quantum mechanical formulation 

of nonconservative mechanics the necessary mental attitude is that of searching for all 

conceivable departures from conventional quantum mechanical notions, laws and principles 

which are induced by nonconservative forces, On the contrary, if the mental attitude of 

preserving "as much as possible" conventional quantum mechanical notions, laws and 

principles is implemented, the net outcome, as we shall indicate, is a number of physical 

inconsistencies, 1n essence, this situation can be predicted from the profound physical 

differences between conservative and nonconservative settin'ai;, 

As of now, this may appear as a reasonable mental framework to the curious and 

open minded researcher. 1n practice, however, the attitude may result of somewhat 

difficult realization because of the nature of the methodological alternatives which are 

inherent in the study of the problem considered, such as, preservation or violation 
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of the customary notion of wave packet?, preservation or violation of established 

relativity laws 7 preservation or violation of Pauli's exclusion principle?, etc, 

We reach in this way the essence of this paper. We shall claim no final resolution 

of these issues. Neverthless, the situation is such to apparently suggest the experimental 

verification of the validity of established relativity and quantum mechanical laws within 

a hadron. 

The technically oriented reader should be made aware that we shall provide our 

best efforts in avoiding all technical aspects which we believe to be unnecessary for 

an initial, mainly intuitional study of the problem considered. For instance, notions 

such as rigged Hilbert spaces, C* algebras, von Neumann algebms, etc. are extraneous 

to the objectives of this section and the technical language which will be used is that, say, 
of the lectures in quantum mechanics by W. PAULI in Zurich of 1956-1957. 

This is suggested by a number of aspects, First of all, we believe that during the 

intuitional phase of study of an open physical problem the primary emphasis should be 

put in the identification of the emerging physical laws, while the study of the rigorous 

mathematical language for the proper representation of these laws should be sequential. 

Secondly, we believe that the use of excessively complex mathematical algorithms during 

the intuitional phase of an open physical problem might result in an obfuscation of the 

physical issue, to the detriment of the solution of tlJ.e problem itself. Thirdly, we believe 

that our best efforts in using the most modern possible mathematical tools might eventually 

result to be premature, in the sense. that the rigorous treatment of the problem 

considered may eventually demand the use of mathematical tools which would not be 

conventionally used by today's standard, 

In conclusion, this section must be considered an epistemological rather than a technical 

study of the problem. In essence, we had the alternatives of (A\ conducting a detailed technical 

study of each major aspect in a series of papers, or (B\ conducting an epistemological study 

of the perspective for a generalized quantum mechanics. We selected alternative (B\ because 

alternative (A) would have delayed the program for years, while restricting the possible 

partecipation of interested researchers due to the lack of an overview (as the reader will 

see, each aspect of the quantum mechanical treatment of nonconservative forces is .so different 

from conventional conservative lines, to the point that may appear absurd on an isolated 

basis -- the hopes then emerge from the unit of diversified aspects\. In the final analysis, 

we be live that the construction of a possible generalization of quantum mechanics for nonconser­

vative forces is not a job for one isolated researcher. 
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TABLE 4. 1: THE OPEN NATURE OF THE PROBLEM OF QUANTIZATION OF NON­

CONSERVATIVE NEWTONIAN SYSTEMS. 

Une arena Of "unequiVocal applicability" of conventional quantizatinn procedures 

which is identified by tt1e methndology of the Inverse Problem is that of essentially 

selfadjoint unconstrained Newtonian systems (i. e, unconstraned systems which, 

as derived from toe second law - - ma - F = 0 - - are variationally selfadjoint 2 8) 

32 

-L,u,"'!� f (I,,:'.!. -'i J] c."';: o 'r:=',z,.-,1 N. ('t--1-tJ
.. ,.....,. I - '?A ,, 

They include the virtual totality of systems consistently quantized until now. 

These systems , in essence, verify the integrability conditions for the existence of an 

nrdered direct Lagrangian representation .!)o 
_ 'v �c;';R _ _f c , R
� d I...M. _ ...-;)L1;o� = l ,t« �- _ J (_4-. /,.Z.} 

1 t <;) ,z:-'" 0 -z: 1:: - L: "" ,.,., � "' " SA '
1'I, - - S'fl L to&- = L ("-«. + L . .-.,,. j,.

The correspondlng Hamilt0nian, as constructed via the familiar Legendre transform, 

exhibits a crucial physical property: it represents the total energy of the system 

considered, The use of conventional quantization procedures, e, g., via the Hamilton-Jacobi 

equation, then yiel�a quantum mechanical context in which the mathe matical operator "H" 

has a direct physical significance. Most importantly, the canonical momentum R represents 

the physical linear mnmentum mkjk whenever conservative forces are considered, 

Thus, the emerging quantum mechanical formulation results to be consistent on both 

mathematical and physical grounds. As we shall elaborate during the analysis of this 

section, the physical consistency originates from the fact that the expectation values of 

the mathematical algorithms "H'' and ".f' possess a direct, clear and unequivocal physical 

significance (total energy and linear momentum, respectively). It then follnws that the 

quantum mechanical algorithm � = £X,!! also possess a clear physical meaning, the 

angular momentum. 

One arena ide1itlfied by the methodology nf the Inverse Problem for which the problem 
nf quantization is open On both mathematical and physical ·grounds is that of 
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nonessentially or essentially nonselfadjoint, unconstrained Newtonian systems (Table 3. � ) 

1c"': re 

) - 0
- '
NS'A 

(_4--1. 4-) 
which is precisely representative nf the nonconservative systems under consideration, 

The open nature of the problem can be easily indicated via the methodolngy of the 

Inverse Problem. The essentially nonselfadjoint systems are such that they violate the 

integrability conditions for the existence of an indirect Lagrangian representation 

nf type (3.?,. S ). This means that a Hamiltonian for the representation of the systems 

considered in the coordinate considered does not exist . It is hoped that the lack of 

existence of a Hamiltonian establisithe open nature of the problem considered (e.g., 

because of lack of applicability of, say, quantization via the Hamilton-Jacobi equation). 

The reader shoul d be aware that the methods of the Inverse Problem are indeed capable 

of producing a Hamiltonian representatiOn for the system considered, but a necessary 

condition is that of transforming the system in a new set of-coordinates r' = r\t,r,r) 2i JllA 
N •-

With an essential, generally nonlinear dependence on the velocities, The problem of the 

quantization of the systems considered int his mathematical representation will be ignored 
23 

in this section and left to the interested reader for the reasons indicated in ref. (such 

mat�ematical new systems of coordinates are generally noninertial and �ealizable in 

experiments owing to the nonlinear dependence of the new coordinates in the old velocities). 

It is hoped that these remarks establish the need of confronting the problem of quantization 

in the coordinate system of direct physical relevance. Once this problem is successfully 

solved, then the problem of quantization in mathematical systems of new coordinates can 

acquire its proper role. 

The case of the simpler n0nessentially nonselfadjoint systems is equivalent. These 

systems are such that they do verify the integrability conditions for the existence of an 

analytic representation in the coordinates of direct physical significance. However, since 

the forces are not derivable from a potential, such representation must necessarily be 

indirect, i.e., of the type (�.�.5)1 ,.e.
,, 
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with a regular matrix of factor functions (h(t,J ,!»· The net effect is that a necessary 

condition for the existence of such a Lagrangian representation is that the Lagrangian 

has a generalized structure, say of the type (3 • �. 6) , •·. e. . 
I 

• 

= 

L 1-
= 

{I;, I � 
I 

1. ) 

L, C1<AJ ib � �) Lu, ... ) l-i "·)
-�,-.,_ L', .-, � .fl\,�c 4=-•,'J/2 

D 

-, L. , 1l lt-,'i, i)
1 AMC"

1 

where the multiplicative terms to the free terms are essential. In turn, a necessary 

condition for such analytic repr esentation is that the canonical momentum f , the 

canonical Hamiltonian H and the canonical angular momentum M = I,<� do not 

represent physical quantities , that is, they are mathematical algorithms deprived of the 

conventional physical meaning of the corresponding quantities of conservative classical 

mechanics. An example is here in order to illustrate this occurrence. The familiar 

linearly damped oscillator belongs to the class nf nonessentially nnnselfadjnint systems, 

can be written In the language of characterization (4.1. 4 ) 

0R- ·
J

c.";'R 

[ l lz," -t 't \A + � � N ff) = D J 

f»I::: 1.., l<:-f.. I 

(,,_. 1- 7)

and admit a Hamiltonian representation of the type 

The nontriviality of the quantization problem is then selfevident. 
It is hoped that these remarks establish the open nature of the problem of quantization 

also for the simpler nonessentially nonselfadjoint systems because, even assuming that 

a quantum mechanical formulation of the algorithm H can be achieved with a mathematical 

consistency, the problem of physical consistency- persists (e.g., which is the physical 

meaning of the expectation values of a quantity H which, at the Newtonian limit under the 

correspondence principle, does not represent a physical quantity by central assumption?). 
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TABLE 4.2: THE DUAL METHOl)()LOGIES FOR THE CLASSICAL TREATMENT Op NON· 

CONSERVATIVE SYSTEMS: THE INVERSE PROBLEM AND THE LIE-ADMISSIBLE PROBLEM. 

As indicated by the remarks of Table 4.1, one of the most insidious and potentially 

misleading aspects of the problem of quantization of nonconservative systems is the 

direct physical significance of the algorithms at hand, 2, H, �1etc. In turn, this aspect 

has fundamental methodological implications which can essentially be classified into 

the following research attitudes. 

(A) One may attempt to preserve the central methodological tool nf established 

disciplines, the Lie algebra, for the treatment of nonconservative systems too. 

At the prequantized level, this implies the characterization of the time evolution 

law via the familiar Lie (Poisson) brackets 

The methodology of the Inverse Problem does�deed render this attitude 

practically realizable (for a review, see ref. , while for a detailed treatment 

see monographs .2.1 ). However, the direct conseq uence of this approach 

to the systems considered is the loss of direct physical significance of the 

algorithms at hand. More specifically, a necessary condition for such 

algebraic characterization of essentially nnnselfadjoint (nonessentially nonself-

adjoint ) systems Is that both sets of canonically conjugate quantities ;:. 
and p (the canonical momenta) do not possess a direct physical significance . 

.... 
At the level of quantization, this creates the problem of physical consistency 

of the emerging formulations. 

(B) Owing to the novelty of the physical context, one may also attempt the identification 
of a non-Lia algebra for the characterization of the systems considered. 

And indeed, an inspection of the problem indicates that a necessary condition 

for the algebraic characterization of the time evolution law of nonconserva tive 

systems under the condition that t he algorithms at hand ( :;,_ , ,!'., H, ;':;• etc.) 
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have a direct physical significance, is that the basic algebra is (nOnassOciative 

and) NON-LIE , !, e,, the time evolution law is expressed in terms of brackets, 

say, (A,H�r,p) 

A 

which violate the Lie algebra identities as the ·fundamental dynamical prerequisite, 

This second attitude is rendered practically realizable by the methodology of 
2� 

the Lie-admissible problem (for a review see ref. while for a detailed treat-

ment see monographs 2.2. ). The main results are that such a non-Lie algebraic 

characterization of nonconservative systems does indeed exhist , results to be 

directly applicable to the systems considered (in exactly the same measure as 

Lie algebras are directly applicable t o systems with forces derivable from a 

potential), possesses an analitic origin via a suitable generalized form of 

Hamilton's equations (in exactly the same measure as Lie algebras originate 

from the conventional Hamilton's equations), results to be of the so-called 

Lie-admissible type and, last but not least, emerges as being a covering of 

the conventional, Lie, algebraic approaches(in the sense of being directly applicable 

to a physically broader context, while capable of recovering the conventional, 

Lie formulations identically at the limit of null forces not derivable from a 

potential), At the level of quantization, this second approach exhibits open 

mathematical problems, but its physical consistency is expected to be ensured 

by the direct physical significance of the algorithms at hand, 

(C) The mental attitude which is adVocated in this paper is that of using both approaches 

(A) and (B), whenever applicable. In essence, the two approaches, even though 

profoundly different in inspiration and technical realization, are ultimately 

complementary because they study the � system. Owing to the complexity of 

the problems to be confronted and, in due time, eventually solved, each approach 

can in the final analysis exhibit a methodological backing or verification for the 

other. 

As we shall see, the implementation of approach (C) indicat8 that the known 

SchrOdinger and Heisen berg approaches individually exhibit a dual (rather than single) 

generalization for nonconservative systems. 
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TABLE 4, 3: THE ANALYTIC ORIGIN Op THE LIE-ADMISSIBLE ALGEBRAS. 

As indicated In r ef.�'?, , it appears that the methodologies of the Inverse Problem 

and of the Lie-admissible problem for the treatment of nonconservative systems have 

different physical relevance, even though mathematically complementary to each other. 

For instance; the Inverse Problem provides valuable too]sfor the study of the structure 

of the forces considered or for lhe identification of the mechanisms of violation of lhe 

Galilei symmetry by the considered physical context, but it does not exhibit (to the best 

of my understanding at this time) a genuine constructive physical role , e, g, , for the 

identification of lhe broader relativity laws which are expected to apply f;o. nonconservative 

systems. The situation for the Lie-admissible problem is somewhat the opposite, It 

exhibit,no methodological role for the study of the structure of the forces considered, 

while it appears to provide intriguing constructive capabilities for a 

classical,nonrelativistic,covering of the Galilei relativity in nonconservative 

mechanics. It may then be of some assistance for the interested reader to briefly review 

the analytic origin of Lie-admissible algebras in Newtonian mechanics. 

The starting point it. nonselfadjoint system (4.1 . 4 ). To avoid indirect analytic 

representation of type (4.1 , 5 ) which are responsible for the lack of direct physical 

meaning of the algorith ms, the applicable analytic equations must be nonselfadjoint 

too, The conventional Lagrange's equations wilhout external terms are unable to satisfy 

this fundamental requirement because they are always variationally selfadjoint for all 
4 .2,1,2� 

Lagrangians of at least class C and regular. Therefore, they must be modified into a 

more general form capable of producing lhe desired direct Lagrangian representation. 

Lagrange's equations with external terms must be exc.luded too because, after a Legendre 

tramsform, the brackets of the time evolution law do not satisfy the conditions for a 
n 2• 

consistent algebra . The covering of Lagrange's equations which was suggested in ref. 

(for the case of conservative maximal selfadjoint subsystems)is given by 

-l� 0.)Lbo!- 'dEbal-jc:� 
J � (v ,i /co- 0) z_ k 1 

- ,...... NSA 

, .. = ,, 2, ---

(t,.,3./b)
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where E(r,r) is the energy integral of the conservative s1hsystem and Zk(t,r,;) is 
-� � -�

a set of functions (uniquely) characterized by the ordered direct analytic representations 
c."';t.? c"'"

R. c°';(i! 
- 'a Eb.1-0 = [( A/.,.

1< 
ti - f J I - F ] ' ({<..3 • .2) 

(oz.I< ............ Sil "''"' Hr/I 
,.... NfA 

The compatibility with the conventional Lagrange's equations is theu established by 

the fact that Eqs. (4. 3. la) recover these equations identically at the limit of null forces 

not derivable from a potential, 

t-....... 
T ffL <uL'l:o1- - '() E.1:-.. 1:- J 

f - o L JI- ca -'Z "... Ctl z 'c"' 

::: {!,.,.,u.,i I'"- l- � <;}Ltol:- + (u,z:ih<;)Lt:ol- _ (JJ 0L�•-�)ij·i, 
.z"'.;. _ ,z:�"' �I- c°;) f""' <7) zl<"- 't) zib \az rc--0 'c' 

• J <"vLt:o � 't)l- 1: .. 1- (_4-.3.3) 

Jl 0i "' .. - :o�"'"'". 21> 
For this reason, Eqs. (4. 3. la) were called in ref. the Lagrange-admissible equations . 

The conventional Legendre transform applied to Eqs. (4. 3.1) yields the follnwing 

covering of Hamilton's equations 
bf-'_ 'v fhol- = 

<ozr 
=-'L,2, •.• , 6N/ r 

lb" 1 = 
£ 

�
(<

: Pre,-) / { 2
1"

} = 
L f1e._ , 

2 
""} , 

1-.. <,) L 1:ol:- 11 • k-. I-,, L _ fi -t- H (4-,3.4-C.) 
n,,,_ = 0 i 1<-. I l'T 1,ol:- =- >z. rrc-. - tol- - fiec. 

_.',.�, 

which can also be written In a variety of equivalent covariant and contravariant forms, 

= 0 

l'-. 3. 5c.) 
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where the new functions considered are (uniquely) characterized by the functions Z
r 

(t, b). 
:Z'o 

and where the regularity of the matrix (S }"" ) is always realizable . 

Eqs. (4. 3 . 5 ) recover the conventional Hamilton's equations identically at the limit 

of null nonconservative forces C "'° (< 

-l:
,..,. 

rs .,. b " - 01-1 iol-1 I = 

F ➔ 0 l ,. 0 h,.; J NSA 11 .. 

::: 
(

D3,.,..3N 

-i-;N,.31'1 
�, 

and, for this reason, they were called in ref. the Hamilton-admissible equations . 

(_4-.3.6b) 

There is no need of going through the intermediate step of a Lagrangian representation 

(as It is also the case for the Inverse Problem 2.I ) , because Eqs. (4. 3 . 5 ) can be 

directly constructed from the equations of motion in a first-order vector field form via 

the solution of the equations 

"dRr(.1:-,1>) [ff(b) _ Ff(t,b)] 
't> bf 

1 f w1>v�lho1- f = <';)J.li .. 1- f rrl - ( 0 t J (.4.3.7b) 
-= l -- J }" � , Lr j - 1, .1,..." , r;> 1." '.> h (_w}'o") = (w

J'"
�r� 

The reasons why this covering analytic context was selected over other conceivable 

alternatives are basically the folloWing. 

The fundamental algebraic property of the 1-/amilton-admissible equations is that 

the brackets of the time evolution law 

characterize a (nonassociative, non-Lle) Lie-admissible algebra, that is, the attached 

brackets 

LA,B] 3ff = (�,B) - (B, A) 
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are Lie, i. e, , verify the Lie algebra identities, This means that the Lie algebras are 
not Jost in the approach, Instead, they are preserved in full according to 

(a ) An embedded form , technically realizable ·v1a a Lie-admissible generalizatiOn of 
the notion of enveloping algebra, which essentially expresses the property that 
a (nonassociatlve) Lie-admissible algebra U with brackets (A, B) possesses a well 
defined content of Lie algebra in the attached form U - characterized by brackets 
[A,B]* = (A,B) - (B,A), See Tables 4 .14 through 4. 19 for technical details. 

(b) A limiting form, in the sense that, at the limit of null forces not derivable from a 
potential, the Lie-admissible brackets (A,B) recover the conventional Poisson 
brackets identically 

In turn, this is an indication that the nonconservative forces are embedded into 
the algebraic tensor sr" of the approach, And indeed, the deviation of the Lie­
admissible over the Lie algebras is a direct representative of these broader 
forces, for instance, according to the rule 

(_4-, 3. 11) 

The above properties were the fundamental requirements of selection of the considered 
covering analytic context, In particular, the Lie-admissible algebras are the� algebras 
capable of satisfying the joint requirements (a) and (b). 

The reader should be aware that requirement (b) is crucial for the consistency of any 
possible generalization of quantum mechanics for nonconservative systems because, ,!!t 
the limit of null forces nol)derivable from a potential, conventional quantum mechanics 
must be recovered in full. 

The reader can noW see that the objectives which motivated the study of the Lie-admissible 
approach, the direct physical significance of the algorithms at hand (Table 4, 2), is ind�ed 
achieved in full, The mathematical algorithm "p" now does represent the physical linear 
momentum mi, the algorith "H" represents ;e total energy (see Table 4, 7 for more 
detaiisl and the algori�"M" (= r ,c p) represents the angular momentum 

.,, .,,... - � 
. 
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Equally importantly, this Lie-admissible approach to nonconservative systems 
emer� as being directly universal, in the sense of being applicable without redefinition 
of the variables J,. and R. (as necessary for Lie formulations) and being always applicable 
to the system considered because, under the assumed conditions, Eqs. (4, �, 7 ) always 
admit a solutiOn, 

2..� In ref, I then presented a summary of my tentative studies for the 
possible existence of a .Lie-admissible generalization of conventional formulations. for 
inspection, assessement1and possible technical finalization by interested 
researchers. The objective was to indicate the existence of genuine hopes of achieving, 
in due time, a body of Lie-admissible formulations consisting of the follnwing three 
essential aspects, 

(I) Covering Lie-admissible analytic formulations , which, besides the equations 
recalled in this section, include a generalization of the canonical transformation theory, 
canonical perturbation theory, etc, 

(II) Covering Lie-admissible algebraic formulations, essentially consisting of a 
possible covering of Lie's theory. 

(Ill) Covering Lie-admissible geometrical formulations , essentially consisting 
of a possible covering of the symplectic geometry capable of producing an effective 
geometrical characterization of Lie-admi sssible algebras. 



TABLE 4. 4: THE NONCONSERVATIVE, NON-LIE, NONINERTIAL, NONGEODESIC, 

NONLINEAR, NONSYMPLECTIC AND NONRIEMANNIAN CHARACTER Op THE RECENTLY 
PROPOSED LIE-ADMISSIBLE COVERING OF THE GALILEI RELATIVITY. 

2.3 A classical nOnrelativistic covering of the Galilei relativity was proposed in ref, 

for nonconservative systems by using the Lie-admissible formulations. It should be 

stressed that the study was tentative because in need of inspection and assessement 

by interested researchers, Neverthless, an outline of this 

covering relativity might here have some value, e, g. , as a starting ground for subsequent 

possible implementations, modifications and eventual finalization of the issue, 

The propoaed Lie-admissible covering nf theGalilei relativity, called Galilei­

admissible relativity, i s  essentially characterized by the connected, Lie-admissible 
2?, 

group of transformatio

&

ns 
t9 • 

GA ) I ),\ ::: e.
('1..1 : D 

{\/1::: [Jz."'"'
,, 

�
1c 

.. ],)'=l, 2, ... ,(,N;l<=•,.2, ••• ,
N;&L"'K,':J,,1 

,t : 1,2., •••I -to I 

where the X's are the generator of the conventional Galilei algebra for the conservative, 

maximal, selfadjoint subsystem of system (4. i . t,. ), i.e. 

X - H
1,-

I; = tol:o.€ I (4.. ft-. �a.) 
,t_ -

l><2.,X3 ,X,. } :: lPb>c,, Pi-� Ph} (4 .. 4 . .Z.b) 

{ x�. x,, X-, } .:;- {Mh, M
1:
.,, Mi-.:}1 (_4,4-,2,;:> 

{ )(8 , ><., , x,J ::: { Gi >< , c. ,,_'J,, 
G 1,.,2.} I [4. 4- . 2./,) 

the e 's are the conventiona� corresponding1parameters of the Galilei group, i.e. , 

and the S �" constitute the Lie-admissible tenso:das constructed via analytic representa-1 
tions of type (4,?, . 5 ) (which are generally different for different generators) 
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The Lie-admissible character of this context is established by the fact that the 

brackets of the infinitesimal, first-order transformations are (nonassociative) Lie­

admissible, i.e. , 

,.b,,. � '}-\ e•·4;o1pr;Jx,- �)b,... =- ,,�-+- 0" (b..,, X;) ·)·(�-4-.t,.J ·- D + l
-;, 

liJ <"i)l,(!> <;){,,"' (, 

Some of the key prQperties of this Lie-admissible relativity are the capability of 

recovering the conventional Galilei relativity identically at the limit of null forces 

not derivable from a potential, i. e. , 

f...,o 
,,. 

and the capability of apparently yielding generalized transformations which leave 

form-invariant the equations of motion considered, i.e., • 

b" -

The former constitutes what was called an "uncompromisable requirement of compatibility" 

with the conventional Galilei relativity. The latter i.s a crucial requirement for any 

possible relativity, that is, a form-invariant description of physical reality (the reader 

should recall that one of the central properties of the systems considered is that of 

being form.non!nvariant under the conventional Galilei transformations). 

It may be of some value for the context of this paper to identify the departures from 

conventional relativity ideas which are inherent in this Lie-admissible approach,hoping 

that this may eventually result to be of some assistance for a resolution of the issue, 

(1) The nonc0nservative character. The argument is that the systems considered are 

nonconservative and, thus, any applicable relativity must be able to characterize this 

physical profile in its entirety. In particular, under nonconservative forces, all the the 
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ten physical quantities of the conventional conservative case are generally nonconserved, 

:= <i>X. b,.. 
-t- <)Xe: ::/= o,

fvhl'" <?t; 
as a nece ssary condition to comply with physical reality. For instance, in the case of 

a two-body nonconservative system (i, e. , the cnnventional Kepler system 

in a physical, dissipative medium) the total energy , linear momentum and angular 

momentum are nonconserved while the center of mass motion decays in time, because 

the system tends to rest in a finite period of time, 

(2) The non-Lie character. As recalled earlier, we argue that this is a necessary 

condition for any applicable relativity, under the requirement that the algorithms 

at hand (p, H, M etc,) possess a direct physical meaning. This implies that the 
- -

algebraic characterization of �conservation laws (4. t,.. 7 ) is done via brackets 

X-
,\, 

which violate the Lie algebra identities. The algebraic character of the proposed 

relativity is that of Lie-admissibility. 

(3) The noninertial character . This character appears to be crucially dependent on the 

selected coordinates. The assumption which is here implemented is that these coordinates 

are those of a frame at rest with respect with the medium in which the motion occurs. 

In turn, any such medium (e. g,, the Earth atII1osphere or, more specifically for this 

paper, a hadron) is in generally noninertial cnnditions, The follnwing picture might 

assist the reader in identifying the duality of inertial characterization of physical reality 

we are here referring to 

X 

y 
Conventional,inertial ,  Galilean 
characterization for the exterior 

behaviour of a hadron, 

Assumed, noninertial, Galilei -admissible 
characterization of the interior behaviour 

of a hadronic constituent. 
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where the noninertial reference frame is at rest with respect to the hadron. 

Thus, the refence frame assumed for the Galilei-admissible relativity is generally 

noninertial by conception. This noninertial character is complemented by the fact that 

the new coordinate frame induced by a Galilei-admissible transformation (4, 4, 1 ) is 

generally noninertial_,irrespective of whether the original system is inertial or not, because 

of a generally nonlinear dependence of the new coordinates � in the old momenta p. 

The reader should be aware that, since the systems considered are not form-invariant 

under the Galilei transformations or any, more generally, arbitrary (but of class C ...,and 

invertible) transformation of the coordinates, if one represents both, the hadron as a whole 

and its constituents in an inertial frame, this implies a different form of the structure forces. 

In other words, in the transition from the characterization of the structure equations in the 

reference frame at rest with respect to the hadron In noninertial conditions (say, a nucleon 

of the nucleus of the palladium) to the characterization in an outside inertial frame, the 

structure equations are subject to a nontrivial change of their form. 
2?> 

The reader should also be aware of the argument of ref, to the effect that, after all, 

an inertial characterization of physical reality is a conceptual abstraction in the sense that 

no experiment has been conducted to date in an actual inertial frame and none will be 

conducted unti l a sophisticated interplanetary (or interstellar, or even intergalattic--under 

the assumption that the universe is in a nonuniform expansion) technology is available. 

The net effect is that the problem of a generalized relativity which 

is noninertial by central conception must sooner or later be confrOnted, 

(4) The nongeodesic character. Conservative systems have a geodesic character in the 

Euclidean space of their detection in the sense that,at the limit of null action-at-a-distance 

force, the motion is geodesic. On more technical grounds, the property can be expressed by 

saying that the action of the G alilei group in its topological manifold is geodesic, Both these 

feature;Jare generally lost for our Lie-admissible relativity, First of all, nonconserva-

tive systems have a nongeodesic character in the Euclidean space of their detection in the 

sense that, at the limit of nnll action-at-a-distance forces (but nonnull dissipative medium), 

the trajectory is not necessarily geodesic. On more technical grounds, the action of the 

Lie-admissible group on its topological manifold is not necessarily geodesic, At a more 

detailed study, this nongeodesic character appears as necessary for a genuine representa� 
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tion of nonconservative systems tmder our by now familiar assumptions. 

(5) The nonlinear character. This charater emerges in a number of contexts. For 

instance, the equations of motion are generally nonlinear in the veloeities. A most 

intriguing nonlinear character of the Galilei -admissible relativity is however, 

that the representations of the tmderlying Lie-admissible envelop are nonlinear 

{because of their nonassociative nature), while linear representations are fully admissible 

for the universal enveloping algebra of the Galilei context {because it is associative). 

Apparently, this latter aspect is again related to the nonconservative nature of the 

systems considered or, equivalently, is another technical aspect to characterize the 

presence of forces not derivable from a potential.�� 

{6) The nonsymplectic character. This character emerges from the fact that the 

symplectic geometry, as currently known, does not result to be compatible with the 

Lie-admissible algebras {other then Lie) because the Lie-admissible tensor sP." is 

neither totally symmetric nor totally antisymmetric. In particular, the construction 

of an exterior two-form via the tensor S ,..., , i.e. , 

/' = 6 d!t"Jb" .a .L 1sr..,-s..,,._,e1,.t/'A.Jb"
:::> , .. , "'" � L: / '/ 

yields the "Lie-content" of the tensor itself. Thus, the symplectlc geometry does not 

appear to be able to characterize the symmetric part of the Lie-admissible tensor. This 

creates the intriguing problem of the possible existence of a covering geometry, which, 

after all, is expected from the preceding characters of the Lie-admissible approach. 

(7) The non-Riemannian character. lf the symplectic geometry does not result to 

be applicable, one might then suspect the applicability of the Riemannlan geometry 

as currently known { the crucial role of the former geometry for C:lalilei relativity and 

of the latter for Einstein general relativity should be here recalled). Intriguingly, this 

does not appear to be the case on a number of connts. On geometrical grounds, the 

Riemannian geometry does not appear to be applicable for the reason complementary to 

that of the symplectic geometry, that is, the inability for a proper characterization, 

this time,of the antisymmetric part of the Lie-admissible tensor. On dynamical grounds 

the occurrence can be seen from the fact that, when a Hamiltonian exists without redefi-
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nition of the Euclidean coordinates and use of the conventional Hamilton's equations, 

it can be written In the form 

that is, the tensor G exhibits an essential dependence in the derivatives of the coordinates, 

which is outside the context of Riemannian geometry as currently known. The reader should 

be aware that the context for these geometrical profiles we are here referring to is related 

to our concept of representation with a direct physical significance of the algorithms at 

hand. lf coordinate transformations or other concepts of representations are assumed 

{e.g., via locally Hamiltonian vector fields 2'!, )1the applicability of established geometries 

becomes admissible. 

But; besides these aspects, one of the most representative departures from conventional 

formulations which is inherent in the systems considered is that, in general, they � 

admit a representation via variational principles in �e coordinates of direct physical re­

levance, i. e. , in the language of the Inverse Problem, the systems considered are In 

general essentially nonselfadjoint. 

Illustrative exa�les of our Galilei-admissible relativity are presented in papere,� 
22.-'JL 

and in monograph . It may be of some assistance for the interested reader to present 

one of the simplest possible examples and verify the properties considered. 

Consider a two-body conservative system. Suppose that the (central)force is, for 
simplicity but without loss of generality, of the oscillator type. In relative coordinates 

the equation of motion are given by the first order {vector field) form 

/ fv:=:
,t_

, k-==-1 
� = '<=1.. - -2-i,. 

The above system possesses an exact symmetry under translations in time which constitute 

the one-parameter subgroup T1
{t) of the Galilei group. In canonical realization 

it is given by 
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and explicitly reads 
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while constituting a group with trivi�l c001position law � / b 
• /:: -t 

I::') ( If . t,.. / {, ._) 
b' = f ( \, i I, )

I 
b I:- £ ( !,' i 1:- I) .::: .J. L / I 

( 
'"{_ I/ 

) ( 
,z_ 1 c.,,_r � I -t r IS,'M � I 

) ::;:;-
( 't {.o_r U-+/:1) -t f .S("I {f-+t� 

) 

pu
:: 

-'i' -'•"-1::' -t p'<.oJ�' \-z..s,' ... (hF)+p u.slt+l:I). 

( 4- .1,. ./t,J,J 
The physical implication of the above form-invariance is that of characterizing a 

physical law, the conservation of the energy. This can be seen either from the form -invariance 
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or from the Lie characterization 

(1.o"P<u__!!!:_ 9...) l+L ::-1:[/+ H- ]::o.
rv b�()t,

o<1 
� 1;, t 

The ah_ove relativity characterization of system ( 4 . 4. -:! 1. ) has 

(l')· a conservative character, the system being conservative by assumption; 

(2') a Lie character in the dual meaning that structure (4,4,1.20:, forms a (connected) 

Lie group of transformations and the physical law ( 4 .4 .1.g) is expressed via the 

product of a Lie algebra; 

(3 ') inertial character, in the sense that all inertial systems can be equivalently 

used without altering the form of the equations of motion; 

(4 ') a geodesic character in the sense that, at the limit of null force 1(-'>0, the trajectory 
is a geodesic (a straight line) or, more rigorously, the action of the group Tlt) in 

its topological manifold is geodesic 

h tuotp r;) /11,- ,:y_ 
e 'dbr01,o< �Lt-)� �eo-ks,·c._; U--4-.1'1) 

(5') a linear character in the sense that linear representations of the group Tt<t) are 

fully admitted because the underlying algebraic envelop is associative; 

(6') a symplectic character because the fundamental symplectic form 

directly inters into the very structure of T i<t); 

(7') a Riemannian character in the sense that, say, the system is represented by 

a Hamiltonian with a trivially R iemannian structure 

.. ( \ ii' 
/" �l = - i) Iu; 

µ,t' 34-or in the sense of more formal treatments, 
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We now assume that the two-body system (4.4. 1.1.) enters into a physical medium 

(say, gas or plasma) which results in the nonconservation of the energy. The system then 

tends to rest in a finite period of time. This broader physical context can be represented 

with the addition to the equations of motion of a nonconservative force-F • 

Bqs. (4.4.1.1. ) are then replaced by the broader equations 

where F is tacitly understood to comply with physical evidence (!!!_stability of the orbits and 

achievement of the rest status in a finite period of time). 

The Galilei relativity is no longer applicable for a physically meaningful characterization 

of nonconservative system (4.4. 2.2..) . First of all, the system now becomes form-noninvariant 

under the Ga!ilei transformations (4.4.{ft ), trivially, because 

+ f Cos t ) _ ( f / ) =/= ( F I )
+ r' .s,:..t- - -�• -?.'- F 

(_�_1t .. t3} 

Irrespective from that, the Galilei relativity presents a number of deficiencies to provide 

a consistent characterization of the new, broader physical situation, the NON -conservation 
22 23. 

-

of the energy , as analysed in details in references ' . After all, this is not surprising. 
The Galilei relativity was specifically conceived for conservative settings. The broader physical 

context we are considering is profoundly different than that. 

This situation creates the problem of searching for a covering relativity, that is, a 

mathematical formulation which produces a consistent characterization of the nonconservation 
of the energy via form-invariance under broader transformations (to qualify as relativity) 

and which, most Importantly (particularly for the problem of the hadronic structure -- see 

the crucial i mplications of Section 5) is capable of recovering the Galllei relativity identically 

at the limit of null nonconservative force F 

For the case considered our Gali!ei-admissible covering relativity satisfies these properties. 

Consider first the �imp lest possible case of the nonconservative force F, a costant force 
(functional dependences will be considered later) .. 
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The simplest possible representation of Eqs. (4.4.2 2) via our Lie-admissible covering 

of Hamilton's equations is given by 

• r s r- 'Y 't) 1-h. H I:: ::- .2.l.. (r \- � 2) I ( 4-- ft-. 2.#-� b == 
�bv / 

\. 1o
>-} "'t >z, rj) CsfA

V )-= (�;-)I �= -l-L+ :) .(1--i.24-b)

The knowledge of the Lie0admissible tensor sf'"then immediately yields our Galilei-admissible 

covering of the Galilei's group of translations in time 

" r b = -e JI, 
consisti ig of the separate series 

,;__ = '2.. + b, L>z.,/-1-,,.) + l;�(('l-,H�J,"i:-h··.1.. .2.. 
'2 + .L (r) + � (-2-F)+"'' 

,t ! 2.. I 

f = \> + Jz, Lr,H-1: ) +·1::�((r,t.fi .. J,J-11,).t•·· 
,t.' .l, 

- � + � ( - i - F} -t- �: (- r) +·., 

(ft, P.,) ::: ��o( s-<f}��� 
Which now converge into the finite transformations 

F t ( >z. + F) u,5 t -+ f> s,�

(_ '2 + f) :,(.t, � + f CoS t-

First, we must verify the fundamental requirement for any formulation to qualify as 
11relativity:1 the form-invariant des cription of nature. This requirement is indeed satisfied 

by generalized transformations (4.4.2.7) because, trivially, 
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(__'2-t f-) S,'"' � + r 4>S t-

) 

(f ) 
p s,·"'-l- -L'u-F)eost- = -�-F • 

(3..4-. U) 
A 

Secondly, we must verify the covering nature of the group Tt<t) over T1(t), to qualify as 

a covering relativity �- This implies (at least) two aspects. First, the capability of 

recovering the group T 1(t) identically at the limit F ➔ 0. This is trivially satisfied by 

our transformations ( 4. 4 . :Z. 7 ) 

Secondly, we must inspect the methodological context to see whether a group structure 

exists. Transformations (4.4. 2..7 ) are trivially connected because for t:::::: 0 

also, they trivially satisfy the composition law • 

b =- £(t,t-)
1 

b = .f(_b;h)=- .f(b;h-,.t:'), 

(
: 

) _ 
(

- f -,. (_ i + F) '°< l 1 -,. f 
so'� •

1

l')

F - (_ i + F) .5.'-4 I;' + f c.:, s t

(- F + ('2-,.f}u:,s/.r+f) -t fs,".A. 0--tt')) 
_ 

- ('z t F) S,'-¼ (_i:
-t-

ti) ..,. p loJ (t + t�)
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Thus, our structure T 1(t) constitutes a connected Lie group of transformations in exactly 

the same way as that of Tt<t). The structure of these two group, however, is different. 
A 

Indeed, T i<t) is defined in terms of the same generator (H
I: ) , the same parameter (t) 

and the same manifold (I:/') as those for Tt<t). A!> a matter of fact, it is precisely this 
,., 

property which qualifies T 1(t) as a covering of T 1(t) 1 not in the topological sense, but in our 

physical sense that 
" 
T

-t.. 
U--J 

A 23 
Owing to these differences, we have called T1(t) a Lie-admissible group, in the sense 

that it admit a different . Lie group under a ·limit procedure , while its 

behaviour in the neighborhood of the identity produce an algebra which is NON· LIE, but 

Lie-admissible 

S .A

or equivalently, Lie-admissible algebras directly enter into the structure of T 1(t) according 

to the embedding 

The non-Lie character of the covering relativity transformations has a direct physical 

significance which is crucial for the consistency with physical evidence: the NON-conservation 

of the energy. Indeed, it is precisely the loss of the Lie algebras which allows the direct 

algebraic representation of the nonconservation law 

as a covering of conservation law (4,4,-18). Equivalently, the property can be seen from 
A 

. the form -noninvariance of H I, under T 1(t). 
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In conclusion, while the Galilei group T1(t) is unable to provide both, a form-invariant 

description of the system and a characterization of the nonconservation of the energy, our 

Galilei-admissible group T i<t> is not only capable of satisfying both these fundamental requirements, 

�it is jo_in�y capable of recovering the group T1(t) identically at the limit of null nonconservative 

force. 

We consider now the case of a functional dependence of the F-force. The extension of 

the result s to the case when F explicitly depends on time, F = F(t)/s trivial and will be left 

to the interested reader (we assume, however, that the reader is familiar with the fact that in 

the :recomputation of Eqs. (4.4,15) the time derivative is performed with respect to parameter 

t of T 1(t), while the quantity t'of the equation of motion becomes an initial value and, as such, 

it is constant). The results are exactly the same as those for a constant F. 

The situation for the case when F has a broader functional dependence , say, F = F(t, r ) 

and F = F(t, r , r ), is different. Here the reader should be warned against the expectati on of 

simple solutions. The reason is the following. For conservative systems, the Galilei transformations 

are manifest symmetries, that is, symmetries of .simple, direct identification. 

For nonconservative systems the situation is profoundly different. Indeed, in this case the 

relativity transformations which leave form-invariant the equations of motion are always 

nonmanifest symmetries, that is1transformations of rather complex structure which under no 

circumstance can be identified via a visual inspection of the system or simple empirical techniques. 

The reason is trivial: the equations under considerat ion are nonconservative, generally nonlinear 

and generally dependent explicitly on time. The construction of transformations which leave 

form-invariant these systems is not an easy task. This is precisely the effectiveness of our cover-

ing relativity because it provides specific rules for the explicit construct! on of these 

nonmanifest symmetries, Indeed, for system (4.4.22.) the information requested was: 

(a) the conventional Galilei group; 

(b) the Hamiltonian for the conservative system; 

(c) the nonconservative force. 

The Lie-admissible formulations then produced the desired result: the nonmanlfest symmetry 

group (4.4.27 ). 

The interested reader is therefore encouraged to work our cases with more complex 

functional dependences of the nonconservative forces, with the expectation that for any functional 

dependence other than F(t), the emerging transformations are not given by Eqs. (4.4.27) and 

that their explicit forin is quite complex indeed. 

- 666 -

We must now identify the implications of our covering relativity . The case (4.4.22.) 

is sufficient. In short, the form-invariance characterization of system (4.4.22) and of the 

underlying nonconservation law of the energy via a covering of the corresponding conservative 

setting implies the abandonment of the conservative, Lie, inertial, geodesic, linear, 

symplectic and Riemannian character of the original (but now inapplicable) relativity 

according to 

(l ") nonconservative character, as the fundamental condition for physical consistency 

and as expressed by nonconservation law (4.4,,35 ); 

(2") non-Lie character, as characterized by the algebraic structure of law (4.4.3.S) 

or the new behaviour in the neighborhood of the origin ( 4. 4. ?>3 ) ( as recalled in Table 

4.2, a necessary condition to characterize such nonconservation law when all the 

algorithms at hand have a direct physical significance is that the brackets of the 

time evolution law violate the Lie algebra identities); 

(3'') noninertial character, e.g., now the transition from one inertial system to another 

violates, in general, the form-invariance of the equations of motion; 

(4 ") nongeodesic character, in the sense that when the conservative force is null, the 

motion is not necessary a geodesic (it is not, in general, a straight line due to 

dissipative effects), or, more technically, because the action of the Galilei-admissible 

group in its topological manifold is not necessary geodesic 

(5 ") nonlinear character, in the sense that the :representation of the Galilei-admissible 

group T 1(t) are nonlinear because of the nonassociative nature of the underlying 

algebraic envelop (see Tables 4,14 through 4.19); 

(6") nonsymplectic character, in the sense that symplectic structures of type (4.4. ':J 

do not characterize the Lie-admissible tensor S.Lf and only its antisymmetric 

part, while the broader geometry which appears as applicable is the so-called 

symplectic-admissible geometry with nowhere degenerate exterior admissible 
two-form 2. 3 



for which 
,I_ 

s 
2, 

(7") non-Riemannian character, in the sense that now the system admits a Hamiltonian 

with the non-Riemannian structure (4.4,iO), or that structure (4 .4.37 ), besides being 

non-symplectic1 is also non-Rtemannian1or in the sense to 1-e h1dicated in Table 4.20 

for detailed treatment at some later paper. 

In addition to the indicated departures from the familiar settings of the conservative 

Galilei's relativity, our Galilei-admissible relativity indicates still another departure: 

it suggests the existence of a priviledged class of reference frames, those at rest with 

respect to the medium in which the motion occurs. In relation to the hadronlc structure, 

this implies that for the case, say, of the motion of one particle within hadronic matter, 

the forces are computed in the reference frames at rest with such medium. We shall not 

attempt a rigorous justificat ion of this additional departure from conventions! relativity 

ideas (for an analysis see ref� ). We shall simply assume it and assess its plausibility 

from its consequences. 

The proposed Galilei-admissible relativity is at the very foundation of our model of 

hadronic structure to be presented in Section 5. We shall therefore complement the brief 

review of this table with additional comments throughout our analysis. Of course, one of the 

central objectives of this paper is to achieve quantization of this relativity, in order to ·reach 

a form which is directly applicable to hadron structure. This problem will be studied in Table 

4.18, 
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TABLE 4, 5: A FIRST DICHOTOMY FOR QUANTIZATION: NONESSENTIALLY NONSELFAD]OINI 

VERSUS ESSEITTIALLY NONSELFAD]OINI SYSTEMS. 

We are now equipped to begin the study of an intriguing but delicate research project: 

the quantization of nonconservative Newtonian systems in general, and of 

nonselfadjoint forces in particular. 

strong 

The prnblem under cnnsideratinn will be essentially studied from twn prnfiles: the 

pnssible existence nf a geueralizatinn nf Schrndinger's and Heisemberg's apprnach fnr 

the quantum mechanical treatment nf Jncal, class C fnrces nn derivable frnm a pntential. 

Tables 4. 5 thrnugh 4. i '2. are devnted to the first prnfile, while Tables 4.1� thrnugh 4, 1.'7 

are devnted tn the secnnd prnfile, Tables 4, 2D and 4.2-1 outline the implicatlnns nf the 

emerging fnrmulatinns, 

Let us begin with the first prnfile nf the prngram. A tentative fnrmulatinn nf the problem 

is the foll"Wing, It cnnsists nf the study of the pnssible existence and cnnsistency, nn bnth 

mathematical and physical groUnds, of a cnvering nf Schrndinger's equatinn fnr the quantiza­

tinn nf Inca!, class .C "" nnncnnservative (nnnseifadjnint) Newtonian systems 
- c""':e c"';� 

L(.¼l<ii _ f ) - f" ] co, l<=t,2.,--•,N L¥--5.t) 
.... I:: .... '" SA .... IC /'l{fl 

I 

which satisfies BOhr's cnrrespnndence principle, The fnll"Wing three prnperties are expected 

tn be crucial: 

(I) The desired generalizatlnn nf Schrodinger's equatinn shnuld be nnntrivially different 

than the conventinnsl equatlnn (as currently knnwn) fnr a nnntrivially different physical 

cnntext (fnrces derivable frnm a pntential versus fnrces nnt derivable frnm a pntential). 

(II) The pnssible generalizezion· of Schrodinger's equatinn should be able tn recover 

the cnnventlnnsl equatinn identically at the limit of null fnrces nnt derivable frnm a pntential. 

(Ill) The expected generalizatinn nf Schrodinger 's equatlnn shnuld recnver the 
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Hamlltnn-Jacnbi equatinn fnr the nnnconservative systems cnnsidered at the limit nf 

large value nf the actinn functinual as cnmpared tn Planck's cnnstant (cnrrespnndence 

principle). 

The abnve prnperties I, II and III are here intended as a specificatinn nf the "cnvering" 

nature nf the expected generallzatinn versus the cnnventinnally knnwn fnrm nf the equatinn 

cnnsidered, as well as well as a mnre specific identificatinn nf the nbjectives tn be 

attempted. 

A number nf restrictinns nn the equatinns tn be quantized, Eqs. (4. 5.1) is nnw in 

nrder. The first impnrtant restrictions can be presented as follows. 

(1) Restrictinns nn the acting fnrces . As by nnw familiar, the symbnl SA (t-'.SA) in 

Eqs. (4. 5.1) represents the technical characterizatinn in the language nf the Inverse Prnblem 

fnr the fnrces J., k ( ff._ J nf being derivable frnm a pntential, i.e. , selfadjnint (nnnderivable 

frnm a pntential--nnnselfadjnint). These fnrces must be mnre specifically identified. Their 

explicit functinnal dependence which will be cnnsidered can be written 

f f Lb 
1t: �) - _'t)J!_ + !1._ <;)(,f (if.. G .!la.}

-1<
= 

...... , ... ,
"I/ 

- <t)'t:" �f-Q"e.,_

f - r (1, re. i � 
)-'-_<:)U' +!!_ QUI (ft-, 5 .tlo)

.-1< - ...... ic: / ,-., _, _,1' -r (c) "e" .J.1-- <c)Jt:• - _,. 
where a typical representative nf the f 

k 
fnrces is the Lorentz fnrce 

f Loiiu.t?.
l: I' (� ,z ,i) '"'

"' 
:::: e t:(b,�)-,. -L � � !1 Lf-,t.,)1=-_!.,. ,.,.,_ J 

II 
Lo'l.< ... h C. - (_4-. s-i� 

V\ O·,t,i)::: ece,lb,z.)- z �U,t.)x::i, (1,-. i;.�.1.) 
while a typical representative nf ! k 

is that nf, say, nccurring in the thenry nf 

damped,cnupled nscillatnrs. Mnst impnrtantly, the dependence nf the F-fnrces in the 

acceleratinns must be ut mnst linear (tn qualify as a Newtonian force), with a knnwn 

example being given by the sn-called acceleratinn cnuplings occurring in the thenry nf 

nscillatnrs. Alsn, the F-fnrces will be assumed tn be explicitly de pendent nn a number 

nf parameters, here dennted with the symbnl O , in such a way that 

= o. 

This is the case, fnr instance, nf the acceleratinn cnupling parameters, nr the damping 

parameters nf Newtnnian drag fnrces. At this Newtnnian level, nn intrinsic characterizatinn 

(e.g. , the spin) .will be intrnduced, tn be in line with the (earlw) fnrmulattnn nf quantum 

mechanics. The reader shnuld be aware, frnm preceding remarks, that selfadjnint fnrces. 
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can be nonlinear in the cnnrdinates J,.\ but they are necessarily linear in the velncities r 
k_ 

The nnnselfadjntnt (Newtonia� forces, instead, are generally nnnlinear in bnth r k and r k 
•• k28 

- ...,.
and necessarily linear nnly in r . 

(2) Restrictinns nn the cnnrdinate system The cnnrdinates r 
k 

nf system (4. 5.1) 
.,,.. 

are assumed as representing the Cartesian cnnrdinates of a three-dimensional Euclidean 

system which is at rest with respect tn the medium in which the mntinn nccurs (the hadrnnic 

medium, under nur assumptinn). In nther words, Eqs. (4. 5.1.) are assumed as 

the Newtnnlan limit nf an expected discrete, quantum mechanical apprnximatlnn nf the mntinn 

nf charged particles in hadrnnic matter. By fnllnwing a custnmary apprnach in Newtnnian 

mechanics, the explicit fnrm nf the nonconservative fnrces is then identified within the 

reference frame at rest with respect to the dissipative medium. The reader should be 

aware, frnm preceding remarks, that this system nf coordinates is in generally nnninertial 

cnnditions and it is generally different than that used for quantum mechanical experiments. 

The reader shnuld alsn be aware thatnow the transitinn tn annther system nf cnnrdlnates 

implies a nontrivial change in the structure nf the nnnconservative fnrces. In turn, this 

assumptinn exhibits nnntrivial epistemnlngical and technical implicatinns fnr the measurement 

theory. At this stag';, the assumptinn is cnnsidered fnr the specific intent nf prnbing the 

plausibility nf a dichntnmy nf relativity laws, as nutlined in Table 4. 4. 

(3) Restrictinns nf variatinnal character. One of the fundamental condltinns we have 

imposed nn the expected generalizatinn of Schrndlnger's equatinn is that it recnvers the 

Hamiltnn-Jacnbi equatinn under the correspnndence principle. In turn, this implies that 

nne nf the crucial restrictinns nn the systems cnnsidered is that they must satisfy the 
inte

�"f¥ity conditinns nf the Inverse Prnblem fnr the existence of a Hamiltonian representa-
. '2.. 'f.. t1on. s recalled earlier, twn classes of systems can be identified in this respect: 

thnse which admit an indirect analytic representation nf type <It,. i. 5 ) withnut redefinitinn 

nf the variables rk 
(nnnessentially nnnselfadjnint systems) and thnse which admit indirect ,.. 

analytic representatinn with a necessary redefinitinn nf the variables r k (essentially non-

selfadjnint systems). Our analysis for the possible existence of a co;;ring nf Schrndlnger's 

equatinn is restricted to the nnnessentially nnnselfadjnint systems, while the mnre general 

case of essentially nonselfadjoint systems will be left to the interested researcher (a part 

from few, incidental remarks related to the second prnfile, a pnssible cnvering of Reisen berg's 

approach). 
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TABLE 4, 6: A SECOND DICHOTOMY FOR QUANTIZATION: cONVENTIUNAL LAGRANGIAN 

STRUCTURES VERSUS ISOTOPICALLY MAPPED STRUCTURES. 

The first restrictinn nn varlatinnal grnunds (nnnessentially nnnselfadjnint systems) is 

still insufficient fnr nur analysis, and a number nf additinnal restrictinns will he needed, 

The next restrictinn is related tn the admissible Lagrangian structure, As recalled in Table 

3.� , the structure of the emerging Lagrangians is generalized, i. e,, nf the type (3.:,. G ). 

In particular, the dependence nn the velncities is generally higher than the cnnventinnal qua· 

dratic fnrm nf the kinetic term nf the trivial cnnservative systems. In turn, this implies 

additinnal technical implicatinns at a pnssible quantum mechanical level which are unnecessary 

fnr this initial treatment nf the problem (e. g,, a generalization of the Schr;;dinger 's "''luati"Il 

nf order higher than the second). We shall therefnre assume that all admitted systems are 

such tn yield a generalized Lagrangian structure which is quadratic in the velocities, i. e, , 

[el <i)L.. �L ]c�R{ ;l. , l/• •• £ )c.."';R Jc",R 2c-:R 
�u- �i" .. - <c>�"" 

SR
=: t� .. (t,�,�) �j

'Z,
jb - jb Sft- fj1, N111l

s-tt 
J 

1�� (�.,.t"') 

L lb,-:£.,i.:�) = L i'"'G�' ·1,,(_h,t�ir)'Z ib _ Go (l-,1;v. (t,..{,.1.1,)
-2.. ,.,, (G·? == (G·1T/ kt(G"')l:D. 

In tum, this implies the restrictinn to nnncnnservative forces which are ut mnst quadratic 

in the velncities, Even thnugh restrictive, this subclass of the class of nnnessentially nnn­

selfadjoint fnrces is genuinely nnnconservative and sufficient for our objectives, Upon use 

of the conventional Legendre transform, the admitted Hamiltonians are therefore of the 

type 

H (b, �, f.; f) = i p,d\ G Lt>,jbU,'!.if) f
Jfo 

1" Go (t•� t;t),(4.,.-ta.}

ht>, = �ii,.,� (GJ� (G--J (GJ=-(C,J: 
/ (.4.6.-2.b) 

Next, in nrder to comply with the uncompromisable requirement. that the expected generalized 

Schrndinger's equatinn recnvers the cnnventinnal equatinn identically at the limit of null 

nnnconservative forces, it is advantageous tn intrnduce the corresponding restriction at 

the Newtonian level, i, e. , 

e.,µ, 
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e•M-1 L = L - T- lA_ I 
(4-.'1. 3o..J 

f-o f..-..o ......" 

6,tM H = eµ., If = T-t- u.
(1r.t.3tJ 

f ➔O t➔o
-'"· 

In other words, the only admitted Lagrangians or Hamiltonians for noncnnservative 

systems are thnse capable nf recnvering the maximal selfadjnint subsystem under the 

limit of null fnrces non derivable from a potential. In tum, technical arguments imply 

the eliminatinn of the so called isntopic degrees nf freedom of a Lagrangian nr Hamiltonian 

structure !--I., 211 2. 3 

As we shall see later on, this aspect appears tn have nontrivial implication for the 

prnblem nf quantization of both conservative and nnncnnservative systems and, as such, 

it deserve an elahnratinn. Let us recall that the methodnlogy of the Inverse Problem allnws 

the construction of a Lagrangian representatinn nf all equivalent selfadjnint formiof the 

equations of motinn. In essence, when a Lagrangian L(t, r, r) is kn"wn, a family of �� 
equivalent Lagrangians L*(t,Ji,!} (called isotopically mapped Lagrangians) may exist 

according tn the rule r - c#OR ')c� R 
jb d� _rut. • (

I.,. l,l/9i;• '<l·dsa J; 
(4-. 6.4-) 

Zl,U 
where the selfadjointness nf the Lagrange's equatinns in L is always verified , while 

that of the equivelent system with factor terms �jb is imposed. This implies a system 

nf ( quasilinear) partial differential equations in the unknnwn factor terms h
ka 

jb fnr a fixed 

L. When this system is cnnsistent, it custnmarily admit a snlut!nn with functinnal degree 

of arbitraryness (as typical for partial, rather than nrdinary, differential equations). This 

in tum implies a family nf structurally different Lagrangians L * because dependent on the 

explicit form nf the factnrs �jb. An impnrtant aspect is that rule (4. 6. 4- ) applies irrespective 

nf whether the represented system is conservative or not, The Legendre tra n sfnrm then 

yields a cnrresponding family of Hamiltnnians. In turn, this creates a considerable ambiguity 

at the quantum mechal(cal level. 
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Simple, but explicit examples of these degrees of freedom at both the conservative and· 

nnnconservative level are here in order. First, for the case of a free particle we have 

r'- -1. 
e 

O-,t_5a.) 
C4-.C.. Sb) 

(4-. G. 5c.) 
The symplest nonconservative extension is that of a particle with a linear velnclty drag 
force for which we have (

i

( ;,,•J<;t [_; . ., q''t ( : 0 I (_/t·-, _,,,__)

a-+/ · l 

- t-/HSA - q-·+ I h2 
L = e;_'?- 1 

=e .,i_r , 

The reader should be aware that we have here indicated only one isotopically 
mapped Lagrangian. 0r Hamiltonian,. For additional forms,� ref.i.. l-:U: 

Toe quantum mechanical ambiguities are nnw selfevident. Indeed, the quantization 
of, sar, Hfree is established, but that of H* free is unknown at this time, to the best of 
my kn°wledge. As we shall see, a fully equivalent situation occurs at the nonconservative 
level for structures ( 4 .& . 6 ) . 

As an example with a conservative force, we have the one-dimensional harmnnic 
2.1. t3 oscillator for which 1 

(;;+ia)�o, ( �= -1-, r,:=-1.., 'i.-:/::o) ' (4-. ,. 70..) 

µ = 
l (\:,z. 

+ -z2) (4..t. 7-b) 
-2., J 

\-\* � '<:: Sec 
I � r/ f

( 4-. t. 7c) 
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:i.t,2.') Its simplest nonconservative extension is given by the linearly damped oscillator for which 

H 

[ ( i' + -eJrn + tz] l'I{; 0 I 

;rt-1 r2. + re- I '0 2. '::::: e --
J.., ,).., 

lit-. {;,,!'-0 
C4-. t -�h) 

A comparisnn of systems (4.€.. 7 ) and (4.6. 0) then confirrr»the full anal<'gy between 
c"Ilservative and nonO'nservative systems, as far as the isotopic degrees of freedom are 
c0ncerned. The quantum mechanical ambiguity ls again selfevident. The quantization of the 
harmonic oscillatnr with Hamiltonian (4.b.7 b) is established, but that with Hamilt"Ilian 
(4.t:,7c) is an open problem. We then argue that the quantization of the two Hamilt"Ilians 
(4.&.flb) and (4.6.8c.) for the nonconservative extension of the same system consistutes 
two different problems. In essence, according to restriction (4.6. 3 ), only structures 
(4.{..,b) and (4.&.Sb) are admitted in our analysis, while the corresp"Ilding analytically 
equivalent structures (4.6.6c.) and (4.G. Sc.) should be considered as a separate problem 
nf quantization. 

T0 summarize, the study of the analytic representations of nonconservative systems 
brings into focus a class of degrees of freedom nf a Lagrangian or /lamiltnnian structure 
which is customarily ignnred for conservative mechanics. These degrees of freedom are 
new in the sense that they are not of the currently established type. Mnre specifically, 
the transition frnm L to an isotopic image L* is nnt recoverable through the trivial 
Newtonian "gauge"transform 

L -,, L' :: L .,. d.. G-CI:-,!) ,, (4-, r,, • 'I) f!it' 
and, similarly, the transition from H to H* is nnt a canonical transformation. Instead, 
the degrees of freednm cnnsidered originate directly from the integrability conditions for 
the existence of an analytic representation. It is this novelty which creates the problem 
of quantlzatl0n. The restriction of this t able is introduced to separate the problem of 
quantization of structures satisfying limit (3. 6. :l, ) from that of quantization of analytically 
equivalent but functionally nonequivalent structures. 
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TABLE 4, 7: A THIRD DICHOTOMY FOR QUANTIZATION: CANONICAL VERSUS PHYSICAL 

QUANfmEs. 

The restrictl<>ns introduced in Tables 4. 5 and 4, 6 to identify the class nf nonconservative 

system admitted for quantlzatinn via an expected cnvering nf Schrndinger 's equations, are 

inspired tn the intent nf achieving mathematical consistency in the quantization process, but 

they are highly insufficient to achieve consistency on physical grounds, 

The methndnlngy nf the Inverse Problem prnves in this respect ton of valuable assistance.In 

essence, it identifies a dichntnmy between canonical versus physical quantities which is 

absent in the c0nventi0nal treatment of conservative systems, The Idea here is that a 

necessary prerequisite for the physical interpretation nf quantum mechanical algorithms 

is a precise identificatinn nf the physical significance nf the corresponding algorithms at 

the purely Newt0nian level. In the final analysis, this is dictated by our condition that any 

generalized fnrm nf Schrndinger's equations sh0uld satisfy the correspondence principle. 

At a closer lnnk, this implies that, not only the classical limit of the Schrt\dinger's equation 

is the Hamilt0n-Jac0bi equation, but als" fundairental physical quantities, such as the 

energy, linear momentum and angular momentum should preserve their physical meaning 

at the classical limit under consideration, 

In the cnnventi0nal, classical and quantum mechanical treatment of cnnservative systems 

the problem under cnnsiderat inn dnes not exist , In this case, the function H = H + H tnt free int
has the symbintic character of (a) representing the system via Hamilton's (Schrndinger's) 

equation, (b) constituting the canonical (quantum mechanical) generator of translations in time 

and (c) characterizing the classical (quantum mechanical) energy of the system, Similarly, 

the mathematical algorithm!!• for the conservative systems considered, (a) represents the 

physical , classical (quantum mechanical) linear momentum, and (b) constitutes the classical 

(quantum mechanical) generatnr of translatinns in space. Finally, also for the systems consi­

dered, the mathematical algorithm M = !. x f. (a) represents the physical, classical (quantum 

mechanical) angular momentum, and (b) constitutes the classical (quantum mechanical) genera­

tor of rotations. In c0nclusi0n, in the conventional treatment of conservative systems via 

the structure Htot = H
free + Hint the canonical and physical quantities coincide, by acquiring 

the known symbi0tic meaning of being the generators of physically meaningful transformations, 

while jointly representing physical quantities, 
In the transittnn to the classical, canonical treatment of nonconservative systems this 

crucial property. is necessarily Inst in the sense 'that a necessary condition for the Hamilto11ian 
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representation "f nonconservative systems is that the canonical functions H, J'. and M 
:= ,!. it! do not represent the physical energy, linear momentum and angular momentum, 

respectively, 

For instance, a direct consequence of the generalized nature of the Lagrangian implies 

that the canonical mnmentum 

== 

cannot coincide v.l.th the physical momentum ( m i ) as a necessary condition for consistency. 

It then follows that the canonical ang <1lar momentum r l< p does not coincide with the 
. , ,,. .,... 

physical angular momentum ( J,. )( m£ ), also as a necessary condition for consistency. 

A simple inspection nf the generalized Hlmilt<'nian structure , say, Eq. (4., .Sb) then 

indicates that this canonical Hamiltonian cannot represent the physical energy (T +U), 

also as a necessary cnndition of consistency for nonconservative systems, Indeed, at the 

limit when the Hamiltonian represents the sum of the kinetic energy and the potential energy, 

the forces are all derivable from a potential and nn nonselfadjolnt force Is admitted, 

As indicated earlier, this is clearly a fundamental point for the physical consistency 

of any quantization nf noncnnservative systems. It should be stressed that what is here 

at stake is the physical content of the theory and not Its mathematical profile. Specifically, 

unless this problem is confronted and resolved, any comparison of the prediction of the theory 
(say, the expectatinn valuesof the quantum mechanical algorithm "p") with the physical 

reality (experimental data on the physical linear momentum) could In the final analysis 

result to be vacunus (because already at a classical level the mathematical algorithm "p" 

does not represent the physical linear momentum, as a necessary condition for consistency). 

The resolution of this issue which is here proposed is that suggested by the methodology 

of the Inverse Problem: for the Hamiltonian characterization of nonconservative systems the 

canonical and physical quantities are necessarily different In their functir,nal structure, 

have different methodological implications and (under certain conditions) their functional 

relationship can be uniquely identified, 

To avoid pnssibilitles of notational confusion, it is here advantageous to differentiate 

the symbols used for canonical versus physical quantities, For the former case we shall use 

th bol can can can e sym s H , e_ ·  and!:!, , while for the latter case we shall use the symbols 



H phys 
p

phys 
and Mphys. . Mnre specifically, 

' - -
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(a) Hean represents the generalized Hamiltnnian fnr noncnnservative (nnnessentially 

nnnselfadjnint) systems, as cnnstructed via the Inverse Problem. 

(b) p 
can represents the cannnical (generalized) mnmentum according tn the cnnventinnal 
-

rule (4. 7.1 ). 

(c) Mean represents the vectnr prnduct r X p 
can nf the Euclidean cnnrdlnate vectnr r .,.,,,. can ...,.»A ,..... 

and the cannnical vectnr p 

(d) Hphys represents the phy7ical energy, that is, the sum of the kinetic energy and 

the potential energy nf all forces derivable frnm a potential ,  Hphys = T + U. 

(e) pphys represents the physical linear momentum, that is, m r
- -

(f) Mphys represents the physical angular momentum, that is, r x p
phys = r )( mr . 

-t>'- ...,.. J't', ,,.,_ N 

The difference In the methndological Implications nf the canonical versus physical 

quantities shnuld be identified. In essence, the canonical transformatinn theory is basically 

insensitive tn the explicit functinnal structure nf the generators. Thus, a Hamiltonian ls 

the generator of translations in time irrespective of whether the represented system 

is conservat ive (H = Hphys) nr nnncnnservat Ive (Hf H phys) .The net effect is that t he 

cannnical quantities r,f nnncnnservative systems Hean, p 
can and M

ean 
are the generators 

.,,. -

nf the corresponding physical transformations, translation in time, translati"ns in space 

and rotations,in precisely the same measure as that of the corresponding quantities for 

conservative systems. 

Notice the terms "physical transfnrmatinnl' which are absent in cnnventinnal, classical 

and quantum mechanical treatmentsnf cnnservative systems. These terms are suggested 

by the fact that the generators nf canonical transfnrmatl<ms are arbitrary functions of phase 

space cnnrdlnates (satisfying the needed continuity conditions). Thus, the physical quantities 

nf nonconservative systems Hphys, pphys 
and Mphys, when expressed In the phase space

- -

coordinates (see belnw) are the generator of cannnical transformations which are fully 

defined on mathematical grounds. The point is that, as another necessary condition of 

cnnsistency, these transfnrmatinn exhibit nn direct cnnnectlon or resemblance with 

physical transfnrmations (translations in time, translatinns in space and rotation). The 

interested reader is urged tn wnrk nu!; specific examples, e.g., tn compute the canonical 

transformatinn Induced by the energy ½<mf + k r2) for the damped nscillatnr (4. 6. 8 ). 

Tn summarize, In the Hamlltnnian treatment of nonconservative systems, the generators 

nf physical transformations are nonphysical (that is, dn not pnssess a direct physical meaning), 

while the physical quantities are generators of �nnphysical transformations (that is, cannnical 
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transformations other than thnse of conventinnal direct, space-tlme,physical significance). 

One can now begin to see the possible crucial meaning of restrlctlnn (4. 6. :, ) for 

the expected covering of the Schrodinger equation. Indeed, this restriction nn the admissible 

fnrm of the generalized Hamiltonian structure can now be rewritten 

t t, 1.
)

J

., � r")J) 
(_ I,.. 7.2) 

and implies that at the limit nf null nnnconservatlve fnrces the canonical and physical 

quantities cnincide by therefnre reacquiring the familiar symbiotic character nf representing 

bnth, physical quantities, as well as the generatnr nf physical transformatinns. 

We now remain with the problem of the functinnal relatinnship between the canonical 

and the physical quantities. This is easily snlved by the methods of the Inverse Problem 

yielding, under the assumed continuity and regularity cnnditinns, the unique snlutlnn 

in phase space conrdinates 

"a
""

l _, • •!:, "(_lt.7.3o.) i"" G G-0 (G ·; � (G·J � � ::. �
J 

-
Lj\ j b J 

.,lei:- (G'')fo, 
c..... 

p 1< ... 
"' 

H Cc.,n, = 

M
(.

"
M 

.(A.A. I< 

� Lf ....

�'i,k� 

J_ P�G
• 6. 

:: 

l ._ 

• j b c·'
>z_ 

j l, l<o. I 

; b fu.41 G 
J·i., + " 

J 

(_4-. 1-�-'-) 

(GT� (G"'), ('4..7.3c) 

(_4-. 7. 3 el) 

/4l( G jb h Co.JI, (Ma k-s ........ )1 (_t, .. 7. 3e.) '" "'-'- '/b 
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with corresponding reformulatir>n in the physical (but noncanonical) cnordinates r and p
phys 

... .... 

MCo..M 

AM I' 

:::; 

(4-. r. 4- b) 

A crucial alternative of the assumed coordinates then emerges, The canonical and 

physical quantities can be bnth expressed in terms of either the canonical con rdinates 

r and p 
can 

or in terms of the physical coordinates r and p
ph ys

, with a corresponding change 
,1),,.. ..,.. ,,,. � 

in the functional structure of the quantities in the transition from one 

system of coordinates to the other. In turn, this alternative creates the crucial prnblem 

tn be confronted in the next table: where conventional quantization rules sh0uld 1:-e ap plied 

to, the canonical or the physical quantities? 

Notice that, under the assumption that the forces derivable from a potential are conservative, 

the physical quantities are the cannnical quantities of the maximal selfadjoint associated 

subsystem, 

As a final incidental remark, the reader might be amused to know that the notion of 

physical quantity for a nonconservative system is not immtme of controversy. In other words, 

the concept of energy for a noncnnservative system could, in principle, be defined in different 

ways.  The definitinn here assumed is as naive as possible (actually derived from tmdergraduate 

textbonks 15 , nwing to the virtual complete silence in current advanced literature on nnn­

conservative mechanics): the total physical energy is the sum nf the kinetic energy and the 

pntential energy nf all forces derivable from a pntential,irrespective of whether the system 

is conservative or not. In the former case such energy is conserved. In the latter case it 

is not, as conform to physical reality in nonconservative Newtonian mechanics, The study of 

other definitions is left tn the interested reader. 
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TABLE 4. 8: QUANfIZATICN FOR SCHRODINGER-TYPE FORMULATIONS. 

A fundamental problem fnr the quantizatinn nf nnncnnservatlve Newt0nian systems 

with a Schrndinger-type apprnach is whether the cnnventional (naive) quantizati0n rules 

momentum � 
J 

.l Q 
Hamilt0nian -'> -t Ill 

'o f: 1 

shnuld be applied tn the canonical nr physical quantities nf the Hamiltnnian representation 

nf nonessentiall
y 

nnnselfadjnint systems, 

A study of this problem Indicates that, in nrder fnr the emerging generalized SchrOdinger's 

equation to recover the Hamilton-Jacobi equation under the classical limit (I. e. , for the 

cnmpliance with the cnrrespnndence principle), quantization rules (4. 8. 1) shnuld be applied 

tn the canonical quantities, and we write 

(4-. 1?.2,/ 

while the application nf the same rules to the physical quantities, i.e., 

p�l..:i
J

� 
-

leads tn inconsistencies .. 

In unpedagnglcal terms, we can say that the established methnds nf quantization of 
�2. 

conservative systems fnr the Schr/{dinger's representation emerge as being applicable, 

mathematically cnnsistent and in compliance with the cnrrespondence principle also 

for the Hamiltnnian representations nf the nnnselfadjnint systems satisfying the restrictions 

of Table 4. 5, 4. 6 and 4, 7. It shnuld be stressed that this solve$only half nf the 

p
roblem, the mathematical consistency nf the quantization. The sec0nd and equally crucial 

part of the problem, the physical consistency, must be separately studied. 

In this table we would like to present an epistemological argument, besides that nf the 

cnmpliance with the correspondence principle, which support quantization via rules (4. 8.2). 

During the preceding parts of nur analysis we have stresses the similarities as well as 

differences between nonconservative forces and the Lnrentz force . A brief auamnesis nf 

the quantization nf thi!:i force, may be of valuable intu itional guidance. 
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The Newtnnian mntinn of charged particles under an electromagnetic field can be 

describelvia the familiar minimal coupling rule 

f - p -e R (, :'1.) (I+. �. 4-) 
- ,..,. 

.,,... I 
and the Hamilt"nlan 

J_ (t-efr) 
'Z. 

(4--�- 5) ti _j_ µ.,. 
+ e. (e_.

But the .Lnrentz fnrce exhibits an explicit dependence nn the veloeities (althnugh nnly 

linear), This is sufficient tn Imply the prnperty(which is crucial fnr the analysis nf this 

paper) according tn which the cannnical mnmentum nf ch arged particles under the Lnrentz 

fnrce dnes nnt cn[nclde with the physical linear mnmentum , This is preci sely an established 

case of dichntnmy of cannnical versus physical quantities, but nnly restricted tn the case 

of the l inear (and angular) mnmentum. At the level nf the Hamiltnnian the dichotnmy does 

n°t occurs because the fnrces considered are derivable from a potential and, thus, Hamiltn­

nian (4, 8. !;) ) dnes Indeed represent the tntal physical energy, 

The impnrtant pnint is that the methnds fnr the quantlzatinn of the Lnrentz fnrce 

have proved tn be cnnform with physical reality under quantization rules (4, 8, 2) and not 

rules (4. 8, 3), In °ther words, tn achieve a consistent quantization nf the velncity -dependent 

Lnrentz force, the quantizatinn rules must be applied tn the canonical momentum p 
can even 

h - , 
though it does nnt cntncidew.ith the physical mnmentum p

p ys
. 

-

Our epistemological argument can then be presented as follnws, In the transition from 

the Lorentz force tn the nonconservative Newtnnian forces nonderivable frnm a potential 

the functinnal dependence remains the same and sn does the fact that the canonical momentum 

is nnt directly representative of the physical linear momentum, We simply have a more 

generalized form nf the same nccurrence, in the sense that the functinnal relationship between 

the cannnical and physical linear (and angular) mnmentum simply becomes more cnmplex, 

while the dichot0my necessarily extends also tn the Hamiltonian, because the forces 

cnnsldered are nonderivable from a potential, 

We then argue that mathematical cnnsistency, as well as cnmpliance with the correspondence 

principle, can be achieved fnr a Schrodinger-type formulation of nonselfadjoint Newtonian 

systems by essentially using the canonical quantization rules established for the Lorentz force, 
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TABLE 4, 9: THE PROPOSED DUAL COVERIN'.J Op SC HR0DINGER 'S EQUATION 

FOR NONCONSERVATIVE FOR C ES .  

The Hamilton-Jacobi description o f  the nnncnnservatlve, nnnessentlally nnnselfadjolnt 

Newtonian systems satisfying the assumed restrictions can be written 

-t-

0A 
..... <;) '2, /( 

The use of the established quantization rules (e, g. , via the second Beltrami 's prncedure) 

alnng the lines of Table 4, 7, then yields the f"1lnwing generalized Schrn'dinger's equation 

which satisfies the correspondence principle, that ls, recovers Hamilton-Jacobi equation 

(4, 9. la) at the limit -\I/ Fl --;,. o, as the reader can Verify by inspection. 

Our cOntention is that Eq, (4, 9, 2) is mathematically consistent, but physically 

inco nsistent for the quantum mechanical description of nonconservative systems in the 

tha th 
can 

sense t e expectation values of the operator H do not describe energy levels, 

unless all forces nonderlvable from a potential are null, 

To achieve a quantum mechanical description nf the systems considered which is 

consistent on bnth mathematical and physical grounds, the only alternative of which I am 

aware is by constructing a dual generalization of the Schrn'dlnger's equation , 

as a direct generalization of the dual classical cnntext Identified by the Inverse problem. 

This essentially implies a distinction between the quantity H
ean 

which characterizes the 

time evolution of the system and the quantity Hphys which represents the total physical 

energy. Quantlzati0n rule (4. 8, 2) then implies that both these quantities should be 

expressed in terms of the canonical variables Ji_. k and A. 
can . In turn, this implies 

that, in additinn to Eq. (4, 9. 2), a second quantum mechanical equation can be constructed 
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can phys can 
£ via the quantum mechanical p applied tn H (t,r,p ; (') nf Eq. (4. 7.3 ). 

,.,.. can ""'phys 
Under the assumptinn that the operators H and H are Hermitian and commute 

we reach in this way the fnllnwing dual generalizatinn nf Schrndinger's equati'>n for non­

cnnservative systems 

sul,>ject tn the fnll"wing interpretation: Hean 
characterizes the time evnlutinn nf the system 

(e. g, via a unitary transfnrmation) while Hphys 
characterizes the tntal physical energy 

(e.g., via expectation values). 

Eqs. (4. 9. 3) are complemented with a dual generalization of quantum mechanical 

mnmenta 

=-KAM <c;:: ;b v;b 2 l4--9- 4-k) 
�-i. t<1 "'"- ' J J, ,., · 

phys 
where p 

can characterizes translations in space and p characterizes the physical 
- -

linear mnmentum, as well as a dual generalization "f quantum mechanical angular momenta 

M CAI\,\ p c ... "1 

K 
.::: 'l: X ( 4-. �- GQ) ...... .... ... -"" k I 

M pl':ls
== l ic-

x F 
r"�s,

(4-- 9. 5b) 
;tM , .. ,,... k 

where Mean characterizes rotations while Mphys characterizes the physical angular momenta. ..... .-
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It is here essential to assess the plausibility nf Eqs. (4. 9. 3) with explicit examples, 

But first, the conceptual framewnrk for which they are intended should be recalled. As by 

nnw familiar, we argue that quantum mechanics unequivncally applies for the arena fnr 

which it was cnnceived, the atomic structure, while a generalized mechanics cnuld emerge 

for the new layer of the hadronic structure. In the transition from the context of the 

cnnventional Schrlidinger 's equatinn (as currently knnwn) and that of the prnposed generali -

zation, the mental attitude shnuld therefore shift from massive, charged and 

extended particles mnving in vacuum, to that nf the same particles mnving in hadrnnic 

matter, in which case the extended nature of the particles considered results in nnnlncal 

forces here apprnximated with l"cal forces nonderivable from a potential (with an understanding 

that 1hese new f"rces dn not appear at the atnmic cnntext nwing to the large distances between 

the constituents nf the atnmic structure ) , 

To emphasizes this distinction, we shall then call atomic mechanics, the quantum mechanics 

as currently known, and hadronic mechanics its expected covering. F"r instance, the first 

step we have identified until now, the (naive) quantization rules, can be differentiated into 

the quantization rules of physical quantities fnr the atomic mechanics 

f'�l.� 1 -

,,.. 
1-1r'"1'_ 
Mf"" I

""' � 

!-v 
I 

,; 
. t (i) 

.( 
-

',) I; I 

� X � y I
-

,t 

(lf.<J.{,b_) 

(1t-.'t. 6c-J 
and the covering quantization rules of physical quantities for the hadronic mechanics 

[4-.,. 7,,.) 

(4-. �- lb) 

[1+. <]. 7 c-) 
where the covering nature is indicated by the fact that the latter rules are intended for 

a more C"mplex physical context, the hadr"niC context, while capable nf recnverlng 1he 

conventlnnal rules identically at the limit of null nnnconservative forces (nr hadrnnic medium), 
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f....,.o 
I 

In particular, the same particle can perform the transition from motion in vacuum to 

mntlon within a hadronic medium (or viceversa), in which case the quanttzati0n rules 

are expected to perform a cnrresponding transitinn from the atomic to the hadronic rules. 

Most impnrtantly, while the cnnceptual emphasis in the atomic mechanics is in the conser­

vation nf total physical quantities, that of the hadronic mechanics is in the �conservation 

nf the physical characteristic nf a particle while mnvtng in a hadronic medium. 

The simplest conce!. vable example to assess the plausibility of Eqs. (4. 9. 3) is therefore 

that of the motion nf an extended but neutral particle which penetrates intn the hadrnnlc 

matter and, in doing sn, experiences a "hadrnnic drag force", In other words, we can 

ignor'} in a first ste� electrnmagnetic forces because assumed as the same in bnth the atomic 

and the hadronic mechanics, and consider instead the new forces expected tn occur in the 

new layer of physical reality. The simplest cnnceivable, l<'cal, drag force is that proportio­

nal t" the vel"city. Thus, the Newtonian limit <'f the mntion considered is 

and admits the Hamiltonian representation satisfying the restrictions of the preceding tables 

L == ��/im 1 . 2. 
e -/rl,\-'i, , 

b c,._,., ��;;· , \-l;jMA k, rt.�1 
, -= e M,1-'l..::e r ,

H Co.I\\ = e tV/)11 J..�c.."') i = e t&;'"" 
.,2..111 

(_ft..CJ.lob) 

(_�. Cf. /Oc) 

(_4.. <J - ''"'-)

E 'f. [4-,'1.ltb)
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here interpreted as a covering of the correspnnding atomic context (free m0ti0n in this case) 

because applying for a force which does not exist within the atomic context, while being 

able to recover the corresponding atomic context, I. e. , 

C 4-, '/. 12) 

at the limit of null value of the hadronic force ( t-i> o , that is, when the particle considered 

exits the hadronic medium by reacquiring motion in vacuum),The considered hadronic 

covering is of dual (rather than singl�nature because of the intent of recovering the Hamilton­

Jacobi equation at the classical limit via the use of the canonical Hamilt0nlan, and its necessary 

differentiation with the physical energy, the kinetic energy for the case at hand.,- he point is 

that this dual nature disappears at the limit of null hadronic forces,because under this limit 

the canonical and physical Hamiltonians c<'incide. 

The physical assessement of Eqs. (4. 9. II ) sh"uld therefore be based 

on the problem whether their are capable of producing a physically consistent characterization 

of the nonconservatinn nf the physical characteristics of the particle while moving within a 

hadronic medium and not their cnmpliance with established laws at the at0mic level . It is in 

this respect where the attitude of searching for departures from established atomic settings 

indicated earlier should be implemented. 

The space dependence nf the atomic and had;ronic equations is the same. It is therefore 

conceivable to assume that the integral r 'f" -,t 'f fl. V is constant in time. This allnws 

the preservation (in this case) of the probabilistic interpretation of the atomic mechanics and 

the computation of expectation values. For the phys! cal linear momentum we have 

(J._ 'i. 13) 

Thus 

where <p phys> can be assumed as the expectat1011 value of the linear momentum, say, o 
at the time of penetration in the hadronic matter. For the physical energy we have 
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Then 

L <. H �
i.
:,.s> '-.. \--1 

P�!IS 
> .2} 

d.r 1111 
and therefore 

.ta- I; i.. H rt.�s > = 
e 1)\,1 I.. H!

IA
"'>, 

where < H phys> can be assumed as the expectation value of the energy also at the time o 
of penetration into a hadronic matter, 

As a result, Eqs, (4. 9.1/ ) not only characterize nonconserved expectation values of 

the linear momentum and the energy, as desired, but their behaviour in time is exactly 

equal to the corresponding Newtonian behaviour. We 

thus argue that the quantization of the nonconservative Newtonian system (4. 9. 9) via 

Eqs, (4. 9. II ) is plausible, 

The departure from the established laws of the atomic mechanics is however substantial. 

The hadronic "wave function" <f 

tf 

, after solving Eq. (4. 9, II.._), is of the type 
""' ... 

£ m1 exh r b) 
r n,., , ( 4- • 9. te) 

where p is the eigenvalue of the canonical momentum. Such a' 'wave" does not appear to be 

compatible with established relativity laws, as we shall elaborate in Table 4. 2.D. 

This point is clearly such, to deserve a verification of structure (4. 9. 18 ). We shall 

then Ignore the preceding quantization of the nonconservative system (4. 9, 'I ) and search 

for an independent quantization with a function of the type 

C 4-. CJ, l'f) 

as for conventional quantization approaches, where p is the canonical momentum and Ethe 

energy. At the limit (hadronic mechanics)-;, (atomic mechanics) (I.e., G'➔ 0), the phase 
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satisfies the relations 

� 

L (_��)
2 

J 
-Z_AM 

oc'(p,·t)- f (s,t:-) 
= f'L-El:-1 

<"?>...ft.. E: =
'v l;- �..t-'-1 

Fnr an effective quantum mechanical d escription of the noncnnservatlon of the energy 

and, thus, of the damping, we assume the equation for the hadronic phase 

:::; 

which now satisfies the equations 

- ,t �J.. = e 
J_,u,. 

and, therefore, results to satisfy the correspondence principle under which it recovers 

the Newtonian context of Eq. (4. 9. 4} ). This yields again Eqs. (4, 9. It ). In particular, 

= 

tb-
e

,...,. (��-Eb}- E; -E£_ )! b�---
( 4-- 'l.2.3) 

Thus, to first order terms, the hadronic and atomic phase coincide, up to a scale. 

(dimensionless)term Em/ r 

In conclusion, we have a case in which two opposite mental attitudes can be implemented, 

One can assume that established relativity laws are valid within a hadron, This necessarily 

implies quantization via a relativistically invariant phase. The consequence is the vlolati0n 

nf the correspondence principle, in the sense that (assuming such a quantization exists) 

its Newtonian limit is incnmpattble with that of Bq. (4. 9. "I ),Another researcher may instead 
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acknowledge the limitations of our current knowledge on the hadronic reality, and search 

for new conceivable insights. The assumption nf Newtonian mechanics as an intuitional 

basis and the cnmpllance with the correspondence principle then implies a phase 

in violation of relativity laws which, strictly speaking, are established 

on clear experimental grounds only at the atomic level, or for the behaviour of a charged 

particle· as a whole under (ut most) electromagnetic interactions, 

The extension of hadronic system (4 .9.11) to the broader class of systems 

is trivial and will be left to the interested readers. More technically involved is the 

class of systems for which the canonical Hamiltonian yields a generalized Schrcidinger's 

equation of the type 

� t Q tf � H c,,_:r .:- [ f'U J £- 11 + ico v ('t-)7 f c 4-. r . .z�
0i L ' .t}JA J , 

fo-111m. 
Still more technically involved is the class of systems for which the mutation terms are 

dependent on the coordinates. In this case the ·full symmetrized equations (4. 9.3) 
must be used, For brevity we shall not enter into a treatment of these broader systems. 

It should be stressed that the systems considered as are such to yield the s�mplest 

possible generalization of Schrodinger's equation, and that numerous further generalizations 

are conceivable. Some of the most relevant cases are 
• can 'J;J& .1 • (a) the time-evolution canonical operator H is non-Hermitian: 

(b) the generalized Schroclinger's equation i� of order higher than the second (this case 

occurs when the mutation parameter depent on the canonical momenta, e .g., for 

spin-orbit couplings which multiply the kinetic term -- s.ee Table 5.2): 

(c) the generalized Schrbdinger's equation becomes !!!!!!linear. 

• Almost needless to recall, the first quantum mechanical chara cterization of nonconservative 
effects (e ,g., the absoption of waves) has been done via the use of non-Hermitian Hamiltonian&, 
although realized via the simple assumption of a c9_plex potential and, thus, without generalized 
Hamiltonian structures of our type. t!" 

TABLE 4.10: THE PRO,POSED 

AND HEISENBERG'S PRINCIPLES. 
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HADRONIC MITTATION OF DE BROGLIE'S, EINSTEIN'S 

One of the direct implications of the dual cnvering (4. 9. E!,) of Schr;;dinger's equatinn 

is that the de Brnglie 's wavelength principle 

(_ 4-. /D. t) 

Einstein's frequency principle 

E = 
ii (_ 1,-_ 10.z) 

and Heisenberg's uncertainty principle 

(4-./0,3) 

are inapplicable, as currently understood, to the intended hadronic mechanics. 
The argument is by now familiar. Since A is a physically measured quantity, 

principle (4. 10. 1) is crucially dependent on the fact that the mathematical symbnl ')( 
represents the physical linear mnmentum under· quantized form Ji_ 'V , 

.. ,,., 
while these features are Inst for nonselfadjnint strong hadronic· forces. Similarly, since 

is a physical quantity, principle (4. 10. 2) is crucially dependent on the property 

that the mathematical symbnl "H" represents the tntal physical energy under the quantized 
·t IJ form A. � , while these features are alsn Inst fnr the hadronic context under consi-

deration, Finally, principle (4.10. 3) is crucially dependent not only on the indicated 

physical meaning and quantization of the algorithms at hand, but a!sn on the property 

that the physical quantities (�, p) and (t, E) are canonically conjugate (e.g. , in the sense 

of a variational principle with end points cnntributinns), while all these features are also 

Inst for the cnnsidered fnrces (for nonconservative systems the physical linear momentum 

cannot be canonically cnnjugate to the coordinate as a necessary condition for consistency1 
�,-, and a similar relatl<>nship occurs between the physical energy and time ], 
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This situati"n creates the prnblem nf searching fnr a possible covering nf the laws 

cnnsidered fnr the hadrnnic structure under the assumptinn of forces nnnderivable from 

a potential. 

The answer we here propnsed is that based nn the hadronic quantization 

rules nf physical quantities, Eqs. (3. 9. 7 )1 under the restrictinns nn the admitted class 

nf nonselfadjnint fnrces identified earlier1plus the cnnditinn that the emerging quantum 

mechanical nperatnrs are Hermitian and the mutation terms do not depend on coordinates. 

Indeed, under rule (4. 9. 761.), we have the hadronic wavelength principle 

1-'��.I .e p�qLb,�K), 

e:� ( = t-" 
I 

F--» o 

under rule (4. 9.7 b) we have the hadrnnic frequency principle 
1"''11 

E .= f(b1 tw), 

F....,O 
i=fi'w, 

(4-_ /0.1,.b) 

(__ 4- - lo�,; ) 

(4-,to,61) 

and, similarly, under b"th these rules we have a hadronic uncertainty principle of the 
fnrm 

= 1. ..L 
.2.. l,i I (__4-,ID.6b) 

where h1 and h2 are suitable functinns (uniquely) characterized by the functinnal structure 

nf rules (4. 9, 7()..) and (4. 9. 7b) and where the limits are intended tn recall that , by 

cnnstruct!on , the generalized principles recnver the conventional principles identically 

at the limit of null nnncnnservative forces, 

It shnuld be stressed that principles (4. 10,4- ), (4.10. 5') and (4.10. 6 ) are introduced 
0n purely empirical grnunds, alnng the epistemnlngical lines of this paper, A mnre technical 

study is contemplated in a separate paper. At this time, we content nurselves with an 

illustratinn nf these principles as simple as possible, hnping that might be of some value 
to assess their plausibility. 

- 692 -

Consider again the hadronic quantization of the one-dimensional m0tinn nf a particle 

with linear damping, Eqs. (4. 9, 11). The canonical quantization rules (4. 8. 2) yield the 

fnllnwing realization "f the ''wave function" (4. 9.1'1) _ r b, 
e ,(,·ct� 

e. /lit �£ 
C 4-. Je. 7)

fnr which 

This illustrates the generalized principles under cnnsideration, 

The argument fnr their plausib!l!ty is also familiar by nnw, Since the physical 

linear mnmentum is (exponentially) decaying in time, the wavelength is also expected 

tn decay with a similar nccurrence for the frequency. Principles (4. lt>.flo..) and (4. I0.8b) 

simply indicate this nccurrence. But then trivial calculatinns yield principle (4. 10.1/'c,). 

Nntice that the quantities 1'< and W of these generalized principles are C"nstant 

and verifying the relatinn 

w 

Thus, they can be cnnsidcred as representing the cnrrespondent conserved values 

prinr tn penetratinn nf the particle into the hadronic matter. Despite that, Eq. (4. 10. 7 \. 

dnes not represents a wave packet as currently understood, 

The epistemoingical implications of generalized principle (4. 10..8c.) are intriguing. 

In unpedagngical terms, it implies a weakening of the strictly undeterministic nature 

of the atomic mechanics because, at the limit t - co , principle (4.10,Bc.) recnvers 

the deterministic nature nf classical mechanics. The reader should be hnwever aware 

that the hadronic system under cnnsideratinn, system (4. 9.11), is nnting but an extremely 

rudimentary apprnximati"n nf the motinn of a particle in hadronic matter because of 

numerous apprnximatinn. 



Principles (4. 10, 4-), (4.10.,;;) and (4. io. G) will be called the hadronic mutatinn 

nf the de Brnglie's, Einstein's and Heisenberg's principles, respectively. This is a first 

step for a pnssible realization of the nntinn nf hadronic constituent (the eletnn) as a 

mutation of a conventionally quantized particle, accnrding tn Sectlnn 3. The term ''mutation" 

is also used in the expectatinn nf algebraic treatments to be considered later on in 

this sectinn, 

It is nf snme relevance tn indicate that principle (4, 10.&'c.) implies a damping of 

the spreading nf the "wave packet". This damping was also obtained by independent 
.• -,.,,7

treatments, e. g,, the� generalizatl0n nf the Schrndinger's equation nf ref. 

fnr the quantization nf the same system (4. 9, 9 ), Thus, it is nf snme value tn indicate 

that a similar damping is nbtained in our linear quantization nf the same system. 

Cnnsider the expression 

,t. ( I(� -
h le 2. - J:: I:;)

f (b,JC.) ::: f A(k) � 
e 

fll1 

eJ k. (ft.. 10. lo) 
e 

By assuming a Gaussian distributinn I< l.J.. 
A- Ll'- ) = {_.2..lia.) ff. 4-� (_J,-,/0. ll} 

-e 
a..= 

4-<�") 

we have 

..< 0., (4.._ /0./2..J.) 
dlr) 

(_ :l 0-'a �) 
2 

"tiius 1 -t 
- .2.cr b 

e ...... 

�}- I:-
-i.. 1/ <'. (At:=./)

< (!;i>i,/-) 
AA 

-t- i. e 

4- < (�\.!)i.> [ (_4-,(0./3) 

-i
& l- tt 2. (. (ilJ,)2) ,I,\, 

e 

4. <' (Ap)2> t� 
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namely, the dispersinn of the ''wave packet" decreases in time. This feature has intriguing 

potential lmplicatinns for our model of hadronic structure as bound states of eletons, 

It should be stressed that the proposed generalized principles (4.10.4), (4.10.5) and 

(4.10,6) are restricted to the class of systems of type (4.9.2.4, ), For more general 

nonconservative systems the proposed principles should be considered as purely indicative, 

that Is, as a mere indication of the existence of nontrivial departures from the conventional 

principle of atomic mechanics. The explicit computation of these departures will not 

be considered at this time. 
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HADR0NIC MUTATION Op THE CONVENTIONAL 

QUANTUM MECHANICAL NVTIUNS Op ANGULAR MOMENTUM AND SPIN , 

An°ther direct implication of the dual cnvering (4, 9. 3) nf Schr'odinger's equation 

for nonselfadjoint strong hadronic forces is that the familiar angular momentum rules 

of atomic mechanics 

M
1. 

t/ e,(e-,.,) � e,,. 0,-1.., 2
,, 

(_4,.1/. /A.) 

- 'f :::. I 

Mz f :::- '\ihMf' ,,

IM,\::: e,e.,, 
. - ,., 

- e. I 

(ft.. I/. I h} 

t} =��: Y,
(_4./1./c.} 

are inapplicable to the hadronic context considered. 

The argument is also familiar by now, A prerequisite for the conventional physical 

interpretation of rules (4.11.1) is that the quantum mechanical algorithm .!:;1: = 'J;. )( 
E. 

can 

represents the physical angular mnmentum , which is not the case, as a necessary condition 

nf consistency, fnr the nnnselfadjnint forces considered, 

Under the restrictinns considered earlier nn the class nf admissible fnrces, plus 

the condition that the quantum mechanical nperatnrs Mean 
and Mphys are Hermitian and 

,,.. .,,. 
cnmmute, Eqs. (4, 9. 7) imply the following hadronic angular momentum rules 

ol (t:i t;
,,
e) 'f 

(3 (t; t,�) 'f , 

J. = t/ .e le+,)
/ 

f .... o 
F".....,o 

(_ ,,__ JI . .t.tt..} 

(If.. I/. 2..9 

( 4-. //. 2t) 

,.. 
,,.. 

where ol and {'> are suitable functions (uniquely) characterized by the functinnal 

lat. h' be can d phys . re inns ip tween J!. an }:. . Notice that the crucial limiting prnpertles (4. 11. t c.) 

are satisfied by cnnstructinn fnr the admitted forces and that we have excluded a dependence 

0n the conrdinates from the condition of commutativity of the operators M
ean 

and Mphys 
- -

• 

The purely empirical way nf derivatinn nf rules (4.11. 2) should be here stressed. 

By delayiig snme m0re technical treatment at a later time, let us consider an example to 

ascertain the plausibility "f the approach. In essence, we are interested in probing the 

idea accnrding tn which the conventional quantum mechanical notion of angular mnmentum 
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0f the atomic mechanics is subjected to a mutatinn in the transition to the motion of 

extended particles within hadronic matter. The computation of the expllcit form of the 

mutation for forces more general than those here admitted is, in any case, of such a 

complexity to go beyond the rudimentar y level of this presentation. 

We sh;ill cnnsider one of the simp lest possible cases of the dual cnvering (4, 9. 3) 

nf the Schrndinger's equation which, precisely in view of its simplicity, is perhaps potentially 

mnre misleading than nthers. 

Consider the follnwing mutation of the cnnventinnal Schrndinger 's equation 

Since the space part nf the equatinn is fully conventlnnal (i. e. , that fnr systems 

with forces derivable frnm the rotationally invariant potential V), one might be tempted 

tn conclude that the atnmic notion of angular mnmentum applies. Our cOntention is that 

this conclusinn is mathematically consistent but physically vacuous in the case considered. 
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One way to illustrate this contention is by reversing the quantizatinn, i, e, , via 

the correspnndence principle. This yields the Hamiltnn-Jacnbi equatinn as the classical 

limit of Eq. (4. 11. 3 ) 

n Ft 
't) t-

H Co_M 

\i c:.,,..� - D
+ 

-

f'(t-) (�� 

) PCO../ll-=-
0A
Qe 

- ......

re-"' 2 -t- V) 
,.,.. 

The Lagrangian, via the inverse Legendre transform, is then given by 

U,-. 11. t,) 

Thus, Newtnn 's equatinns nf mntinn which cnrresponds to the mutation (4. 11. '3) of 

Schrndinger 's equation are given by 

-i:J :: 0 (1,...//.7)
..._. I 

NfR 

and they result tn be genuinely nonconservative. In particular, the nonconservative 

character nf the system is such that, not only the tntal energy , :mt alsn the physical 

angular momentuin is noncnnserved. And indeed, we have 

el M rt..:i\ _J ( M r'•v 
- .::::: !£I_ .l't X .A-" ,; ) ::;: - tW 
� b ...... �\--

- b ..... --

- I yu-,,H-

M \l''-'3
s 

__ t-1 
Jo 

- ,....., -e.

We then argue that Eqs, (4. 11. /+) are mathematically consistent in the sense that 

therrepresent a consistent quantizatinn of the canonical, conser-ved1angular momentum 
t} CAM 

:- !. X tC-ovt,\::: 'da-) (;,_ X � i) 
1 

(4-.//. f,,._) 
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Neverthless, the same equatinns are physically incnnsistent in the sense that they 

dn nnt represents the physical angular momentum which is given instead by 

This yields an illustrati0n of the hadronic rules (411. 2. ) .. 

M c...i 
= o, l 1-. 11.10..J 

(_J
,-
.(1. /oh} 

(4-. JI. /Oc,) 

A few comments are here in order. The potentially misleading nature "f the 

example considered exists already at the purely Newt0nian level and simply carries 

nver to the hadronic quantization. It is constituted by the fact that the classical 

Hamiltonian (4.11.51:>) is fully invariant under rotation and, equivalently, equatinns 

nf motion (4. 11. 7 ) are fully covariant under rntatinns. The use of conventional rules 

nf conservative (classical nr quantum) mechanics would then imply that the physical 

angular mnmentum is conserved and, thus
1 

cnnventionally quantized, 

The methndnlngy of the Inverse Problem has disproved this familiar assnciation 
2!> 

nf symmetries tn cnnservati"n laws, as summarized in ref. and treated in details 
ZI .t2. 

in mnnngraphs 1 • A brief summary may here be of some assistance for the interested 

reader. In essence, when a system exhibits a conventional symmetry (translations in time, 

translations in space and rotations), by nn means this implies that the conventionally 

associated physical quantify' (energy, linear momentum and angular momentum, respecti­

vely) is necessarily conserved. A distinction between the case of the equations nf motion 

and their analytic representatinn is here useful. 

(A) Symmetries of the equations of motion. Toe fact that the form-invariance of the 

equations of motion under translations in time does nnt necessarily imply the conservation 

of the physical energy is clearly established by the linearly damped particle (4. 9. 9) which 

is manifestly form-invariant under translations in time, neverthless, the physical energy 

is nonconserved, as experimentally established, The same equations are manifestly 

invariant under translatinns in space. Neverthless, again, the linear momentum is 

nonconserved, as a necessary condition of compliance with physical reality. For the case 

nf rotations, consider the spinning top under gravity, for simplicity (but without Inss nf 

generality), with nne degree of rotational freedom, The assumption that the physical 

angular momentnm ls in this case conserved would literally imply the acceptance of the 
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perpetual mntinn in nur environment. Tn cnmply with physical evidence, the equation 

nf motlnn must cnntain a drag tnrque responsible fnr the decaying in time nf the angular 

momentum, as experimentally established. The typical functional dependence nf the 

drag torque is that nn the angular velocity. This yields the equation for the nonconservative 

spinning tnp 

l (re) -t- T(e)] =o
sA NrR ' 

(It,_//. It) 

which, as such, i5 fully fnrm-invarlant under rntatinn, Nevertliless, the physical 

angular momentum Is necessarily nnnconserved, as experimentally established, This 

latter case Is precisely that of Eqs, (4. 11. 7 ): the equations nf mntinn are form-invariant 

under rotations, but this dne not imply the cnnservatinn of the physical angular momentum. 

(B) Symmetries nf the Lagrangian (nr Hamiltonian) representations, In the transition 

from the equatlnns nf mottnn tn their analytic representation, the relatinnship between 

symmetries and c0nservatlnn laws becomes cnnsiderably weaker. This is due to the fact, 

alsn established by the Inverse Prnblem, according to which the class of manifest symmetries 

nf the equations of motinn is generally larger than that of each individual Lagrangian fnr 

their analytic representation. This In practice means that If the equations nf mntion pnssess 

a manifest symmetry, such a symmetry is nnt necessarily carried over at the level nf the 

analytic representations, trivially, because nf the functional dependence nf the integrat1n5 • 

factors in representatinns (4. 1. . 5 ). It is in thi� sense that the relatinnship between a 

manifest symmetry and the conservation laws become even weaker at the Lagrangian level. 

For Instance, as indicated earlier, the equation for the damped particle (4, 9. 9 )  is manifestly 

invariant under translatinns in time and space, Neverthless,at the level nf the Lagrangian 

nr Hamilt0nian representati nn (4. 9. 10) the invariance under translatinns in time is Inst, 

while nnly that under translatinns in space is preserved, Despite that, this symmetry dnes 

nnt imply that the physical linear momentum is.cnnserved, fnr the same reasnn indicated 

earlier, In cnncluslnn, as it Is the c_ase for the equatinns nf motinn, conventional symmetries 
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nf a Hamiltonian (translations In time, translations in space and rotations), by nn means 

necessarily Imply conventional , physical,cnnservatinn laws (energy, linear momentum 

and angular momentum, respectively). It is this feature which carries nver In its entirety 

at the quantum mechanical level. 

(C) Symmetries via Noether 's theorem . The abnve remarks are fully compatible 

with Noether's thenrem. As a matter of fact, Nnether's theorem is.one nf the mnst effective 

tnnls tn identify the crucial dichotomy of nonconservative mechanics: canonical versus 

physical quantities, In essence, Noether's thenrem establishe!>. that, when a Lagrangian 

pnssesses a symmetry under an n-dimensional (connected) Lie group, there exist n 

quantities which are conserved along the actual path (first Integrals of the equations of 

motion). The key point for the problem under c0nsideratlon is that Nnether's theorem, by no 

means, enters intn the physical nature of these first integrals which, as suc1t,rests on the 

snle nature of the acting forces, Fnr instance, Nnether's theorem yields, fnr the form-Invariance 

of the damped particle under under translatinns In space, the following first Integral 

tlr 
,H 

I 
I 

.t � . 
-e.""' 

A\4.�

but this first integral� representative of a physical law, It is 0nly a mathematical 

nccurrence, In concluslnn, when a Lagrangian nr Hamiltonian exhibits a cnnventional 

symmetry (translations in time, translations in space and rotations) Noether's theore m 

ensures the existence of cnrrespnndlng first integrals. Their physical nature snlely depends 

nn the physical character nf the acting forces. Fnr Hamiltonian (4,11.i;I>), the Invariance 

under rotatlo�dnes Indeed yield a first Integral which, In this case, is the can°nical angular 

momentum, as already empirically established by Eqs. (4, 11, q ), The point, again, is 

that the system (4. 11, 7 ) is nnncnnservative and such.that, in particular, the physical 

angular momentum Is nnncnnserved. One of the cen tml contentiomnf this paper, which 

leads tn the notion nf mutation nf the atomic angular momentum, is that this dichotomy 

between canonical and physical angular momentum must be carried over to the quantum 

mechanical formulatlnn. 
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In conclusion, nonselfadjoint forces produce a breaking of the methodologically most 

signifi cant part of Gal!lei's relativity or Einstein's special relativity: the group of rotations. 

The mechanisms according to which this fundamental symmetry ls broken by the forces 

considered has been the subject of an extensive study in paper.1� and in monographs.2.1, 22 

This has resulted in the identification of five classes of breakings, Those which are crucial 

for the analysis of this paper are the following three. 

(I) Semicanonical breaking. This is the case when the equations of motion ( or a 

generalized Hamiltonian) are form-invariant under the symmetry considered, but the physical 

conservation laws are lost. This is precisely the case of the physical spinning top (4. 11. •!.:I.). 

The forces in this case are restricted to be nonessentially nonselfadjoint, by therefore 

allowing the construction of the canonical realization of the original symmetry. For the case 

of the rotations this implies that the operator "tvfa� r x p can is indeed the gene :rator of
,., ,., 

� 

rotations. This is the simplest possibl e breaking of space-time Lie symmetry induced 

by nonconservative forces and will be extensively used in the following. 

(II) Canonical breaking. This case occurs when there is both, the loss of form-invariance 

of the equations of motion ( or a generalized Hamiltonian) and the loss of the physical conservation 

laws. The forces, however, are still nonessentially nonselfadjoint. In this case the breaking 

occurs at the central methodological level: the canonical formalism (from the non-invariance 

of the Hamiltonian) and this is the reason for the selected term "canonical breaking". In 

comparison,the "semicanonical breaking" still preserves the canonical formalism and· 

loses only the direct physical meaning of represe11ting physical conservation laws. A trivial 

example is when Eq. (4 .11. 11 ) is implemented in the form 

-L ( T ij -r T ( 8 t9 )] -=-v
sa I 

NSA 
(4-.//.(J} 

(III) Essentially nonselfadjoint breaking, This is the most powerful breaking of the space­

time symmetries, inclusive and most importantly of the group of rotations, which is produced by 

the nonselfadjoint forces. It occurs when, not only the equations of motion are form-noninvariant 

under the original symmetry and there is the loss of physical conservation laws, but the forces 

are such to violate the integrability conditions for· the existence of a Hamiltonian in the 

coordinate frame • of the experimental detection of the system. As a result, for such 

coordinate frame' of direct physical relevance, the entire canonical fo.rmallsm in general, 

inclusive of the Lie algebras, cannot be even defined, let alone the formalism of the individually 
considered space-time symmetry. 

TABLE 4.12: THE PROPOSED 
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HADRONIC MUTATION OF THE CONVENTIONAL 

QUANTUM MECHANICAL TWO-BODY AND RESTRICTED THREE BODY-SY STEMS. 

One of the fundamental problems for an assessement of the plausihll!ty of the 

proposed model of hadron structure as bound states of eletons and antieletons 

is the quantization of the Newtonian equations (3.4.2) for the two- and three-body cases. 

As by now familiar, these equations constitute a system of variationally non­

selfadjoint1 ordinary1 differential equations subject to a system of subsidiary, noninte­

grable1 constraints. As a result, the technical difficulties for the quantization of such 

systems are two-fold. First, we have the problem of quantizing unconstrained but 

nonselfadjoint equations of motion. Second, we have the additional problem of a 

quantum mechanical description of the constrained generalization of the system. 

Almost needless to say, each of these problems goes beyond the capability of 

an isolated researcher. Thus, the content of this table 

must be considered as tentative. We will have 

achieved our objectives if, besides identifying the problems considered, our remarks will 

result of some value as a . first step. 

To proceed in subsequent stages, the first aspect of the problems considered is that 

of the quantization of the nonconservative, Newtonian, two-body systelilf which, in by now 

familiar notations, can be written 

The second aspect is that of the constrained extension of the emerging quantum mechanical 

two-body system. The third aspect ls that of unconstrained and constrained, quantum 

mechanical, three-body extension$. 

Before entering into the problems considered, a brief review of the conceptual lines 

may be valuable for the identification of the quantum mechanical objectives to be attempted. 

The central hypothesis of this paper is 
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that hadronic matter (whether a single hadron or the core of a neutron 

star) is a physical, penetrable medium, here called hadronic medium. In turn, this implies 

that in the transition from motion in the physical vacuum to penetration and motion in such 

hadronic medium, extended, charged particles exhibit the action of nonconserva��e non­

local forces, here approximated with local,nonconservative,nonselfadjoint forces, The 

preceding content of this section is intended to attempt a quantum mechanical description 

of such nonconservative motion of � particle within hadronic matter. It should be stresses, 

a� the risk of being pedantic, that the objective, by no means,is that of attempting a rigorous 

description of such a motion. Such a rigorous treatment appears to necessarily demand the 

use of nonlocal forces and, as such, it is beyond our current knowledge both classically 

and quantum mechanically. Our objective ts, instead, the identification of the departure s 

from conventional concepts, notions and laws, which appear to be requested by such type 

of motion, as well as of hadronic structure, already at the level of local nonselfadjoint 

forces, with an understanding that even greater conceptual, 

t echnical and methodological departures are expected to occur when we will be in a position 

to effectively treat the full1nonlocal,nonconservative setting. 

The first step of this table, i.e., quantization of system (4.12.1), can be conceptually 

con eel ved as constituting the transition from the motion of one particle within hadronic 

matter to the motion of a bound state of two particles within the same medium. As such, 

this first step is fundamentally insufficient to characterize the structure of a hadron as a 

bound state of an eleton and an antieleton. Neverthless, this type of motion might be of 

some value_per se, e.g., for the motion of a hadron within hadronic matter under the 

assumption that such a hadron is a bound state of one charged, extended particle and an 

antiparticle and with an understanding that the life of such a system within such a medium 

is expected to be very short at the time scale of the same hadronic world. 

These remarks are intended to identify the objectives of this first step. One of the 

central objectives of the Newtonian description of a two-body Kepler system in a physical 

dissipative medium (e.g., a gas) is the technical characterization of the violation of the 

ten Galilei conservation laws (conservation of energy, linear momentum and angular 

momentum, as well as uniform motion of the center of mass), of course, with an under­

standing that, say, the energy lost by the two-body system is aquired by the dissipative 

medium. The ob]ective of the first step of this table is that of attempting a quantum mechanical 

description of precisely this Newtonian context.· Specifically, the center of mass motion of· 
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such a quantum mechanical two-nody system Is not intended to be uniform, Its total, quantum 

mechanical, physlcal
1
energy is not expected to be conserved, etc. 

Now that the objectives have been conceptually identified, we can outline our treat· 

ment. The first alternative is whether to attempt quantization via a covering of Schrodinger's 

or Heisenberg's approach. We here select the former. The joint conditions of preser• 

vation of the Cartesian coordinates r k and of quantization in compliance with the correspondence "" 
principle (I.e., admitting a limiting Hamilton-Jacobi Newtonian description) Implies a first 

substantial restriction ·on the structure of the admissible nonconservative forces, As outlined 

earlier, they must be such to satisfy the Integrability conditions for the existence of a 

Hamiltonian representation without redefinition of the i•coordlnates (nonessentlally nonself• 

adjoint forces), The condition that the emerging generalized Schrodinger equation is of 

second order as well as capable of recovering the conventional equation identically at the 

limit of null nonselfadjoint forces then implies the restrictions of Tables 4. 7 and 4. 8. 

In short, to avoid considerable technical difficulties which are Inessential for this first 

treatment, we restrict the nonselfadjoint forces of system (4,12.1) to be such to admit a 

generalized Hmiiltonian (computable via the techniques of the Inverse Problem) of the type 

CAl\1 
, b u:.. t b ,. . �) 1.. b c- 2. H = 'I c.t-, '.u t) - r ,t. + ct 1. t , ... , o .t.c.u � 2.. 

�i. i�,� 1. 

ti,itb,!.;r) !�· k�
-t., 

T rLb,'!.;t)V,

r.�"": ,-i.,l1.,r=which,under the redefinition 

can be written 

I 
+- .2. 

o,

To further semplify the treatment, we assume an ever simpler, but genuinely·nonselfadjolnt 

form of the forces for which 
� _ ,i. 

ii. == t � / d r ift 2 j-'- = I ( t i (\-} I {:o l - I 
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In conclusion, the nonconservative two-body Newtonian system we are here considering 

is such to be characterizable by the canonical quantities 

1--1
=
".e pMl [i� r .. .,_ �t 0( ('E. ;<) r\ V (t1' 

,P c..."' 
- -t- M R- .b c..."' = _I_ u ,i, 

P-' - 7 J .I. io( I ,.,_ 
= R 

with corresponding physical quantities 
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PY.�= ri/+-• u. 71.J
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Our hadronic quantization rules then yield the dual covering of . 

under the further assumption that the operators Hean and Hphys commute, Finally, 

me make the assumption that the strong hadronic forces are such that Eq. (4.12.6'A) 

satisfies the conditions pf t he separability theorems ?,'f • This yields the solution 
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Our contention is that this quantum mechanical system does indeed achieve the 

desired objectives, that is, a characterization of the simplest possible violation of the 

ten Galilel conservation laws according to the spirit of Section 3, that is, as a necessary 

prerequisite for the existence of forces non-derivable from a potential. Indeed, the viola­

tion of the conservation of the total physical energy is trivially established by the time 
dependence of the \ term for which (in terms of expectation values) 

Equivalent reasons then imply the nonconservation of the total linear momentum and 

angular momentum 

(4-./l.lo) 

(1'-,/2.11) 

Finally, the lack of uniform motion of the center of mass can be seen,for Instance, from 

the fact that function (4, 12.'fS) � represent a free wave. 

We shall call the emerging system a hadronic mutation of the two-body, conservative, 

quantum mechanical system. 
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Toe second step contemplated in this table, a constrained, quantum mechanical 
extension of model (4, 12. 8 ), is considerably more involved on technical grounds even 
for the simplest possible cases. We shall therefore restrict to only few aspects. 

The reader should recall that this second step is related to the problem whether 
a quantum mechanical formulation of the concept of bound state of an eleton and an anti -
eleton can be mnsistently achieved, We are here referring to a state which is conservative 
as a whole, when isolated, Neverth!ess, the forces are not entirely derivable from a potential, 
The hopes for the existence of such a hadronic state are given by the consistency at the 
classical level, as indicated in Table 3. 4, The objective of such a possible state is that 
of attempting a structure model of the 'if O , to be considered in Section 5. A further 
restriction on the type of admitted nonselfadjoint forces is expected to occur for the two-
body case while, as it was the case at the classical level, more general nonselfadjolnt 
forces are expected to be admitted for the case of a higher number of constituents. 

In its most rudimentary possible form, the discrete, nonre!ativistic, quantum mechanical, 
bound state of an eleton and an antleleton can be written according to a constrained 
Implementation of the mutated Schriidinger's equation (4.12,8'l) of the (indicative) type 

(4-,/2./Zb) 

where the last equations are intende� e, g. , via expectation values. 
A few comments are here in order, First, It should be stressed that In the transition 

from the unconstrained model (4, 12. 8) to its constrained extension (4.12.12) the equation on 
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the physical Hamiltonian , Eq. (4, 12, 12b),is now intended to be a subsidiary constraint 
to the "time volutlon" equation (4.12, 12a), This implies, in particular, that the eigenvalue 
Ephys Is imposed as a condition on the operator 5. Similarly, the eigenvalues of the 
physical angular momentum equations are conventional, but they are conditions on the 
corresponding operators. The argument is familiar, Since the bound state ls isolated, 
its total, physlcal,energy and angular momentum are conserved and, thus, they must be 
conventionally quantized , as a fundamental prerequisite for a hadron as a whole to comply 

with established experimental evidence, The objective of this exercise of scientific curiosity 

is then to see whether more general structure forces are admissible by such conventionally 

quantized total quantities. In the final analysis, this is the scope of this paper. 
I n triguingly, there are indications that this dichotomy of conventional quantum 

mechanics for total quantities versus a "mutation" for the behaviour of the individual 
constituents cannot be excluded, pending verifications by interested researchers. 
The conservation of Hphys implies that the term f' must be Independent of time, This 
Implies that function (4, 12, 9e) reacquires its conventional form of a free wave, 

j_ (?. � - E r-> t) 
t ,., ....... t\ el. 

E ,e.. 
I 

i.e., 

a part from a scale (dimensionless) term, In turn, this means the regaining also of the 
uniform motion of the center of mass of the system, as well as the conservation of the total 
linear momentum. Finally, the eigenvalues of the physical angular momentum reacquire 
their conventional form, for instance, when o/. = f-'. The use of a reference frame at rest 
with the center of mass of the system is here assumed, In conclusion, it appears that 
values of the terms r and of other then unit, and yielding a consistent system (4.12.12) 
exists. This is sufficient for the objectives of this paper because, as the reader may recall 
from Section 3, such values imply , at the Newtonian limit, the presence of nonconservative 
forces, 

Perhaps more intriguing is a detailed study whether a possible functional dependence 
of the'lnutation factors", i.e., the \ and of. terms, is compatible with a consistent 
system (4, 12.12). This study will not be conducted at this time. N'.>tice that It implies 

a departure from the conventional structure of the eigenfunction 't' which emerges for 
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system (4.12.12). As a matter of fact, it is precisely such departure which opens the 

possibility of achieving consistency. 

In conclusion, our classical structure model for the eletons, Eqs. (3.4.2)1appears to 

admit a consistent quantum mechanical (hadronlc in our terminology) formulation. Our 

structure model of hadrons of Section 5 is based on such formulation. 

The extension of the analysis to the restricted three -body system ls self-evident 

and wlll be considered later on In Table 5. 2 to avoid unnecessary repetltl ons. 
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TABLE 4.13: MISCELLANEOUS OPEN PROBLEMS. 

Almost needless to say, the number of problems which we have left open in regards 

to a generalized S chroclinger's formulation (when It exists) of nonconservative systems 

is rather large indeed. In any case, these problems will not escape the attentlf reader. 

Some of the open problems merit a specific mention, 

(I) The statistical-thermodynamical profile. Permit me to stress that the central 

objective of this paper ls to attempt a generalization of the atomic structure for the case of 

hadrowbeglnning, most importantly, at the simplest possible level of the two-body system. 

For this objective it is vital to achieve a quantum mechanical formulation of the behaviour 

of one particle under nonselfadjolnt forces. This approach might appear to be fundamentally 

non-statistical in spiration. In our opinion, this ls not the case. The crucial methodological 

function of statistical and thermodynamical formulatlorufor conservative quantum mechanics 

is well known, In our view, this function becomes even more essential in the transition to 

nonconservative quantum mechanics (hadronlc mechanics in our terminology). It is then 

predictable that our approach to the quantization of nonselfadjoint forces cannot be 

considered as established until its statistical-thermodynamical profile is studied in details 

and proved to be consistent, The most intriguing line of study along this profile is to 

attempt the identification of a possible relationship between our approach to nonconservative 
25' 

forces and the thermodynamical approach by I. PRIGONINE and his collaborators . This 

aspect will not be considered at this time. It is however significant to point out that the 

studies of ref. lt; and those of this paper are devoted to essentially the same class of physical 

systems, only from different profiles. The minor difference is that ref.2..'> treats dissipative 

� (for which the energy monotonically decreases in time), while we treat nonconservative 

� (for which the energy can arbitrarily vary in time, because the variation of the physical 

characteristics of our hadronic constituents cannot be restricted to a decrease only). 

The point is that both these forces are nonselfadjoint. Also, the studies of ref,25' appear to

be extendable to all nonselfadjoint forces in general without any fundamental modification of 

the underlying methodology. 

But there is another profile which, in our opinion, may eventually render mandatory the 

use of statistical-thermodynamical considerations In hadron physics, As we all know, 
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the quark models consist of a few-body characterization of the hadronic structure, in the 

sense that mesons are represented as two-quark systems while baryons are three-quark 

systems (plus the sea of gluons of quantum field theoretical character).This few body 

characterization of hadron structure has inevitably implied a lack of emphasis on the 

statistical-thermodynamical profile. However, the quark models have not reached until 

now the needed degree of unequivocal physical validity. Toe joint study of fundamentally 

different structure models then becomes recommandable. Besides, the quarks models 

are vita Uy dependent on selfadjoint structure forces and related conventional relativity and 

quantum mechanical laws. 

When the problem of hadron structure is seen under the assumption of broader forces, 

the situation becomes fundamentally different, and the potential, direct1physical relevance 

of statistical-thermodynamical methods emerges in its full light. This is due to a number 

of reasons. First of all, the assumption of nonselfadjoint forces directly implies 

the focusing of irreversible processes, This is trivially due to, say, ;the breaking of the 

symmetry under translations and inversions in time realized at the level of the motion of 

each individual constituent (as by now familiar, the case for an isolated hadron as a whole 

is different) or by the motion of one particle within hadronic matter, Eqs. (4. 9.24). The 

net effect is that irreversible processes are expected to play a crucial role, jointly with 

their methodology, in the structure of hadrons under nonselfadjoint strong forces. But 

there is still another reason which focuses the attention 011 statistical ·thermodynamical 

profiles. As we shall see in Section s, the hadronic structure will emerge, under strong 

nonselfadjoint forces, as considerably equivalent to the atomic ·and the nuclear structures 

as far as the number of constituents is concerned. Explicitly, we shall identify the need, 

under the forces considered, of an increase of the number of constituents with mass. In 

conclusion, two-body systems are expected to apply for the lightest known hadrons, while 

the structure of heavy hadrons will definitt vely emerge as genut ne many-body systems 

governed in both their structure and their spontaneous decays by irreversible 

processes, The potential direct physical relevance of statistical-thermodynamical 

methods is then self-evident, 

(II) The measurement profile . The attentif reader has by now noticed the .complete 

absence of the term "observable" in our study. This absence will be kept for the entire 

�, This is due to the fact that the. problem of the measurement theory must be reinspected 
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from its very foundation for the case of nonselfadjoint forces before the term "observable" 

can acquire a physical meaning, The problems created by nonselfadjoint forces for this 

profile are numerous. For instance, what is the meaning, as far as observability in concerned, 
of a Hermitian operator Hean which, by central property, does not represent the 

physical energy? But, a part from technical problems, there is an epistemological problem 

which we believe to have a fundamental character, When considering the measurement theory, 
as a result of extended use, we are naturally lead to a conceptual representation of the conventional 

setting of atomic mechan ics whereby we have a measuring apparatus and a physical event, 

say, the Compton scattering. The physical context we are here considering is profoundly 

different, The fundamental objective of the nonconservative quantum mechanics we are 

interested in is the representation of the motion of massive, extended particles within 

hadronic matter, say, the core of a neutron star, What is then the meaning of the conventional 

measurement setting of atomic mechanics for this layer of physical reality? does it implies 

that we have a measuring apparatus Within the core of a neutron star ? and, if the measuring 

apparatus is put outside of such neutron star, how do we "measure" the motion of a particle 

within its core ? 

We consider these questions outside of the objectives of this paper and, as such, the 

problem will be left entirely open. The mental attitude which is however recommended to 

the interested researcher is to expect profound departures from conventional approaches, 

as it has been the case for numerous other profiles, whenever nonselfadjoint forces are 

considered (breaking of space-time symmetries, non-inertial character of a possible 

covering relativity 1 departures from Heisemberg's uncertainty principle, etc.), 

To avoid possible misunderstanding,,it should be stressed that this problem of the 

measurement theory does not exist for our structure model of hadrons. When considering, 

say, the problem of the structure of pions, what is measured and, most importantly, conventionally 

measured is the set of physical characteristics of these particles (mass, spin, charge, etc,). 

Those are total quantities and, as such, represm ted hy the subsidiary operational constraints 

in our structure model (4.12.12). We shall therefore be interested in recovering the conventional 

observability of these total quantities. The problem of observability at the level of each 

individual constituent will be Ignored, 



(III) The Marmo-Saletan problem. As indicated in Table 4. 6 . the Inverse Problem 

produce), in general, a family of structurally different, but analytically equivalent Lagrangians 

or Hami ltoniaw,,In our quantization approach we have selected only one element of this family, 
· 1, 

� 

tha� which satisiS'
e
l!mits (4. 7 . 2., ). The problem of quantization of the so-called isotopically 

mapped Lagrangians and Hamiltoniaucon stitutes a different problem. 

It should be here recalled that these new degrees of freedom of Lagrangian and Hamiltonian 
�o 

representations were identified, apparently for the first time, by E .J. SALETAN and his 
212� 

collaborators via conventional techniques. R .M.SAN TILLI I then identified, via the methods 

of the Inverse Problem, the integrability conditions for the existence of these equivalent 

Lagrangians and the methods for their construction, 

In a recent paper , G. MARMO and E.J.SALETAN 4-/ have initiated the study of 

the problem of quantization of isotopically mapped (in our language, q-equivalent in the language 

of these authors) Hamiltoniamfor conservative systems, e.g., for the case of the two-dimensional 

harmonic oscillator 

1i (r,i-t;) -t- �(1-z.2-2:), 

f�"" r4:"' =- <i>L d
,,_.. 

)':u i t.:: 

1 /<,,1,l, 

The results are that, even though at the classical elevel we have full equivalence between 

the conventional Hamiltonian of a conservative system and one of its isotopic images, the 

corresponding.quantum mechanical formulations appear to be inequivalent. 
The problem of quantization of isotopically mapped Hamlltoniamfor conservative systems 

appears to be quite valuable for that of quantization of ,!!2!1Conservative Newtonian mystems, and 

therefore, further studies are encouraged. Indeed, • structures of type (4.13.!b) exhibit 

most of the lire s of study advocated in this paper. For instance, Hamiltonian (4. 13. 1.. b) 

does notrepresent the physical energy and it is only the time evolution operator, in exactly 

the same way as it coccurs for nonconservative systems. A similar situation occurs for the 

canonical momenta. In principle, our differentiation between canonical and physical quantities 

may be of assistance in the possible rem o.val of these quantum mechanical ambiguities. 
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TABLE 4.14: SIMPLE ALGEBRAIC NOTIONS FOR LIE-ADMISSIBLE QUANTIZATION 

We are now equipped to study the algebraic profile of the problem of quantization 

of forces not derivable from a potential. This is clearly a necessary complement to 

the Schrodinger-type analysis of the preceding tables of this section. In particular, 

this algebraic profile is crucial for the proposed structure model of hadrons on numerous 

counts, i.e. , whether the notion of spin of the eletons can be algebraically formulated 

in a consistent way as a covering of the conventional Lie characterization of the familiar 

quantum mechanical spin. In turn, this profile inevitably demands the study of the problem 

whether a non-Lie covering of Heisenberg's approach for forces non derivable from a 

potential exists, The argument is selfevident. As it was the case at the Newtonian level, 

in order for any algebraic approach to physical systems, whether Lie or non-Lie, to have 

a clear physical role, it must exhibit a dynamical origin, that is, It must originate via 

the time evolution law. 

Predictably, a study of this nature involves numerous technical problems, some of 

which are of pure mathematical nature. In particular, the study necessar!ly demands 

the use of the theory of Abstract Algebras, with particular reference to .the part of this 

disciplJne devoted to the study of algebraic coverings of the Lie algebras. In the following 

we shall restrict ourselves to only truly rudimentary remarks and to the identification of only 

those notions which appear to be essential. More t ecbnical treatments are contemplated 
in subsequent papers. 

In its simplest possible formulation, the statement of the problem is the following. It 

consists of the study whether there exists a generalization of Heisenberg's law for nonself­
adjoint forces 

I 

such that: 

(1) all operators have a direct physical significance (i. e. , H is the total physical energy, 

and the X's are physical quantities, such as the linear momentum, angular momentum, 

or the energy itself); 

(11) the product (X, H) violates the Lie algebra identities and characterizes instead a 

broader nonassociative algebra other than Lie; 

(ill) law (4, 14. l) is a covering of the conventional Heisenberg's law 
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In the sense of applying to a broader physical context {quantization of nonselfadjoint 

forces) whll e being able to recover law {4.14. 2) identically at the limit of null 

forces non derivable from a potential: als.o, 

the generalized Heisenberg's approach recovers, at the classical limit, an algebraically 

equivalent generalized Hamiltonian approach. 

In this table we shall ignore the physical profile and consider only the algebraic 

aspect of the problem. It essentially consists of the problem whether there exists an 

algebraic covering of Lie algebras, that is, a nonassociative algebra with elements, say, 

A, B, c, ... and product, say, (A,B) which violateJthe Lie algebra identities but which is such 

to recover the.Lie product [A, BJ identically under a limiting procedure. This algebraic 
27 2� 

problem is known to admit a solution given by the Lie-admissible algebras. 1 As a matter 

of fact, under certain technical restrictions, the Lie-admissible algebras constitute the 

� solution of the problem considered. lt2. 

In the reader's convenience we here review the main ideas. According to A.A.ALBERTf-
3 

a Lie-admissible algebra U over a field F {of characteristic here assumed zero) is a vector 

space of elements A, B, c, ... equipped with the {abstract) product {A, B) such that the 

attached algebra U -, which is the same vector space as U but equipped with the product 

is a Lie algebra. Clearly, if (A, B) is the ordinary associative product AB (say, of matrices), 

then product (4.14. 3) characterizes a Lie algebra as conventionally used in quantum mechanics. 

Thus, associative algebras are Lie-admissible. As a matter of fact, we can say that 

the notion of Lie-admissibility ls at the very foundation of conventional quantum mechanics 1 
and only expressed in its simplest possible form, the associative form. We are however 

interested in nonas sociative Lie-admissible algebras in accordance with condition {II) above. 

Suppose than that the product (A, B) is Lie, i.e., [A, BJ= {A, B). Then [A,BJ-[B,A] = 2[A,BJ. 

Thus, Lie algebras are Lie-admissible. However, still in line with condition {II) above, 

the product {A, B) must characterize a nonassociative algebra other than Lie. This implies 
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that the desired product {A, B) is neither totally antisymmetric nor totally symmetric, but 

stlll such to satisfy the rule of Lie-admissibility, Eq. {4.14. 3). As we shall see in a moment, 

this is precisely the case for the product of Lie-admissible algebras in general. 

To summarize this first step, the theory of Abstract algebras indicates that the 

fundamental quantum mechanical rule for the construction of a Lie algebra via the 

associative product AB admits an algebraically consistent covering 

products {A,B),. according to the schematic view 

AB 

Al gebraic structure of the conventional 

-

Heisenberg's law for selfadjoint forces 

BA = LIE, AB= associative product 

Algebraic structure of the intended �nera • 

lization of Heisenberg:'s law for nonselfadjoint 

forces 

via nonassoclative 

{A,B) - {B,A) = LIE, (A, B) = nonassociative product 

Comeatibility condition between the generalized 

and conventional law 

LIMIT {A,B) =AB • BA = LIE 

NSA forces ➔ 0 

The second step consists of an inspection of the Lie-admissible identities {or axioms, 

or laws) to verify the covering nature of the Lie-admissible over the Lie algebras. According 

to R. M. SANTILLI�1ttie Lie-admissible algebras can be classified Into the following 

three classes of decreasing complexity and methodological needs • 
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I. General Lie-admissible algebras . These are all (nonassociative) algebras U over a field F satisfying the so-called general condition of Lie-admissibility 

L�,1?,c.]1.,1+ lt3, c ,A14i' [c, A 1 BJ4 
[c, B, A1 4 [B, A1 c..]

1.1 
- [ft, c, B] Lt 

where the quantity 
=o 

Is called the associator and expresses the amount by which the elements miss obeying the associative law. IL Flexible Lie-admissible algebras . These are all algebras U over a field F satisfying the laws 

where Eq. (4, 14. 6 4'.) is called the flexible law and Eq, (4.14.1;/:,) is called the flexible condition of Lie-admissibility, ill, Lie algebras, These are all algebras U over a field F verifying the familiar laws 
(A,e.J t-[\3,A]=D.1 

Our objective is that of indicating that the general and flexible Lie-admissible laws are a covering of the Lie algebra law!!>.For this purpose we first note that the flexible law (4.14, 6>6..) is a covering of the anticommutat!ve law (4. 14. 7"'-), Indeed, all anticommu­tative algebras are flexible, trivially, because 
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Neverthless, flexible algebras are not necessarily antlcommutative and numerous examples to this effect exist in the literature of Abstract Algebras (e, g., the so-called quasiassociatlve algebras), Secondly, the flexible condition of Lie-admissibility (4.14. b b) is a covering of the Jacobi law (4. 14, 7 b ). This can be seen by the fact that Lie algebras satisfy law (4.14. 6b), l,e,, 

-LA- B c.' 
.j. [1';,c,A],, 1- [c, A , B1 L.- (4..lt,.."'I} 

I I .l Li e. 
...(c. c.. 

.,'.l, � [ (-t I [ 6, c11 + [ B I [ C I fl]] -t [ CI [ ff I BJ]} = 0 • 

Neverthless, flexible Lie-admissible algebras are not necessarily Lie, and explicit examples of the product illustrating this feature exist, as we shall recall below. In conclusion, the laws of flexible Lie-admissibility, Eqs. (4. 14. 6 )
1 
do constitute an algebraic covering of the Lie algebra laws. In turn, the general condition of Lie-admissibility constitutes an algebraic covering of the conditions of flexible Lie-admissibility. Indeed, flexible Lie-admissible algebras are also general, that is, satisfy law (4.14. 4- ). Neverthless, the algebras characterized by law (4.14. 4- ) are not necessarily flexible. As a result, law (4. 14, '-t ) can also be interpreted as a further generalization of the Lie algehm laws. A study of the problem indicates that law (4. 14. 4, ) characterizes the most general possible nonassociatlve algebras capable of satisfying the fundamental rule (4. 14, 3), Notice that, under the limit of anticommu­tativity of the product, law (4.14. 't-) reduces to four time the Jacoby law, i. e,, 

[�1 B
1
cJ� .. + [B,c.,A]� ... -,. [c,r:t,B]l.:, 

-LC P., f\' - [B,A,c.]1..; - [ft,c,B1 t. 
(4../1,.,I':)' 

I I 1.} L;_
.,._ 

C. c 

= 4 f [fl, [B,c:]1 r [B, [c,A]]-t [c,[ll,, 13]]t
:_

0
• 

To summarize this second step, the theory of Abstract Algebras indicates that the Lie algebras, as conventionally used In quantum mechanics, are in actuality the simplest possible nonassociative Lie-admissible algebras and that two additional classes of Lie-admissi­ble algebras exist with the enclosure properties 
r Lie i 

L algebras j C f Flexible Lie-admissible 1 
l algebras J 

C. {General Lie-admissible_(, algebras J 
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The fundamental algebraic character is that of Lie-admissibility, that is, the capability of 

characterizing a Lie algebra via rule (4. 14. 3), This indicates that the Lie algebras are 

not lost in the transition to their flexible and general Lie-admissible covering. Instead, 

they are preserved in full in a double form: the attached form U-Z, r:and the limiting 

form under anticommutativity of the product U ➔ L . 

Our third step is the identification of the explicit form of the product of the flexible 

and general Lie-admissible algebras, This is clearly a crucial aspect for the study of the 

possible application of the algebraic context under consideration for the quantum mechanical 

treatment of nonselfadjoint forces. The reader should be aware that the realization of the 

product of an (associative or nonassociative, and Lie or non-Lie) algebra� unique 

and that several products satisfying the same laws can, in general, exist. Thus, we here 

present a form of the product per each class of algebra which we � of primary rilevance 

mainly on physical grounds to be yet indicated (at an abstract algebraic level any form of 

the product which satisfies the laws considered is perfectly admissible). 

I. Fundamental realization of the product of general Lie-admissible algebras, It is 

given by 

f} RB

where AR, RB, etc. is associative and , thus, (AR)B = A(RB\ = ARB. 

Also, R. and S are invertible
1
fixed, elements of u, that is_, in the above product 

the elements A and B can span all the elements of U, including R,and S, but the 

elements R,and S , as well as the structure of the product, are kept fixed, It is a 

tedious but straightforward exercise to prove that the product (4. 14. 11 ) satisfies 

the general condition of Lie-admissibility, Eq. (4. 1 4, 4- ), This can be seen by 

computing first the associator 

r A-,B,c.],.= (A 1 (.P..,c))- (lA,BJ
J
c)"" (A J 8 R.C ·- CS B)

L � (4,,/J,-,12) 
(_f¼R.B-Bs-�,c) = A �c - BR.CSA -,AR.c.SB 

+ C�A - f\�C + CSAY<B T Bs�Rc - c�, 

and then all remaining associators needed for law (4, 14. 4- ). Equally important, 

ls the proof that product (4, 14, ti ) � the flexibility law (4.14. {,Q...) and, thus, 

both Lie algebra laws (4 .. 14. 17). 
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Finally, product (4.14. II ) satisfies the distributive and scalar rules 

CAJ!?>i-C..) = (R-,l?>)+U�, c.) I 

(_(l,+B, c.) = lA-,c) + (.e,, c..)J 

( A , dB) = (<(ft I B) -= cl ( A- 1 13) ; o< <= F, 

(¥-, 14,. 13�) 

(it,. /4-. /.H) 

(4-. /Ii-. (3c) 

to properly qualify as the product of an algebra. In conclusion, product (4.14. JI ) 

characterizes a general non-flexible Lie-admissible algebra. To the best of my 

knowledge, this product is here introduced for the first time. 

II. Fundamental realization of the product of flexible Lie-admissible algebras. It is 

given by the product of the (}., f )-mutation algebras

(A,B)- >- RB - .f' B'1, I-\G.:t\ss .. c.,(4--.!+-.l"-J 

A f :t f- ) >. ,,)'- 1' t) I 
where ), and /" are elements of the field or functions of independent parameters 

(e.g., functions of time), It is an easy exercise to see that product (4. 14, 14-) satisfies 

the flexibility law 

((A,B)
J
A) = (A,(13,A)):: {>-2-t/)RBA - >-r(AAEh·BAf¼),

(_4-. /4, IE)

and the flexible condition of Lie-admissibility 

[Pr,S,c.]1.1.-r [13,C J A]u +[C,ft, 1?J4 (4--./lr./t) 

== (x+1) 
2 

f [it, [ B,c.]] -t [ P.>, [.c,A]] t- [ c1 [R1 Bfl] = 
0 

• 

It is an instructive exercise to see that product (4, 14. J t,. ) satisfies also the general 

condition of Lie-admissibility as well as, of course, the distributive and scalar 

rules (4.14. 13) but violates the Lie algebra laws, Thus, product (4.14.1..4-) 

characterizes a flexible1non-Lie, Lie-admissible algebra. To the best of my knowledge, 

product (4. 14. 14,) was introduced for the first time by R. M. SANTILLl and G, SOLIANI 

in the unpublished note +,.S' and by R. M. SANTILLI in paper 2
7 

( I 'I G 7). 
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Ill. Fundamental realization of the product of Lie algebras. It is given by the familiar 

form 

[ft, B1 = AB - BA 

As stressed numerous times, no generalization of quantum mechanics for forces not 

derivable from a potential can be consistent unless it is capable of recovering conventional 

quantum mechanics identically at the limit of null nonselfadjoint forces. At the level of the 

expected generalization of Heisenberg\law, this implies that law (4.14.1) must recover law 

(4.14. 2) identically under the limit considered, In turn, an algebraic prerequisite 1D reach 

this physical notion, is that the product of the assumed generalized algebraic structure must 

be able to reduce to the Lie product identically under a 1imiting procedur) and such procedure 

results to be representative of the limit of null nonselfadjoint forces. 

By again ignoring in this table the physical profile, the assumed fundamental realizations 

of the products of the general and flexible Lie-admissible algebras do indeed satisfy this 

uncompromisable requirement because 

,l,u. Ut ,e) = 
R,,;-=i 

-e_,,,.... RR B - 85A 
R,.s= -t.. 

A-B- BA = [A-,B.:L 
( 4-- 14-- ,��-) 

£•µ. ( {-}, s > = e,"'1 
)..I)>- .::: -f.. \)"= I 

A Ar., -r BR: � A-13- BA-=- [A, B]. 

(_ 4-. /4-. /�/:,)
As a matter of fact, products (4.14. 11 } and (4.14. 14- ) have been selected over other 

conceivable products precis<iy In view of their capability of satisfying limits (4.14. I g ). 
i,.-; For instance, the following product introduced by A.A. ALBERT 

({f,13) = 

does characterize a fully acceptable flexible Lie-admissible algebra, as the reader can verify. 

Neverthless, product (4. 14. I 'I ) fails to recover the Lie product under a (finite) limit of 

the value of the ). parameter and, as such, must be rejected for our objectives, 

To summarize, this third algebraic step indicates the existence of consistent realizations 
of the product of the general and flexible Lie-admissible algebra which, most importantly 
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from a physical profile, are capable of recovering the fundamental realization of the Lie 

product identically under a limit procedure. In tum, as we shall see in the subsequent 

tables, this algebraic property sets the way for the physical profile, that is, the study 

whether the limits considered are representatives of the limit of null value of the nonself· 

adjoint forces. lf this is the case, we then expect a property of crucial physical meaning: 

the representation of tlie broader forces under consideration via a departure from the 

conventional Lie product represented by the operators R and S for the general Lie-admissible 

algebras and the parameters ), and /" for the flexible Lie-admissible algebras. 

We are however not yet ready 1D initiate the study of this physical profile because 

in need of additional algebraic notions which appear to be essential. In simplistic terms, 

the explicit form of the Lie algebra product conventionally used In quantum mechanics 

is unique �- e., form (4. 14. 17 �In the sense that such product is fully sufficient for the 

considered layer of systems (with selfadjoint forces). In the transition to more general 

systems the situation ls different In the sense that such a study brings lnro focus aspects 

of the theory of Lie algebras which are generally ignored In conventional treatments 

because inessential. We are here referring In particular to the degreesof freedom of the 

realization of the Lie algebra product. This problem ls clearly created by the fact that 

for the general Lie-admissible algebras, (A, B) - (B,A) is indeed Lie, but in no way it

coincides with the conventionally used product AB-BA. As a matter of fact, it is possible 
to prove that a necessary condition for an algebra 1D be a general Lie-admissible algebra 

is that (A, B) • (B,A) .:/= AB - BA. 

Our fourth step is therefore the study of the degrees of freedom of the realization 

of the product satisfying given algebraic laws. Within the context of the theory of Abstract 
23 

Algebras, this problem is resolved by the so-called notion of algebraic isotopy. Let U 

be any algebra (i.e., associative, Lie, Lie-admissible etc.) with elements A, B, c,. , , . 

and (abstract) product A· B over a field F (of characteristic zero). An isoropic extension 

or simply an isorope of U is any new algebra u• which can be constructed in terms of the same 

elements of U and of a modification of its product induced by elements of the field 
ancy'or the algebra U itself which is such to � the algebraic laws of U. 

Simple examples are here in order 1D illustrate this notion, Suppose first that U is 

an associative algebra with the ordinary (associative) product AB. Then a simple isotope 
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U* of U is given by 

(4. /1t- . .2.o) 
J 

Indeed, A *B is still associative, while the original product AB can be recovered via 
_, 

the isotopic mapping induced by ).. . Thus, the notion of algebraic isotopy stands to 

indicate an invertible axiom-preserving mapping of the product. 

The isotopy is not restricted to elements of the field nor to any particular 

transformation of the product. For instance, any of the following new products 

constructed with the elements of U with fixed, invertible elements c, , .. , i. U 

A•B � A �B = A.c.B I 
( 4-, ,i. :a<>) 

A-B ➔ A �B = A. c -B - B-(-,1.-c}A
I 

(__4-_ /4- . .2.tb) 

e.+c.
1 

characterizes an isotope of U provided that the algebraic laws of U and U* coincide. 

Thus, the class of all possible algebraic isotopies of an algebra exhausts the class of 

all possible forms of the product which are admitted by the defining algebraic laws. 

We are now equipped to give an algebraic dlfferentiitiln of the Lie algebras emerging 

from the Lie-admissible rule (4. 14, 3) and the Lie algebras of conventional use in mechanics. 
23 

The classical aspect of this problem has been studied in.details 1n ref. Let us here only 

recall that the transition from the conventional Poisson to the generalized Poisson brackets 

� [A B] "' = c,:>� c5l .,.,_"(b)'V� 
, ce �.It r;)bv J 

Ct-,14-.·U a.) 

(Jlrj = (J2 .. f� (� _ru.&_
)

�-t. 
) 1· 'ubY <ult I 

r,vc 1,2,--- I 6H / fll'1::{!, t.j/S/.,)'"6 e,� ekJ(/t),to. (_4./4-• .2.ik) 
(which is the algebraic aspect of the transition from Hamilton's to Birkhoff's· equations) is 

precl.sely an example of Lie algebra isotopy . Both brackets [A, B] and [A, B]* 
a c.e 

- 724 -

satisfy the Lie algebra identities. Thus, both of them are perfectly acceptable realizations 

of the Lie algebra product in classical mechanics. The invertible algebraic isotopy is 

in this case done via functions of the phase space coordinates because, under the regularity 

and continuity conditions here assumed, the generalized Lie tensor 5/;
v 

can be factorized 

in the form 

Thus, the invertible Lie algebra preserving mapping [A, B] - [A, Bl�e can be

equivalently written ce, 

-► �r (b) wf
v 

= Je"'
.,., 
l.b) (._4 .. 11,. .. v,. o.. ) 

n,,. n �..,,.., 
()"f<c)<:Q_"t".11 f) '2:f'dJl!"� oc, i ·uvc. + cJ(, -- -t- c,)l., -- -.:, • 

rubr <t>.bP 'c)hf<_1, .. ,� . .21;-b) 
A fully equivalent situation exists at the level of the classical realizations of the 

general Lie-admissible algebras. Indeed the transition from the Lie-admissible brackets 

(A, B>c
.e, 

of Table 4. 3 to the following more general form of Lie-admissible brackets 

( ) _ <?)Jl. s.,.,. ..... (l-,b)'o\3 ➔ (Fe'"' =0A- s
l(<

r
v

o),)�JL, 
A ,e, c.e. - 'v\t' �!l 

1 
'Jc..e ')bf -o bv 

(_ +· (I,. . .Z.£"'.) 

) {Ry}"" LEJJ,!., t.J / :'.!;)' s
)A 

J>-
Y

::: ��' (4-.11,..:is1,) 

I V)*}- ( �(_L,-'< 1-.) (-). 1 (1;. 'c �)l 
1_.K..

y 
- L--

,u... 
1-,,J;_ I AA,. I-"',� j / 

is precisely an example of Lie-admissible isotopy. Both brackets (A, B)ce and (A, B);;_e. 

satisfy the general Lie-admissible condition, Eq. (4.14. 3 ) and , thus, they are both 

perfectly admissible realizations of the general Lie-admissible product in classical mechanics. 

The isotopy is again induced by functions of the r and p coordinates as for the Lie case, ... ,.. 
Eq. (4.14. 2.l-). Intriguingly, the isotopy emerges as representing a degree of freedom of 

the time evolution law for both selfadjoint systems (for the Lie case) and nonselfadjoint 
2.3 

systems (Lie-admissible case). 
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The aspect of this classical context which is here significant is that the Lie algebra 

which is attached to the brackets (A, B>i;l 
via rule (4, 14. 3) is that expressed by the 

generalized Poisson brackets and not the conventional Poisson brackets, i. e. , 

J 

We can therefore conclude by saying that the classical realization of the Lie algebra 

attached to a general Lie-admissible algebra constitutes an isotopic image of the 

conventional realization via Poisson brackets. For a detailed study of this algebraic 

profile at the classical level we here refer the interested reader to ref/ 1. 1 .2, 

In the transition to the abstract treatment of Lie-admissible algebras for possible 

quantum mechanical us<;, the situation is fully equivalent. In few words, the conventional 

realization of the Lie algebra product, i.e., [A,B] = AB - BA is
1
by no means,unique (in 

precisely the same measure as the classical product [A, Bl
c;t is not). Among the numerous 

conceivable forms of isotopy of the product [A, BJ we are interested the following forms 

[ ft I BY"' == A ?:: B - B -e A = 't (AB - BR) , 
• C4-• n.:no.)

[ 1t , � 1 � [ A , \?,1 )le =- A T B - B T fl .

Consider now the fundamental realization of the product of the flexible Lie-admissible 

algebras, Eq. (4.14. 1.'1,). Then rule (4.14. 3 ) reads 

(if, B) - (B, A)= ().1-;,,) (AB- Bf/) ={>.1-;-l) [!}, B] 
=- [A,B]� (4-.14 . .2.J') 

Thus, the Lie algebras which are attached to the fundamental realization of flexible 

Lie-admissible algebras are .those In the simple isotopic form with product [A, B ]*, 
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trivially, wi th "t= A-t-)" . This can be also seen by noting that product (4, 14. 14- ) is 

neither totally antisymmetric nor totally symmetric and, thus, it is decomposable in 

a combination of commutators and anticommutators, i. e, , 

The Lie-admissible rule (4, 14. ?, ) then simply eliminates the symmetric part of the product. 

On fully equivalent grounds, consider the fundamental realization of the product of 

the general Lie-admissible algebra, Eq. (4, 14.1.1.). Then rule (4.14. �) yields 

[ (-} 'B] = (_A I B) 
IA 

_(3RR+ASB 

Thus, the Lie algebras which are attached to the fundamental realization of the general 

Lie-admissible algebras are expressed in terms of isotopy (4. 14, .27b), trivially, for

T: \(. + S . And indeed, rule (4, 14, �) can now be, in general, written 

This yields the desired interpretation of the Lie algebras emerging from rule (4. 14. � ) 

as needed for the analysis of the subsequent tables. The notion of isotopy, as we shall 

see, will also result to be valuable for other aspects, i, e. , the transformation theory 

of Hamilton's and Hamilton-admissible equations as well as of Heisenberg's law (4.14. 2) 

and the intended generalization (4, 14, I). The study of the isotopic degrees of freedom of 

the Lie-admissible products (4.14. ii.) and (4. 14.1. i,.) is here left as an exercise for the 

interested reader. 

To summarize, this forth algebraic step indicates that the Lie algebras emerge 

from the Lie-admissible algebras in a dual form: 

(A) the attached form U -

form L; 
which is an isotopic form L • of a conventional Lie 
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(B) the limit form U ➔ L under Eqs, (4.14, 18 ) which is a conventional Lie form. 

As we shall see, this dual algebraic profile appears to be crucial for the study of the 

quantum mechanical treatment of nonselfadjoint forces. 

To begin this study, however, we still need one last algebraic notion. In essence, 

at the classical level, the Lie-admissible characterization of nonselfadjoint forces is done 

by preserving all physical quantities of conservative mechanics and by changing instead 

the algebraic structure of the analytic equations, i. e,, by performing the transition from 

Hamilton's equations to our Hamilton-admissible equations2 3, 

where the former emerge as characterizing the maximal associated selfadjoint subsystem. 

This is equivalent to saying that the Lie-admissible characterization of forces not derivable 

from a potential is not a. Lie isotopy, as a fundamental dynamical prerequisite 

for the preservation of the direct physical sigmficance of all the algorithms at hand, as 

stressed earlier during the course of our analysis. 

This situation calls for an algebraic characterization of the t ransition from a Lie 

algebra to a Lie-admissible algebra or, more generally, from a given algebra U to 
A ,,._ 

a generally different algebra U, where U and U are characterized by different laws 

while they coincide as vector spaces (i, e,, have the same elements), Within the context 

of the theory of Abstract Algebras, this problem is resolved by the notion of 
23 

so- called algebraic genotopy. Let U be any algebra (i. e,, associative, Lie, Lie-adl!li.ssible, 

etc,) with elements A,B,C,.,, and (abstract) product A, B over a field F (of characteristic 

zero), A genotopic extension or simply a genotope of U is any new algebra U which can be 

constructed in terms of the elem en ts of U and a modification of its product induced by 

elements of the fields and/or the algebra U itself1which is sucli. to� the algebraic 

laws of U, 

The specialization of the notion of algebm ic genotopy which is needed for our analysis 
,,._ A 

is that when the axioms of the new algebra U are given, In this case the mapping U - U 

can be interpreted as invertible,axiom-inducing mapping of the product (while, on a compa­

rative basis, the isotopic mapping U ➔ u• is an invertible axiom-preserving mapping 
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of the producs).Still more particularly, the type of genotopic mapping in which we are 

interested is that from a Lie algebra tx> a Lie-admissible algebra of general or flexible 

type. In this case we shall say that we have a Lie-admissible genotopic mapping of a 
Lie algebra , that is1an invertible mapping of the Lie algebra product which induces 

a Lie-admissible algebra within the context of the same vector space. 

At a classical level, it is easy to see that, from an algebraic profile, mapping (4.14.�2) 
from Hamilton's equations to their covering Hamilton-admissible form 

without changing the physical quantities (r, p, H and M) is precisely a case of Lie-admissible 
.. ... 

..... 

genotopic mapping of the time evolution law, i.e., 

As a result, at this classical level, the algebraic notion of genotopy has a . crucial 

physical meaning: it represents the nonselfadjoint forces. Indeed, since all physical 

quantities are preserved by assumption in the transition from a selfadjoint system to 

a nonselfadjoint form�il:I, forces not derivable from a potential, these additive forces 

are precisely represented by the Lie-admissible genotopic mapping wr" � S JI-°". 

One of the fundamental technical problems of this paper is to see whether this crucial 

aspect of classical mechanics admits a consistent quantum mechanical extension which 

preserves the algebraic character, 

At this point, by ignoring the physical profile, we can say that the transition from 

the fundamental (abstract) realization of Lie algebras to that of flexible and general 

Lie-admissible algebras are precisely cases of Lie-admissible genotopic mappings 

according tx> the rules 

I A 
I 

B 1 = A (i) B - 5 (i) A 
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The inverse mappings are then given by 

(A,B) = R >. B - Br, A -'> Ifl, \3}= A >.X-'e-B J'r-'A, (}.!t.'!,r;t>..)

The preservation of the underlying vector space in the genotopic (as well as isotopic) 

mapping has a crucial role on both mathemat i cal and physical grounds which should be 

here stressed, On mathematical grounds it implies that the elements of the algebras U 

and U (or U and U*) are the same and only the product is changed, On physical grounds, 
it implies that the physical quantities are unchanged in the transition from a conservative 

to a nonconservative syst em , as a crucial prerequisite to comply with physical reality 

(in the sense .that, c. g., the physical angular momentum is!, x m £ and this definition 

occurs irrespective of whether the acting forces are derivable from a potential or not), 

In conclusion, the notion of genotopic mapping results to have a crucial physical meaning 

for the classica\algebraic,characterization of the additive forces no'l!derivable 

from a potential. The problem to be studied in the next tables is that' whether the notion 

admits a consistent1algebraically equivalent1quantum mechanical formulation, 

To summarize, the fifth and last algebraic step of this table indicates that the 

Lie-admissible algebras can be constructed as a vector space preserving , invertible, 

"mutation" of conventional realizations of Lie algebras. 

We would like to conclude this table by recalling a few additional aspects which 

have been investigated ln the existing literature, but without entering into a technical 

treatment, 

Atta deeper study, the Lie-admissible algebras of general and flexible type emerge 

as being induced by a genotopic mapping of the universal enveloping associative algebra of 

a Lie algebra. We assume that the reader is familiar with the fact that the fundamental 

physical and mathematical role of the algebraic structure of currently available physical 

models is played by the universal enveloping algebra, rather than the Lie algebra, e.g. , 

because the former contains the latter as a vector space, while powers of the base elements 

(e,6,, )( 2) can� be computed within the context of the former ( X
2 

is definable via the 
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associative product and It is Identically null if defined In terms of the Lie product). 

At the quantum mechanical level we can thus say that, without the use of the universal 

enveloping associative algebra of a Lie algebra (say, SU(2)-angular momentum-spin) 

we would be unable to compute some of the most significant physical quantities and, in 

general, all polinomlals In the powers of the elements of the basis, On mathematical 

grounds, the universal enveloping associative algebras are equally crucial for Lie's theory. 

For instance, they constitute an essential link between the Lie algebras and the corresponding 

Lie groups, because In the expone n t ial law 

&X 

e == -i + X 

,2. 

X -,. • ·-

i! 

all elements from the second order term on are outside of the Lie algebra and only definable 

in its envelop, It then follows that such(associativ� envelop has fundamental Implications 
y,(. for the representation theory. 

In the transltio:a to the Lie-admissible formulation, a deeper study indicates that 

it is such associative envelop which is mapped into a nonassoclative but still Lie-admissible 

envelol
"; Thus, in addition to Eqs, (4, 14. �ft-), the Lie-admissible algebras can· be more 

properly characterized as the mapping 

AB --➔ (A,B) = AR 13 - 12>s A. 

In turn, this second approach has fundamental implications of mathematical and physical 

nature, On mathematical grounds it implies the rather unpredictable (but crucial) occurrence 

of the Lie-admissible formulations whereby the Lie algebra structure in the neighbarhood 

of the identity is lost by central condition, Neverthless, a connected Lie group (which we 

have called Lie-admissible group owing to its special structure) persists! On physical 

grounds it is precisely this dual covering of Lie's formulations(in both, the local behaviour 

In the neighborhood of the identity and the global group structure) which has allowed the 
z� 

conjecture of a Lie-admissible covering of the Galilel relativity of ref, And Indeed, our 

Galilei-admissible group, Eqs, (4. 4. 1. ), ls a genotope of GaU!e!'s relativity which ls such 
that (1) it has a Lie-admissible structure In the neighborhood of the identity, (2) it has 

a global , connected Lie group structure although of rather special type (because defined 
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in terms of the base manifold, the generators and the parameters of a different group), and 
(3) it has a Lie-admissible, nonassociative1envelop which, In the final analysis, is precisely 

the origin of properties (1) and (2), 
It should be here recalled that an essential element of these recent studies on Lie­

admissible algebras is a generalization of the Poincare'-Birkhoff-Witt theorem to flexible 
lf-.7 Lie-admissible algebras formulated by C. N. KTORIDES (with a further generalization 

to the general Lie-admissible algebras2.3 ). 
One aspect of these studies which is relevant for this paper is that . 

the algebra for the quantum mechanical treatment of selfadjoint systems (that is, the 
associative envelop) is Infinite-dimensional to begin with and remains infinite-dimensional 
in the transition to the intended Lie-admissible covering (that is, the nonassoclative but 
Lie-admissible envelop). 

To summarize, the Lie-admissible algebras can be introduced via the notion of algebraic 
genotopy in a dual way; 

(A) as a genotopic mapping of a lie algebra, Eqs, (4.14. '3.'t), and 
(B) as a genotopic mapping of the universal enveloping associative algebra of a Lie 

algebra, Eq. (4, 14.; 7 ). 
Approach (A) is preferable for a first quantum mechanical study of the problem because 
simpler and of more pragmatic character. Approach (B) is preferable for a more technical 
formulation of the problem and, thus, for a verification of initial results obtained via 
approach (A). 

The most comprehensive studies <n flexible Lie-admissible algebras of which I am 
4-8 aware are those by H, C, MYUNG which the interested reader is here urged to consult. 

As we shall see, these mathematical studies emerge as possessing a direct, potential, 
physical significance in both hadron and nuclear physics, Regrettably, no paper by 
mathematicians on the general (nonflexlble) Lie-admissible algebras has appeared as of 
now and the only available studies on these broader algebras available at this moment are 

22,23 those by R,M,SANTILLI . We have no words to stress. the need for the line of study 
of this paper of contributions by mathematicians for the study of the general Lie-admissible 
algebras at the pure mathematical level, 

TABLE 4, 15: THE DYNAMICAL ORIGIN OF THE LIE-ADMISSIBLE ALGEBRAS FOR THE 
QUANTUM MECHANICAL TREATMENT OF NONCONSERVATIVE FORCES VIA A 
COVERING OF HEISENBERG'S EQUATIONS. 

Despite the inevitable technical complexity in a rigorous treatment, the physical 
motivation of the Lie-admissible algebras is as pragmatic as possible: to provide a direct 
characterization of forces not derivable from a potential via a generalization of the time 
evolution law without altering the physical quantities. The validity of the approach for the 
classical profile has been studied in details in refs�Z ,:L'!,• In this paper we shall indicate 
that the approach is also applicable for the quantum mechanical profile of the problem, 
For this objective we shall consider the following three approaches: 

(A) quantization of the Hamilton-admissible equations; 
(B) quantization via the transformation theory; and, as a refinement, 
( C) quantization via the enveloping algebra, 

Approaches (A) and (B) are considered in this table, Approach (C) is presented in Table 4 ,  16. 
Let us first review the conventional Heisenberg's lawdor the case of selfadjoint forces 

and for the case of one space component, for simplicity. It is advantageous to use the 
following unified notation of the conventional Hamilton's equations 

..... "'J H r��I 

.bl-' = uY-v t
) 

b" J lb" j : l '2, rr11J 
( w?") = Co

1. 
: ) , c�./F: ,)

r= ,,2.. 

The fundamental commutation rules of the atomic mechanics can then be written in the 
unified form 

that is, more explicitly, 

fl)= 
rJ 

Under the transformation of H phys Into a Hermitian operator via the replacement of the 
phase space variables hr with the corresponding operators and suitable symmetrization, if 
needed, Heisenberg> s laws coincide with Eqs. (4. 15, 1). 



This is tantamount to saying that within the context of Heisenberg's approach the 

q uantum mechanical equations formally coincide with the corresponding Newtonian equations 

at the classical limit , a part from terms originating from possible symmetrizations of the 

Hamiltonian. In turn, this is one way to directly express the compl:ia nee of Heisenberg's 

equations with the correspondence principle for the case of selfadjoint forces. 

The use of expectation values yields the same result. By using the familiar equation 

we can write 

by therefore recovering Eqs. (4.1'>. I) again. For instance, for the case of a free particle 
we have 

(4-./5.60..) 

= o, 

and corresponding equations occur for the case of forces derivable from a potential. 

As indicated earlier, the objective of the Lie-admissible approach ls as pragmatic as 

possible. It essentially consists of the identification of the mutation of the conventional 

Heisenberg's approach which ls induced by the addition of forces not derivable from a 

potential to a conventionally quantized, self adjoint, Newtonian system. 

By its very nature, such an approach is therefore different in inspiration that the 

Schro clinger's approach to nonse!fadjoint systems considered early in this section. The 

attitude now ls that of first quantizing the maJrimal associated selfadjoint subsystem according 

to conventional rules, and then identifying the departure from Heisenberg's law which is 

induced by the additional nonselfadjoint forces. 
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This yields the following fundamental difference. In the generalized Schrodinger 's 

approach the quantization rules are applied to the canonical variables r and p can, Eqs. 

(4. 8. 2 ). In the generalized Heisenberg's approach we are looking for1the quantization 
h\J':>1 11Phys rules are applied to the noncanonical, but physical variables r and l"f (under the 

assumption that the Hphys represents a conservative system) 

fr�'l1= ,JJ.,.,; - or-'4-To?. / +(l"
t.

�J-'> ot-'u.To't (/.. Ir:,) 

The n eed of searching for a possible consistent quantization of nonconservative 

systems via rules (4.15'. 7 ) is the following. First of all, as recalled in Table 4.1, 

a Hamiltonian for the representation of the class of systems under consideration does 

not exist in general (essentially nonselfadjoint systems), unless velocity-dependent 

transformations of the coordinates are considered. This renders inapplicable the quanti -

zation via Scbrodinger-type equations and canonical rules (4. 8 . 2. ). In turn, this 

renders inapplicable the quantum mechanical characterization of the systems considered 

via the conventional Heisenberg's law(with generalized Hamiltonianiyin the coordinates 

!. of direct physical relevance. Still in tum, this renders inapplicable 

the Lie algebras a s  a methodological tool for the quantum mechanical characterization 

of the systems considered under the condition considered, in full analogy with the 

corresponding classical occurrence. Even when a Hamiltonian exists and can be computed 

(nonessentially nonselfadjoint systems), Heisenberg's approach has a number of problematic 

aspects which will be indicated below in this table. 

These occurrences suggest that, in order to achieve a quantum mechanical 

description of nonconservative systems which is applicable to the entire class of the 

systems considered (local, of class C "" and nonselfadjoin!:), rather than to specific 

subsystems, the approach must be independent from conventional canonical formulations 

by conception1and must be of non-Lie algebraic character as a fundamental dynamical 

condition, although capable of recovering conventional formulations at the limit of null 

nonse!fadjoint forces. 

Clearly, a generalization of Heisenberg's laws which is Lie-admissible in algebraic 

character is attractive because ensuring the covering nature of the approach over conventional 

formulations, while at the same time offering the minimal possible mutilation of established 

techniques. 
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The simplest and most rudimentary possible Lie-admissible quantization of forces not derivable from a potential is that via a direct quantization of our canonical -admissible equations and use of the conventional quantization rule for physical quantities, i, e., 

In essence we argue that the quantization of Eqs, (4, 15. I) is done (a) by quantizing the r and 
p variable via rules (4. 15. 2), (b) by transforming the Hamiltonian into a Hermitian operator which formally coincides with the classical operator, a part from possible symmetrizatio)\and (c) the Lie tensor wf� (I. e., the fundamental symplectic form W � ) remains unchanged in the quantization process because of real valued numerical elements. In the above Lie-admissible quantization,steps (a) and (b) remain unchanged and only the crucial algebraic step ( c) is changed in the sense that the Lie tensor w>''is now replaced by the Lie-admissible tensor s1''1 (i. e,, the fundamental symplectic-admissible form s2, 

.2'> in the language of ref, ) which, being explicitly dependent on the b-quantitles, in general, is now quantized by using the same rule as that for the Hamiltonian, including a possible symmetrization, when needed. This is, in essence, a straightforward implementation of the notion of Lie-admissible genotopic mapping (Table 4. J:o», but now at the quantum mechanical level. According ID this approach one actually quantizes the maximal selfadjoint associated subsystem, Then the mapping considered is Implemented, resulting in a Lie-admissible algebraic structure. The departure from the Lie structure is then a direct measure of the nonselfadjoint forces, according to Eqs, (4. 3. II), I.e., 
/ f ffJ:: {01IHfliJ • 

(4.,15.9) 
The approach exhibits a direct compliance with the correspondence principle In the sense that the quantum mechanical Elquations formally coincide with the classical equations, in 
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precisely the same measure as that of Eqs. (4, 15.1). The approach is also implementable at the level of expectation values, i. e., 

with an understanding that the symbol f represents an eigenstate of Hphys only and, as such, it is not an eigenstate in the conventional sense (it does not contain representatives from the nonselfadjoint forces). Despite that, the Lie-admissible genotopic mapping (4. 15, 1.0) does indeed achieve the intended result: a quantum mechanical characterization of the �conservation laws. For instance, for the case of a particle with velocity damping (Table 4, 9) we have the correct expressions of the behaviour in time of the physical energy and momentum •• • -i. (4--/5./IA.) 
k-r�'t=O

_, 
...«<=- I O -i. 

{bµ � =- l "c_, p} ,) H""'.Jl = ± p 2 I J,::: �· I (s)>,V)= c
-i -r) I(4-,l>•llh) 

el. <(l-->= ( Jvtf*-'f"J��= �zr>, L1t-,1s.11cJ
J� r J �r . 

� f�)I ���I /ol. J 

el < HI' �) - fe1. V 1*r;)H l_a, 0/4!) 1-= -� q- <'. I-+' !,>. (4.,(5.//d)

�H- - foJ- l 'uf' 

The interested reader is urged to work out more complex cases, To summarize, this simplest possible Lie-admissible quantization exhibits the following features, (1) It is based on the conventional Hamiltonian representation and quantization of themmtlmal associated selfadjoint subsystem and then the mapping from the Lietensor wr" to the Lie-admissible tensor sr'" (t,b) which is representative ofthe forces not derivable from a potential.according IX> our Hamilton-admissible equations, 
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(2) It is entirely independent from the possible existence of the Hamiltonian 

fov the complete system ( inclusive of the nonselfadjoint forces ) via the techniques of 

the Inverse Problem and , as such, it is directly applicable to the class of systems 

considered, including and most importantly, the essentially nonselfadjoint systems. 

(3) I t  satisfies the correspondence principle. 

(4) It is fundamentally non-Lie in algebraic character and, instead, of Lie-admissible 

type. 

(5) It characterizes a covering of Heise'Ylberg's approach in the sense of directly applyin;,. 

to a broader physical context, while bei n g  able to recover the conventional Heisenberg's 

approach at the limit sf'•"➔ wr' of null nonselfadjoint forces. 

Despite these features, the above Lie-admissible approach exhibits precise limitations. The 

most impo;rtant one is that the conventional canonical commutation rules (4.15. Sb), while 

ronsistent for the selfadjoint sy stems represented by Hphye( b) and wl': are not expected to be 

necessarily consistent for the more general systems represented by Hphys (b) and si'"'(t, b). 

A simple argument is sufficient to indicate this expectation. Consider a conservative system. 

Its quantization demands the conventional canonical rules for r and p
phys = m :r . Add now to 

this system the Lorentz force. Then the quantization rules ho� for; can = 
p

phys + e A. This ., ,.. .... 
means that the addition of a velocity -dependent (in a linear way) force has changed the quantum 

mechanical form of p
phys. The further addition of non-linear, velocity dependent nonconservative 

J / 

forces is therefore expected to result in a further change of the quantum mechanical form 

of p
phys, which is contrary to rules (4.15. Sb). We shall consider t his problem below in this 

table. At this moment we content ourselves with the fact that tlle preservation of conventional 

rules (4.15. Sb) also for the considered broader system is, in the final analysis, a direct 

consequence of the rudimentary nature of the approach, a simple algebraic mutation of a 

conventionally quantized selfadjoint system. 

Our next objective is that of achieving a matrix form of Lie-admissible equations 

(4.15. Sa). This is clearly a crucial step to attempt further progress and it ls dictated by the 

fact that Heisenberg's laws, besides the conventional Hamilton's form (4.15.1) , can also be 

written in the methodologically more significant form 

::: 

- ns -

In turn, if a Lie-admissible covering of Heisenberg's approach for nonselfadjoint forces 

exists, it is expected to exist for both forms (4.15. I) and (4.15.1.2. ). 

Let us first review the derivation of Eqs. (4.15. 1.2.) via tlle transformation theory, 

At the classical level of selfadjolnt systems the Hamiltonian Hphys is the generator of a 

canonical transformation which, for an arbitrary (polynomial) function of the phase space 

b wf"' ') H i,
k

�
s 

D 

'c)�
v 

�/' A (b) J 

variables can be written 

e 

In the transition to the corresponding quantum mechanical context, the canonical transformation 

is mapped into a unitary transformation generated now by the quantum mechanical Hphys, i. e. , 

the familiar form 
1- H r�,J 

-i� A(o)e -e 

The total time derivative then yields law (4.15. 12. ), i.e., 

H r")J J 
C.4.15-/5) 

The construction of a possible Lie-admissible covering of these fundamental steps 

demands the prior knowledge of the transformation theory of the classical Lie-admissible 

equations (4. 15. Sa). An initial study of this problem is presented in ref . .2 '> . The covering 
of Eq. (4.15. i'!>) is in this case given by (Ti-I.ft. Ir• i,..) p��J 

" ,,... rv, L ') 'o H ,-zi 

A (b) = e 1; = L"," 'ob" 01"' 

� U
--

) I 

A (_b) I l4-, 1s. !6J

namely, it is a particular form of a connected Lie group constructed in terms of the base 

manifold, the generator and the parameter of a different group and such to yields a Lie­

admissible algebra in the neighborhood of the identity, i.e. , 
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sU-) A = 

.2.� 
This Is, in essence, the notion of Lie-admissible group of ref. , The important point is 

that the transformations preserve the Lie-admissible character of the equations (i, e., the 

!2E!) of our Hamilton-admissible equations), In turn, this ensures the preservation of 

11he time evolution of the system. Transformations (4,15, lb) with an arbitrary generator 
phys 2.� 

X(t, b) , rather than H only, have been called canonical-admissible transformations 

to express their meaning as a generalization of the convendo nal canonical transformations. 

In particular, the reader should be aware that our Galllei-admissible group (4. 4 , 1.) is 

precisely a group of canonical -admissible transformations, The underlying idea is quite 

simple, It is known that one of the fundamental properties of the Galilei transformations is 

that of being canonical transformations, i, e, , they preserve the Lie time evolution law for 

conservative and Ga!ilei form-invariant systems. It then follows that, in order to attempt 

a covering relativity for nonselfadjoi!tt and Galilei form-noninvariant systems, the emerging 

covering transformations are conceived as canonical-admissible transformations, that is, 

as transformations which preserve, this time, the Lie-admissible time evolution law of the 

broader systems considered, 

Before entering into a possible quantum mechanical extension of transformations 

(4, 15,{€,) the reader should be aware of the rather profound departure from canonical 
. 2.; 

transformations which is here involved. In the language of ref. these latter transformations 

are Lie identity isotopic t ransformatlons in the sense that they not only preserve the Lie 

algebra (Lie isotopy) but actually preserve the value of the Lie product (Lie identity isotopy) 

according 1n the familiar rule 

It should be here recalled that the preservation of the � of the product is crucial for the 

physical consistency of the theory, In essence, the Lie formulations reach the climax of their 

physical significance in the characterization of exact space-time symmetries and conservation 

laws, i, e,, 
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X. (b) .::: () I (4-./5. /'I)

.,; = ,, 2, 3) 
... 

In order for any transformation theory to be physically significant, the value zero of the 

above product must be preserved, On relativity grounds, if a physical quantity is conserved 

within the context of a given reference frame it must remain so for any other admissible 

frame, 

In the transition to the Lie-admissible formulations the situation is profoundly altered, 

Their central objective is that of characterizing broken space-time symmetries (e. g,, broken 

Galilei symmetry) and the consequential �conservation laws due to forces non-

derivable from a potential , Thus, Eq (4, 15,l'I) are now mapped into the Lie-admissible 

form 
(4-.15--20) 

where, as by now famlllar, the physical quantities are unchanged and their nonconserved 

character is expressed by the Lie-admissible structure of the product, 

The rather unpredictable result is that a transformation theory based on the 

preservation of the value of the Lie-admissible brackets (4.15,20) would .be 

inconsistent, This can be easily seen for the case of transformations in time. In this 

case Eqs, (4. 15,:lO) express the time rate of variation of the ·energy which, as such, is function 

of time, It then follows that such rate of variation at one given value of time is generally 

different than the corresponding rate at a different value of time, A transformation theory 

based on the preservation of such time rate of variation (i. e,, the value of brackets (4.15 . .20)) 

would therefore be inconsistent with physical evidence, The case for other transformations 

is equivalent, 

The canonical -admissible transformations are intended to characterize precisely this 

broader physical context, that is , the representation of the dynamical evolution of the system 

in a way consistent with the rate of change of the physical quantities.A study of this problem 

indicates that, for nonnull nonselfadjoint forces, the physically significant transformations 

are nonidentity Lie-admissible isotopic, that is, they preserve the Lie-admissible character 

of the time evolution law (Lie-admissible isotopy) but they do not preserve the value of the 

brackets (nonidentity Lie-admissible isotopy) as a fundamental requirement for physical 

consistency. 



- 741 -

The above features of the transformation theory of our Hamilton-admissible equations 

are sufficient to provide the needed intuitional elements for a possible quantization, Our main 

contention is that the quantization of transformations (4, 15. 1.6) must be attempted via 

nonunitary transformations, In essence, we argue that if one implements the attitude of 

preserving conventional quantum mechanical notions as much as possible also for the broader 

context considered, the net result might be physical inconsistency. For the case at hand, the 

use of unitary transformations would indeed result in a violation of the correspondence principle 

in the sense of yielding transformations which preserve the time rate of change of physical 

quantities under nonconservative forces1 contrary to physical evidence, 

Once we have identified (on purely intuitional grounds and without any technical elaboration) 

the type of transformatiomwhich is expected to generalize Eqs, (4. 15. /4, ), the next problem 

is that of its explicit form. Our criteria of selection of such explicit form are the following, 

(a) The generators of the nonunitary transformations should be expressed in t erms of 

t he product of generally nonHermitian operators, time the Hamiltonian Hphys
, in 

analogy to the classical case where the exponent of Eqs, (4.15, /6 ) can be written 

Hr�:i1n 0Hr
i

�.10 b 0r"U-h)'v- .Y..... = l; 9f-\(.�1b) wi" -·- �, (f-./L:2.1) 

' 0 b" 'tl foJA <1 � 't)V <'Jb,.. 

(b) The nonunitary transformations should yield a Lie-admissible algebra for the time 

evolution of the system in analogy to the algebraic character of the classical case, and 
'11""' 

(c) The
,_
unitary transformations should produce a nonindentity Lie-admissible isotopy of 

the generalized time evolution law, also in analogy with the classical case, 

A'l1 explicit form of the desired quantum mechanical, nonunitary transformations in time of 

physical quantities under nonselfadjoint forces which satisfies the above requirements is given 

by 

A U·) 
s-1-sl--

1 

_t_ H r
t.

'.ls (; I� H �i�s,;� If 
A(o) e / 0-· 15,;�

4
, 

I�
/ 

H 1-�'ts]to, [4 .. ts. -2:lb) 

where R and S are generally nonHermitian operators representing the forces nOl'I derivable 

from a potential, whose explicit form should be determined from the equations of motion 

as indicated below. 
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Transformations (4. 15.22) do indeed satisfy requirements (a), (b) and (c), First of all 

they constitute a covering of the conventional transformations (4, 15./'t-) in the sense of repre­

senting the additional presence of nonselfadjoint forces, while being able to recover conventional 

unitary transformations at 

A U-J = 

the limit of null value of these forces, i. e,, 

l. u rt.."'1
.;,h

e-P-< AU-·) = e A-(o) 
R,s ..... -1. 

. k-Hr"�1 
-<.'I; ({ /5'.2..3)-e 

Secondly, they produce a Lie-admissible covering of Heisenberg's law (4.15.tt) because, 

trivially, the product emerging from the total time derivative 

A " ;� ( fl, H �L
,,) . -'� ( A rz H r

L
,,_ H f l,,,; 11 ), c+.1• ,,1

is Lie-admissible (Table 4.14). Thirdly, they induce a nonidentity Lie-admissible isotopy 

of the time evolution law according to our uncompromisable condition for the lack of constancy 

of the rate of change of physical quantities, Explicitly, the Lie-admissible product (4. 15,.24-) 

under transformations (4. 15. :1.2..) in mapped into the form 

S (A, B)�= (f+ J, B')* = A ) F<-� B' - s> s�A 1
1 

io. 
- .i1 ij r

L �15 }
k R 1-1 ""�

J 

c)-::.e ,,{}2_=- e 

which is fully Lie-admissible, Neverthless the value of the brackets is not preserved because 

of the new operators R 'II and S ": This is precisely in line with the classical occurrence according 

to which the Lie -admissible tensor sf vis transformed into a new tensor under the cano n ic al -

admissible transformations, i, e,, A v 
"-)', pfio_ A (;)/;, 

"b>' _ 1" '1o). c r"l' ') � ':>' Lb, b(b>] -
- I'.) l • -..) ,,!> � rub r 

'o b jj" 

rz> t_µ 

rv «-�y' 

=I=-
{4..15.:U,) 
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We shall call transformations (4.15.22) tmitary-admissible transformations in the 

sense that they admit the conventional tmitary transformations under the limit (4.15.23. ). 

The generator of these transformations is still the Hamilronian Hphys in the sense that 

the operator R and S are fixed for a given system. This is precisely in line with the correspon· 

ding classical case whereby the generator of the canon ical-admissible transformation 

(4.15. H) is still the •total physical energy, as for the conventional canonical case, but 

now referred to a broader transformation law. More generally, this is in line with one of 

the central objectives of the Lie-admissible transformations, the use of physical quantities 

as the generators of physically significant transformations(which is prohibited for the Lie 

approach to the same systems via the Inverse Problem, as stressed earlier during our analysis). 

On relativity gro=ds, the generators of our Galilei-admissible transformations (4. 4.1) are 

precisely the conventional Galilei generarors and, as such, quantities with a direct physical 

significance, The covering transformation law for the preservation of the time evolution of the 

systems and their form invariance is then constructed via a Lie-admissible mutation of the 

structure of the transformation to which such physical generators are applied. These notions 

are clearly crucial to attempt a covering of the Galilei relativity. 

As indicated earlier, for a given system1the explicit form of the Rand S operarors 

must·be computed via the equations of motion. Alternatively, the assumption of an explicit 

form of these generators in according with the general properties (4.15. !l2b) implies 

given non�elfadjoint forces. A formal solution of the former case is the following. Eq. (4.15.2�) 

applies for arbitm ry (polynomial, for simplicity) quantities A . -Thus it applies in particular 

for the variables b I" . This yields the desired alternative fo;m of Eqs. (4.15.8<\), i.e., 

"'" ,,z. 

±_ ( b}-1, H r�':lr) =: -!=- ( i/1 R H���J_ H f,L�J5 b"),
,a 4 +i u-- 1�.2.7; 

as a covering of the corresponding Heisenberg's form 

b,µ-= � [b�1-ir1..,;J == :- (kkHr�., J_ H r�'jJt ).
.A<-"1,i A,ij ,j� _ (4-./'i.2�) 

Suppose now that the equations of motion are known and the explicit form of the R and S 

operarors is needed. Then we can write in a selfexplanarory notation 

i .,: :
h 

( t./ 1-1 ri.,,) = 

f �\(r1J-lf l.��=

The � solution is then given by the system 

h (1-'-' .::- -t.) 
I ,- I 

1 � ,z,-' � tr' --1:: z-'H 5 "2. H-' ,
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(4-. /5.:l.9t1..) 

==A.� r'i:'r-ik 1r'(i-tF) t-,-!c1t-.J9.JoJ.)

We are now equipped to consider the problem of the expected generalization of the 

canonical quantization rules (4.15. 8b) for the broader systems considered. With an understanding 

that such a problem is of considerable complexity, the following considerations might have 

some value for the interested reader. 

One of the fundamental dynamical aspects of the classical treatment of Lie-admissible 

formulations is the loss of the familiar, fundamental Poisson brackets 

{_t. /!i. 3 I)

in favor of their Lie-admissible covering 

Under the assumption that the (if)= (r,lhys) variables have the by now familiar interpre­

tation and nonselfadjoint forces occur, the inapplicability of brackets (4.15.!,1) is a funda-
2.?> 

mental dynamical prerequisite. At this classical leve\ brackets (4.15, 31) can in principle 

be formally introduced, but they have no dynamical role because the Lie brackets have 

lost their meaning as characterizing the time evolution law. As a matter of fact, their 

use could be potentially misleading, if not properly interpreted. 

An elaboration of this latter case is in order. Consider a Kepler system in a dissipative 

medium represented with Lie-admissible formulations and let Mphys and fl'hys be the 
...... 
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physical angular momentum and energy, respectively, In principle one can certainly compute 

the Poisson brackets between these quantities 

o. (I., 15.33]

This computation, however, is mathematically consistent but physically vacuous for the system 

considered, Indeed, if physically interpreted, Eqs. (4,15,33) imply the conservation of 

the angular momentum which is contrary to experimental evidence ( the system considered 

tends J:O rest in a finite period of time), In actuality, Eqs, (4, 15. 33) express a known 

property of the maximal associated selfadjoint system (the conservative Kepler system) 

and not the trufphysical property of the complete system inclusive of nonconservative forces, 

In conclusion, the use of the Lie product for nonconservative systems represented with Lie­

admissible formulations has no physical meaning, even though formally definable. This 

is the case in general of the Lie product of arbitrary quantities and thus, in particular, of 

the (r, pphys) quantities, It then follows that the correct expression under the conditions 

considered are Eqs, (4,15.�2) and not Eqs, (4.15. 31. ). 

In the transition to a quantum mechanical formulation a fully parallel situation is 

expected to occur, Specifically, we expect that for the Lie-admissible context of covering 
v be 

laws (4, 15.27) the Lie product of the operators !l'and b can indeecl'formally defined, 

as in Eqs. (4. 15. 8b) but, first of all, we do not necessarily expect that such product has 

the value i � wl'""and, secondly, such a product is not expected to have physical meaning 

because the formulation is non-Lie as a fundamental dynamical prerequisite, 

It seems therefore natural to search for a possible Lie-admissible generalization of the 

fundamental canonical commutation rules, as the basic condition for the quantum mechanical 

characterization of the quantities b r . The objective is therefore that of identifying a 

quantum mechanical covering of the classical Lie-admissible equations (4. 15,32 ). 

Our conjectural argument is mainly by analogy with the classical case. We note that 

the Lie-admissible structure of the product of the time evolution law, Eqs. (4. 15.8<1. )1and 

of the fundamental dynamical brackets, Eqs, (4.15.�2. ), coincide, We therefore argue that 

at the quantum mechanical level the ½e-admissible structure of the product of the time 

evolution law, Eqs, (4.15,27)
1
and that of the fundamental brackets should also coincide, 
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We reach in this epistemological way the proposed Lie-admissible covering of 

Heisenberg's equations 

--L. ( b� H""'Jlj = .;� ( b}-IR H },
L

�� ij p�':1)5 I/) (l-,/5,3¥-a.)

,i: � 

( b� 6�) = b},I Rh'-'_ b'') 5 � = ,i· t s
)'.V o-, bJ I 

;,�l.2, 

where SI"" (t,b) is the operational form of the Lie-admissible tensor of Eqs. (4,/5' . .3,2,), 
Besides a full analogy with the classical case, an intriguing aspect which support 

the Lie-admissible quantization rules , Eqs, (4.15,3�b) ,  is that they allow the preservation 

of the classical limit in full analogy with the conventional Lie case (the so-called Dirac's 

limit), under certain restrictions on tl:te R and S operators, 

In our unified notation, the conventional case can be written (for polynomial functions) 

i .... :-L il+,B] = .e,.,,j[A( i.)B - BC -t.)A1
-1;;_,,.,.(� i-"'o 

e.,,., �{(A t- 'vA b,/,\)(1 )(B -t-
'c) � bv)-(13/vB 1t)l t.)fii _;oFi b,,J_

!i--=-�� �b>' 'l>bv vbv \ 'ob"" � 
.e.-.... � 'tlA loB l- b"'Cti)bv_ by(r-t.)!;'l= e'». '!-- QA 'i)� ,4'ijw)d

=ot➔ol� '<) k/' 'i) lov 
J �.,,o -< �'ob'"'ob 

_ L-A n:] l4---t'S. 35) - ID Cf'..H.;4'. e 
where, as well known, the quantities A, Band their partial derivatives are classical 

functions and the b-variables are operators.I_n full analogy we have for our Lie-admissible 

covering case 

�� � (R, B) ::: 
t-'!>o 

e,,<A< ilA Re, - B s A J 
{...,o 



-:::. .1:..S AB (tc-s)+ ig'Z>B 1Rlt- �s)
-t�L 0bl'

'" 

+ B 0A (&," R _ s t,V)
<vb"

+ <v A <vB
'<>b" "ubV 

<2) A 'a B sl"v
{_t-,b) -t- gM,f

'v b)'. � b v l�o
{AB(f-s) 
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+ Al) B / R- V'- i!'s) + B 'o� ( bv 
1c - sl:t)J.

. r-ubr l . r,) b 
Therefore, llllder the conditions that the R and S operators depend on !!lanck 's constant 

in such a way that 

,&..u., (t'?.S)=o 
1 

k ➔o 
the classical Lie-admissible brackets are recovered identically, i.e., 

(.4,/S-37) 

The covering nature of Eqs. ( 4. 15. 34) over the conventi�nal Heisenberg's equations 

Tb'", H �l.
�

t
] ,=. .1:.. I 6,M H l-l,

'll_ Hl-�1J bM)J ( 4.. /5-3r✓
) � \_ 

::, t/'bv_bvh.fl_ .:t wl" "' 
i 

(1;.. 1s . 39b) 

is expressed by the following properties, First of all, Eqs, (4.15. 34) satisfy our 

"llllcompromisable condition of compatibility" with Eqs. (4.15. 39), that is, the capability 

of recovering the latters identically at the limit of null nonselfadjoint force,s, i, e, , 
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Secondly, Eqs, (4, 15. 34) apply to a class of physical systems (n0nselfadjoint) which is 

broader than that of Eqs. (4.15. 39) (selfadjoint). Thirdly, Eqs. (4.15, 34) are nontrivially 

different than Eqs, (4.15. 39) in the sense of demanding broader methodological tools for 

thelr proper treatment, In this latter respect, we have emphasized in this paper only the 

algebraic profile, in the sense that Eqs. (4.15, 39) are stricly Lie in algebraic structure 

while Eqs, (4.15. 34) demand the use of the covering Lie-admissible algebras. Neverthless, 

the reader should be aware that, at a deeper study, Eqs, (4.15, 34) also demand the use of 

broader operational approaches than those of Eqs. (4.15. 39), the latter being essentially 

those of Hermitian operators in Hilbert spaces, Indeed, there is no a priori reason why 

the operators bf, solution of Eqs, (4. IS. 34b� should be Hermitian and more general operator 

structures (capable of recovering conventional Hermitian structures at the limit of null 

nonselfadjoint forces) become admissible, It then follows that the basic carrier space 

is not expected to be necessarily of Hilbert type and, again, more general spaces become 

• conceivable. These latter aspects are considerably involved on technical grounds and they 

will be left as open problems in this paper, 

In essence, one of the objectives of this paper is to stimulate the experimental verification 

of the validity of established quantum mechanical laws within a hadron. For this purpose, as 

we shall indicate in Table 4. 21 , it is sufficient to know that generalizations of the Heisenberg's 

equations which: 

(I) apply to nonselfadjoint systems, 

(2) are a covering of the conventional equations (in the sense indicated earlier) and 

(3) are strictly non-Lie in algebraic character, 

are conceivable on grollllds of our current knowledge. Indeed, these occurrences are sufficient 

to cast shadow on the currently assumed "universality" of the established quantum mechanical 

laws, that is, their lllllimited applicability to the entire microscopic structure of the physical 

universe, beyond the arena for which they were conceived and experimentally proved to be 

conform to physical reality: the atomic structure.
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To emphasize this profile, we shall continue to preserve the terms of atomic mechanics 

to denote the conventional quantum mechanics, but restricted to the arena in which it has 

been exprerimentally proved to be conform to physical reality in its entirety. We shall then 

aiso preserve the terms of hadronic mechanics to first stress the lack of currently available 

unequivocal experimental verification of the former mechanics for the hadronic constituents, 
as well as the possibility of the emergence, In the final analysis, of a covering mechanics 

for the new layer of physical reality. To complete our epistemological analysis, we shall 
then use the terms nuclear mechanics to denote the possible existence of an Intermediate 

layer of formulations between those of atomic and hadronic type. The reader should be aware 

of the preceding analysis in this respect. Conventional quantum mechanics as currently known, 

when applied to the nuclear structure, produces results in excellent agreement with experimen­

tal data. Neverthless, the problem of the nuclear forces is still open as of now. If the strong 

hadronlc forces will result to be of nonselfadjoint type, this will inevitably demand a reinspection 

of the laws used in nuclear physics. The net effect is that the departures of a conceivable, 

broader, nuclear mechanics from the atomic mechanics can ut most be of very small value. 

This is precisely the nature of the intended intermediate character of the nuclear mechanics 

with respect to the conceivable finite and nontrivial departures from established laws we are 

here considering for the hadronic structure. Also, this is in line with our epistemological 

argument related to the possible physical origin of forces not derivable from a potential 

(Table 3.1). Indeed, if these more general forces are due to the extended nature of the 

constituents when bounded at distances of the same order of magn1 tilde of their ,charge 

volumes, the contributions which can be expected at the nuclear level can ut most be very small, 
while large contributions can be expected only at the hadronic level. 

In line with these remarks, it is of some significance to indicate possible variations or 

particularizations of Eqs. (4.15. 34). First of all, when reinterpreted from this profile, 

the conventional Heisenberg's equations emerge as the algebraically fundamental equations 

of atomic mechanics, while Eqs. (4.15. 34) emerges as the intended equations of corresponding 

fundamental algebraic character for the hadronlc mechanics, and we shall write 

) i;::; j (� H
i,i.

'.1)HM
(_ 4-. /5. 4-1-) 
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To keep the proper algebraic perspective, the reader should however be aware that 

the product of an algebra, as stressed in Table 4. 15, is by no means unique. This implies 

that what we are primarily referring to when considering hadronic equations is the Lie­

admissible character and not the explicit structure of the product as given in Eqs. (4. 15. 34). 

To be specific in this truly crucial point, the structure of the product characterized by the 

time evolution law (4.15. 34), besides having been conceived for the case with one space 

dimension, is not intended to be unique and other explicit forms are conceivable. What 

appears to be of fundamental relevance on a number of counts (such as, compliance with 

the correspondence principle, preservation of the Lie-admissibility rule, relativity and 

other aspects which will be indicated in the subsequent tables) is that such a product ls 

Lie-admissible. The study of these alternative forms of the product will be left to the 

interested reader. 

What ls more significant for the objectives of this paper ls the study of conceivable 

particularized forms of Eqs. (4.15. 34). These are essentially the following. 
(A) Particularized forms of Lie type. When studying Lie-admissible formulations, 

both classically and quantum mechanically, the reader should always keep in mind that 

Lie algebras are Lie-admissible (Table 4. I�. Thus, Eqs. (4. 15. 34) can indeed be Lie 

as a particular case other than the limit case (4. 15. 4-0 ). Indeed, for R = S Eqs. (4.15. 34) 

become Lie In algebraic character in the sense that the product 

::::: ARB -BRA

satisfies the Lie algebra identities, although it is predictably of a nature more general 

than that conventionally used In the quantum mechanical treatment of simple selfadjoint 

systems. A second Lie subcase is given when R = S = f(t) in which case the product 

is trivially Lie . The third and last subcase ls when R = S = o< = constant, in which case 

the product 

(4-, 15'-4-4-} 
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is also trivially Lie, On algebraic grounds all these cases belong to the isotopic degrees of 

freedom of the universal enveloping associative algebra. If we denote with J-z such 

an algebra with associative product AB, the conventionally used Lie product in contemporary 

quantum mechanics can be more properly written in the language of Lie-admissibility 

The mappings 

[A
I 
BJ = Ft B - BA

Jt ,J 

ft : A P-> -=f;> f?L 11< A � 13 = A RB ) f U·J 11-B,, °' A 13,

1<' {Io{ =J?�� -.I A ..... .;r.� f«, 
C4-- fli. �,) 

characterize isotopes J, >JI. of df because they preserve the associativity of the product, 

Thus, all Lie subcases of our Lie-admissible equations (4, 15, 34) can be written 

In conclusion, our Lie-admissible equations Indicates the possible existence of dynamically 

meaningful degrees of freedom of the Lie algebra product in quantum mechanic� of potential 

interest �or the transition from the atomic to the nuclear or hadronic level, The interested 

reader is urged to inspect the corresponding classical context of ret.'
2

'2.,, where the conventional 

Hamilton's equations are replaced by the broader Birkhoff's equations which emerge as being 

an analytic, Lie and symplectic covering of the former �n the sense of being more 

general than the former, neverthless capable of preserving (a) analytic mechanics in its 

entirety, including the characterization of the time evolution law, derivabllity from variational 

principles, transformation theory, etc,, (b) the Lie algebra , in the sense that the generalized 

brackets characterized by Birkhoff's equations are perfectly acceptable classical realizations 

of the Lie product and (c) symplectic geometry, in the sense that in the transition from 

Hamilton's to Birkhoff's equations we simple have the transition from glomlly Hamiltonian 

to locally Hamiltonian vectorfields without altering the symplectic nature of the applicable 

geometry) 
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If we recall the relationship between our Hamilton-admissible equations and Birkhoff' s 
,z,; 

equations (for simplicity we here conslqe:r the autonomous case only) 
• y fl.l.'jt 

G Lb) b ri) tl = D s y = 'o� 
� �bv J r �� 

0/ 

we can conclude by saying that the following Lie particularization of Eqs, (4.15, 34) 

emerges as a conceivable quantum mechanical form of Birkhoff's equations. 

(B) Particularized forms of finite, flexible, mutational nature, Let us recall that one 

of the most significant, nontrivial Lie-admissible algebras (i, e,, those of non -Lie type) 

is given by the so-called ft ( >,., JA) -mutation algebras of an associative algebra 

with product (4. 14. {4 ), where A and /A are functions of time or elements of the field 

(assumed of characteristic zero throughout this paper). Thus, a nontrivial particularization 

of Eqs. (4. IS. 34a) is given by 

[io)-1/ H ���) = : C � bl< k ,,i.,J_ t H��)

J 

it')/ 
,( 4 

C4Js-s-cv 

,A-=tt.f'; >-,r#o.
The above equations can be significant on a number of counts, as we shall indicate better later 

on, At this point let us stress that the R and S quantities, in a genuine Lie-admissible context, 

are expected to be operators satisfying Eqs. (4.15.22 b). Thus, Eqs. (4. 15, 5'0) can be 

interpreted as an approximation of Eqs. (4.15. 34a), In principle, Eqs, (4.15. 5'0) could be 

derived via the following procedure, Classical brackets are often computed along the actual 

path (i. e,, the solution of the analytic equations inducing the brackets), For the Lie-admissible 

brackets this implies the reduction of the Lie-admissible tensor sr"<t,b) to only a dependence 
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on time, i.e. , 

c ?.t'i. 5,J 

A Lie-admissible quantization of this context could conceivably give Eqs. {4.15. 5 O). The 

paint is that the nonselfadjoint equations we are primarily interested In are generally nonlinear 

in the velocity {to yield a nontrivial generalization of the Lorentz force). Thus, their solutions 

are of qulte difficult computation indeed. Lacking the knowledge of the solution s, empirical 

approximation techniques might be of some value, e.g., for qualitative results, particularly 

for the line of study of this paper {study of conceivable departures from established laws 

characterized by nonselfadjoint forces). In conclusion, Eqs. {4.15. 5 o ) might be of some value 

as an approximation of the expected more general equations {4.15. 34a). 

The reader should be aware that Eqs. {4.15. SO) are genuine Lie-admissible in algebraic 

character and, thus, they are outside the class of equations characterized by the isotopies 

of the associative algebra. This can be seen also from the fact that the fundamental rule of 

Lie-admissibility for Eqs. {4.15. 'fO ) can be written, instead of Eqs. {4.15.� 7 ), in the 

form 

[A I BJ :::(A,P>) - CB, A)
4, 

where /.A Is the �ssoclative algebra R { A,)" ).In actuality, the equations under 

consideration belongs to the covering Lie-admissible genotopic degrees of freedom of the 

associative algebra to characterize a Lie algebra {which are Inclusive of the simpler isotopic 

degrees of freedom considered earlier). In the finsl analysis, this is the fundamental 

algebraic aspect of the Lie-admissible approach to nonselfadjolnt system: the characterization 

of a Lie algebra via a product which Is not necessarily associative .. 

{C) Particularizations of Infinitesimal, mutational character. Eqs. {"!. 15. 34) and {4.15. 5 O) 

produce a finite nontrivial departure from the conventional methodological context of atomic 

mechanics and, as such, they are expected to be Inconsistent. with the nuclear phenomenology. 

{they are strictly hadronlc In Intended use). It might therefore be of some value to identify 

an algebraic characterization of the aforementioned notion of very small departure 

from atomic mechanics as the only cancel vable character of a possible nuclear mechanics. 

This objective is rendered alii:ebraically possible by the Infinitesimal mutation algebras 
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Jt (It 'i:.1 I- z. ). The particularization of Eqs. (4. 15. 34a) we are here referring to is therefore 

of the type 
• . ).,� ) -

� 
�!.�I /,1.';)J /}<

J 6"'= :h.. (b�, Hr � 1 
-= .::b- k{(i+�)l-\ -{i-�)H .b 1 

l ;� 
= -i\ I f:/\Hf"'j.11 + ,;� [ b�{-1 ,."�'t f �<0. (4-./S. B) 

Intriguingly, the above equations can be interpreted as the quantum mechanical version 

of the so -called Duffin' s equations It-'l 

which were conceived and studied to treat electrical clrcults with infinitesimal internal 

losses. The Important point is that the algebra characterized by Duffln's equations via 

the brackets 

is genuinely non-Lie but Lie-admissible in algebraic character 2.. 
7 

although the departure 
I I 

' 

from the Lie-structure is infinitesimal by conception. This is precisely the intended algebraic 

character for a conceivable nuclear mechanics, as preserved by Eqs. {4.15.53) in its 

entirety. The reader should be aware1from the analysis of Section 31 that all generalized 

equations considered in this table are referred to the motion of � particle within 

a hadronic or nuclear context and not to the characterization of a nucleus or a hadron as 

a whole. The reason is by now familiar. The motion of a particle under the conditions 

considered is expected to be genuinely nonconservative In the sense of being characterized 

by generalized forces of either finite {hadronic layer) of infinitesimal {nuclear layer) nature 

which are nonconservative at the Newtonian limit. This does not prohibit that a hadron 

or a nucleus as a whole Is in a strictly conservative conditions as far the total quantities 

are concerned and when the state Is considered as isciated from the rest of the universe. 

It is merely our way of expressing the expectation that the hadronic and nuclear constituents 

are in a dynamical state more general than that of the atomic constituents, In turn, the only 
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conceivable way to attempt a genuine characterization of these broader dynamical conditions 

is by attempting the construction of broader laws. 

To summarize (and somewhat elalx>rate) the content of this and the preceding table, 

the following three comi:j:,mentary approaches to the quantization of nonselfadjoint forces 

are conceivable. 

I - Quantization via the theory of abstract algebras . This is the approach which 

has been studied in this paper for systems with local, class C 00 and arbitrary Newtonian 

forces. It is essentially characterized by the mutation of the Lie algebraic character of 

Heisenberg's laws into a covering Lie-admissible character, where the departure of the 

generalized product from the conventional Lie product is a direct representative of the 

forces not derivable from a potential, according ID the schematic view 50 

Classical 
level 

Quantum 
'ineciiaiiical 
level 

Selfadjoint systems 

b." - [ b"' Hr
L

'>'J - I 
lf. 

Lie 
isotopy 

' 
it= J lb'',t-1r�'>J 

Lie-admissible genotopy 

Nonselfadjoint systems 

i/'.,,. ( b/-1/ H i,
i.

�le 

Lie-admissible 
isotopy 

1 

Lie-admissible genotopy _ (/ c ;t (h� H�4�_')

II - Quantization via the differential geometry. The currently available studies of 

quantization via the symplectic geometry '.?,2. are expected ID be extendable to the 

quantization of Birkhoff's equations (owing to the preservation.of the symplectic character 

of Hamilton's equations indicated earlier.). It is hoped that this study is indeed performed 

by the experts of the field. The reason is that the Lie content of Eqs. (4, 15. 34a) is of 

the quantum mechanical Birkhoff's type ( 4, 15, 4-? ) and � of the conventional Hamilton­

Heisenberg's type (4.15.}iQ..), the latter being identically recovered only at the limit of 
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null nonselfadjoint forces. Therefore, the study of the quantization of Birkhoff's equations 

is expected to be of valuable methodological nature for Lie-admissible approaches. 

It should be stressed that such symplectic quantization (for either Hamilton's or 

Birkhoff's equations) is expected to be fundamentally inapplicable to the Lie-admissible 
. 

2� 
equations owing to their nonsymplectic character, as studied in refs. and briefly 

indicated in Table 4. 4. 

It is hoped that the the construction of the covering geometry which appears to be 

needed for the Hamilton-admissible equations (tentatively called symplectic-admissible geometry 
. 2:, 
m ref. ) is actually performed by the experts of the field, possibly, under the 

classical and quantum mechanical profile, This would provide invaluable methodo\ogical 

insights for the study of forces more general than those derivable from a potential, In 

any case, the study of the geometrical profile appears to be a necessary complement to 

the algebraic approach to quantization, perhaps, in a more pressing form than that 

for the conventional quantization of selfadjoint forces via the trivial Lie product AB-BA. 

III - Quantization via the functional analysis in abstract spaces. It is an easy prediction 

that the quantization of nonselfadjoint forces cannot be considered as completed until the 

operational character of the symlx>ls at hand and the space in which they act (inclusive 

of the field itself-wh<ter that of complex numbers, or quaternions or octonions)are properly 

identified. This is the area in which this paper is most deficient. lt is hoped that this aspect 

too is sufficiently studied in due time. 

In relation to the physical arena of applicability of the considered formulations the 

following classification might have an epistemological value. 

LIE ALGEBRAS-ATOMIC MECHANICS with dynamical equations 

b ,M <:: 3=-. ( 1)-\ H r"�s)LA r1.;1 .:f:- ( h'1 H r4
:,� H r"�j J!' ), 

; i 
I A M " k ( 4-. /!,. 56)

FLEXIBLE LIE-ADMISSIBLE ALGEBRAS-NUCLEAR MECHANICS with dynamical equations 

(h'1/ 1-1"'�:i)LA ..i� 1... ltc,.,.�>H�::i' Hr��'o-i)l/'],
l'IM -i If (4-. Jr;. 57) 

GENERAL LIE-ADMISSIBLE ALGEBRAS-HADRONIC MECHANICS, with dynamical equations 

(l/ � H ,,�'1: Hp��J5 (;f),
{4-. / £'_ 5�) 



- 757 -

where LA stands for the common algebraic character 
I 

Lie-Admissibility. 
Intrignlngly, according to this view, each of the three algebraically meaningful classes 

of (nonassociatlve) Lie -admissible algebras (Table 4, 14) has a corresponding layer of the 

microscopic world. It should be stressed that the approximate character of Eqs. (4.15, $" b ) 

(�ing ·nonrelatlvistic) becames stronger in the transition to the covering equations (4. 15.S7) 

and (4. 15, 5.8) in the sense that, besides their nonrelatlvistic nature, these equations are 

based on the approximation of expected nonlocal forces not derivable from a potential via 

local forces of the same analytic character, A tentative identification of the arena of 

potential applicability of these latter equations is presented in Section 5, 

We cannot close this table without touching on the representation of nonconservative 

systems with the conventional Heisenberg's equations but, of course, via generalized 

Hamiltonian structures. This possibility is offered by the very existence of generalized 

Schrodinger's equations (Table 4 .  8), Consider nonessentially nonselfadjoint systems 

satisfying the restrictions of Tables 4, :> , 4, � and 4. 7 , Suppose that the conventional 

canonical quantization of the generalized Hamiltonian representations produced by the Inverse 

Problem results into a Hermitian operator Hgen with Schrodlnger-type equation (4. 'J. 2 ). 

Then the conventional methods for the transition to Heisenberg's representation are 

applicable on formal grounds , yielding 

• f\ 
a, =: 

Heisenberg's equations 

= -L I�/" 1--/if
"-"

_ H �v.a!') 1 

l k l U- 1;. 5"1a..J 
(4,.. /':i.5'/b) 

On a comparative basis between Eqs, (4. 15. 34) and (4. 15, !,� ), the latter possess 
the conventional structure of conservative quantum mechanics and therefore preserve the 

underlying methodology. Neverthless the algorit hms at hand lose their direct physical 

significance as a necessary condition of physical consistency, The opposite situation occurs 

for the former equations in the sense that all the algorithms at hand have a direct physical 

significance by construction, but the applicable methodology must be necessarily generalized 

to account for the nonselfadjoint forces, It is hoped that a judicious interplay between both 

these equations, wheneber jointly applicable, might be of assistance in avoiding a most 

insidious trap of nonconservative mechanics: the physical meaning of the mathematical 

algorithms at hand. 
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But perhaps the most significant differentiatioJJ between the equations considered is 

that Eqs, (4, 15,5 'l ) are vitally dependent on the capability of computing a Hamiltonian 

via the methods of the Inverse Problem and, thus, on the related integrability conditions 
.2,1 

for the existence of such Hamiltonian, On the contrary, Eqs, (4.15. 3',-) have been conceived 

to be independent from such a Hamiltonian representation of the complete system (inclusive • phys of nonselfadjoint forces) and result to be characterized by the total energy( H ) and the 

nonselfadjoint forces responsible for its nonconservation (the Rand S operators). Thus, 

the latter equations are potentially applicable also to the class of systems which violate 

the integrability conditions of the Inverse Problem. 

Irrespective of these differentiations or possible complementarity, the reader should 

be aware of a number of problematic, yet unresolved aspects of Eqs. (4.15,!:,'j) whenever 

used for forces not derivable from a potential. These aspects have been studied in details 

in refs.;;-i. Here is a brief summary. The Schrodinger's and Heisenberg's approach, 

by no means, exhaust the available possibility of quantum mechanical formulations. For 

instance, another significant approach is offered by Lagrange's equations 

of course here interpreted in an operational form equivalent to that of Heisenberg's 

equations. The reader should recall in this respect that the Lagrangian approach becomes 

fundamental in quantum field theory as currently known. Thus, the following remarks have 

a particular meaning for the quantization of nonselfadjoint field equations, besides that for 

Newton's equations. 

One of the fundamental conditions to reach a consistent quantization via Eqs. (4. 15.5'1) 

is the equivalence with Eqs, (4. 15. 60). The central problematic aspect we are here referring 

to is that such equivalence is generally lost at the quantum mechanical level ,whenever 

nonselfadjoint forces are considered. It is here crucial to indicate that when the forces 

are selfadjoint, the quantum mechanical Lagrangian and Hamiltonian formulations are 

fully equivalent, Thus, the .consistency problem we are here referring to is strictly 

dependent on the nonselfadjoint character of the forces and it is strictly a quantum mechanical 

occurrence. 

More specifically, at the classical level, it is easy to prove that Lagrange's and 

Hamilton's equations are equivalent for all Lagrangians of class C ""and regular 
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and for corresponding Hamiltonians constructed via the conventional Legendre transform, 

Irrespective of the functional structure of these functions. This implies that generalized 

structures of type (4. 6 . 1.. b ) are fully admissible, without affecting the equivalence 

of the two approaches considered. This crucial aspect can, of course, be better studied 

within the context of the integrability conditions for the existence of a Lagrangian <r a 

Hamiltonian and we refer the Interested reader to refs�/ for a detailed analysis. 

In the transition to the quantum mechanical level, the situation results to be. 

different. In turn, this Is another indication of the fact stressed troughout our analysis, that 

conventional quantum mechanical !mowledge can be considered solidly established :at both the 

quantum mechanical and quantum field theoretical level ONLY for systems representable 

in their entirety with the trivial structure L
tot = Lfree + Lint' that is, when the forces are 

derivable from Lint , while the case of more general systems demands 
a fundamentally broader approach. 

First, it is essentially to indicate that the consistency problem under consideration is 
� for the most representative force derivable from a potential, the Lorentz force. 

The conventional Lagrangian structure for the quantum mechanical treatment of this case 

has a (symmetrized) structure of the type ( with Lint necessarily linear in the velocities) 

The corresponding (symmetrized) Hermitian Hamiltonian is induced by the Legendre 

transform 

The quantum mechanical Lagrange's and Hamilton's equations 

can then be trivially proved to be equivalent. Conventional quantization techniques emerges 

again as being consistent for the case of the Lorentz forces, At a corresponding field theore­

tical level, conventional quantization techniques can correspondigly be proved to be consistent 
for gauge theories (whose Lagrangian densities L. are also linear in the field derivatives). 1nt 
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As by no familiar, a sufficient condition for a force to be nonselfadjolnt is that it is 
non linear in the velocity, We consider then the simplest possible analytic generalization 

of the Lorentz force, that is, a force which is quadratic in the velocity. This is precisely 

the simplest possible eletonic force of Section 3. By ignoring forces derivable from a 

potential because inessential for our context, the simplest possible generalized Lagrangian 

is therefore of the type 

The (Hermitian) canonical momentum is then given by 
(4. IS- 65) 

The use of Lagrange's equations then yields the equations 

Heisenberg's equations then yield 

and, as such, they are inequivalent to Lagrange's equations (4.15. (,, G), unless a number 

of restrictions on the G-function are introduced. This is here interpreted as a rather 

nontrivial Indication that conventional quautization rules which have proved to be consistent 

for the atomic structure and underlying forces, !!!!_ to apply to expected more general 

forces for the hadronic(as well as n:nclear) · • structure and that the study of fundamentally 

broader quantization techniques should be undertaken for the intent of identifying the 
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departures (rather than the preservation as much as possible) from conventional laws 
which are expected for the broader physical context considered. 

The technical reasons for the breakdown of the equivalence of conventionally quantized 
Lagrange's and Hamilton's equations for nontrivial generalizations of the Lorentz force 

51 
are studied in details in refs. and they will not be reported here for brevity (they are 
related also to the breakdown of the quantum mechanical version of the chain rule of 
differentiation). 

Most significantly for the analysis of this paper, the above occurrence indicates that, 
despite a number of papers on this subject, extreme scientific caution should be exercised 
in quantum field theory before claiming a consistent quantization of the so-called chiral 
Lagrangians 

via customary quantization techniques which are established for the trivial structure 

Ltot = L
free 

+ Lint
" Indeed, Lagrangians (4. 15. 6Y) are precisely representative of 

genuine nonselfadjoint field equations (3. 5.'jQ..), that is, field equations with nonlinear 
derivative couplings. The reader is here encouraged to properly interpreted the implications 
of this occurrence. Strictly speaking, the inconsistency here considered for the conventional 
quantization of Lagrangians of type (4.15.i:.9) implies that the entire methodological horizon 
of conventional quantum field theory (propagators, Feynman diagrams, scattering 
amplitudes, dispersion relatlom, etc.) is in question. A detailed critical inspection of this 

quantum field theoretical profile will not be conducted here to avoid a prohibitive length of the paper. 
In conclusion, interested and receptive researchers are discouraged from the use 

of the conventional Heisenberg's equations (4.15. 5 q ) for nonselfadjoint forces until the 
problematic aspects here considered are resolved in their entirety. Almost needless to say, 
a similar scientific caution is suggested for our Lie-admissible equations (4.15. 34) until 
studied to the necessary extent. 

TABLE 4. 16: KTORlDES LIE-ADMISSIBLE QUANTIZATION. 
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As Indicated earlier (and as studied in details in ref. 22 ) the notion of Lie-admissibility 

AB-BA = LIE , AB= associative 

is at the very foundation of Lie's theory, only expressed in its simplest possible form, 
the associative form. In turn, the same notion is clearly at the foundation of quantum 
mechanics as currently known (the atomic mechanics in our terminology). 

The study of the more general notion of Lie-admissibility 

(A, B) - (B,A) = LIE, (A, B) = nonassociative 

brings into focus a number of aspects of the abstract approach to Lie's theory and, thus, 
of quantum mechanics, which are customarily ignored in conventional treatments. 

The most significant of these aspects is the crucial physical and mathematical role 
of the truly fundamental algebra, the universal enveloping associative algebra JL of 

� u
a Lle algebra r,l, . This role is properly identified in the mathematical literature, but 
conventional treatments in the physical literature on both Lie's theory and quantum 
mechanics are often conducted without rf'ference to the envelop .fl :--; then follows that 
quantities of fundamental physical significance, such as the square of the total angular 
momentum l , remain algebraically undefined because they are clearly outside the 
Lie algebra Itself, the SU(2) algebra for the case considered, while the algebra which 
actually allows the computation of the product for physical applications, the associative 
envelop, ( f = 0 for SU(2)), has not been properly treated. 

In the transition to the Lie-admissible quantization of nonselfadjoint forces this 
occurrence acquires its proper light. Indeed, now the product (A, B) is not even Lie, to 
begin with. Thus, its Interpretation as the product of a nonassociatlve but Lie-admissible 
envelop of a Lie algebra becomes crucial for an In depth study. 

In short, In the transition from the Lie quantization of selfadjolnt systems to the 
Lie-admissible quantization of the more general nonselfadjoint systems It ls the universal 
enveloping associative algebra of the former which is actually mapped into a nonassociative 
Lie-admissible genotope. 

In turn, this purely algebraic aspect has crucial physical implications related 
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to the problem whether fundamental physical quantities such as 1
2 

,under the presence of 

nonselfadjoint forces, should be computed in terms of the associative Lie-admissible 

envelop, I. e. , 

J j- - Gi.ssoco..-i-;::rc:, 
')( >< -

(4. U,-3) 

or in terms of the nonassociative Lie-admissible envelop, i.e., 

(I
,.
/ J

.,,.
) = N ........ 11oc-.. --;;-....,,. 

(4-.16.1,,.) 

Still in turn, this has fundamental physical implications with respect to a crucial part of 

our analysis, to be studied in Table 4.19, whether in the transition from motion in vacuum 

under electromagnetic forces to motion within a hadron under electromagnetic and strong 

nonselfadjoint forces,the conventional atomic notion of perennial value of the spin persists 

or it is subject to a finite mutation. 
A number of fundamental contributions for the proper treatment of these issues _ 

�7 �z

have been made by C. N. KTORIDES in a first paper of 1975 and in a recent paper of 1978 

In essence, this author has first indicated the existence ofa consistent nonassociatlve 

Lie-admissible generalization of the Poincare-Birkhoff-Witt theorem (which is at the founda­

tion of the theory of Ji ), i.e., the Poincare-Birkhoff-Witt-Ktorides theorem of ref.,2-; 

in which the approach is extended to general Lie-admissible envelops. As we shall indicate 

during the course of our analysis, this first contribution by Ktorides has fundamental 

physical implications because it established the rigorous methodological context for the 

proper computation of powers of the of the elements of the basis. A second 

contribution by Ktorides has been the r-einspection of Dirac's quantization for the conventional 

case of selfadjoint systems to identify the role of the associative envelop tfi. for the proper 
52. 

quantum mechanical treatment of powers of operators. The emerging broader quantum mechanical 

context recovers the results of Dirac's quantization in their eµtirety. We simple have the 

shift of the methodological emphasis from a Lie algebra ot (with consequential exclusion 

of all polynomials forms in its basis, including the Casimir invariants) to its universal 

enveloping associative algebras (with consequential inclusion of the Lie algebra basis plus 

all polynomial functions of the elemen ts of the basis in general and of the Casimir invariants 
I 

- 764 -

in particular). A third contribution by C. N. Ktorides has been the embedding of such 
52 

(quantum mechanical) associative envelop into a flexible Lie-admissible extension for the 

case of nonlinear field theories, as one way to circumvent the known restrictions of conventional 

axiomatic field theory toward the construction of a genuine interacting field theory with 

(in principle) unrestricted couplings, via the minimal possible mutilation of established 

notions (the nontriviality of Ktorides approach is that the emerging quantum fields "cut through" 

Borchers classes). Most importantly, this approach avoids the problematic aspects indicated 

in the last part of Table4 .15 because it is based on the conventional canonical quantization 

of the free fields (the difficulties indicated emerges when attempting the quantization of the 

true interacting field under nonselfadjoint couplings). In other words, the starting ground 

is the established free ground and quantum field theoretical effects are introduced via a 

Lie-admissible genotope of the underlying associative algebra of (time or normal orderings 

o�polynomials in the fields. This is precisely in line with the idea independently introduced by 
2� 

R. M. SANI'ILLI of representing nontrivial forces or couplings via Lie-admissible 

formulations, but now specifically worked out in details for quantum field theory. 

We shall call this approach to quantum field theory Ktorides Lie-admissible quantization . 

Regrettably, we cannot review this approach .at the necessary technical level to avoid a 

prohibitive length of this paper. We shall therefore restrict ourselves to only those aspects 

which are essential for the completion of the analysis of this paper. 

In essence, the emerging methodological context, at the abstract (classical and quantum 

mechanical) level, can be classified into the following three layers. 4-G 
I- UNIVERSAL ENVELOPING ASSOCIATIVE ALGEBRA OF A LIE ALGEBRA. This is the 

conventional Lie's context. The basic algebra is the associative envelop "'1, . The costumarily 

used Lie algebra is constructed via the attached algebra Jz - of Jt . The crucial Poincare: 

Birkoff-Witt theorem provides a basis of Jt given by the cosets of I and the standard 

monomials. Under certain technical steps, such a basis is expressible in terms of the 

quantities 

n . i (.)1, • / x.
,\ 

x� xi x� 
,: " i f \c 

} ..
...

. 

and, as such, it is infinite-dimensional already at the Lie level. The basis of fl -(here 
tacitly assumed to be finite-dimensional), i.e., t Xi I i = ordered set of (I, n)) 
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is of course contained in full in the basis of Jt . Tne dynamical law, i. e,, the time 

evolution law, is recovered via the Lie-admissible-associative rule with respect to the 

generator X = H. The underlying dynamical equations are Hamilton's equations for the 

classical case and Heisenberg's equations for the quantum mechanical case. Dirac's 

quantization is extended to J7, . This includes the conventional Dirac's quantization 

of £ and extends i. ho arbitrary elements of Jt 

x �,j. x.�2 
••• x

ki!Ot 

/ 1L._J2, .. , 's..."o) t., ?, ••• , u.1,.1:,J 

<,j. ;(z, -<'1111 ..f.'1.- ,;.2.1 --·,iMA. =-L,?, ... ,41 

which are outside of ;t and,thus, cannot be1strictly speaking I quantized within the 

context of L only. This is the first part ofKtorides analysis of ref,52. 
2.� 

R. M. SANilLLl has independently pointed out that the Poincare'-Birkhoff·Witt 

theorem can be extended to include the isotopic degrees of freedom of the associative 

product of Ji . The emerging basis is given by the cosets of 1 and the so-called 

standard isotopically mapped monomials, that is, the monomials of Ji under the product 

of the isotope JI. I<. Upon certain technical steps, such a basis is given by 

i x. 
,<, I 

;(.¥ x.
I J 
i f 5 

(4-,/6.7) 

) 

and, as such, remains infinite-dimensional. It is simply expressed in terms of the 

basis of the original Lie algebra£ but now referred to isotopically mapped associative 

products of type (4, 15.4,0). Elements of the type (4.16, C, ) have now no meaning 

within the context of Jt 'I< and they are replaced by 

where powers are computed in tR, �, i. e, , 

x.1::, = X. it)(,� .•. M x
,.
_ ) k,-b:,,,,,.e.s (4-./6,. 'I) 

"', "'c. A- 1,. -.... ... 

while no product ambiguity arises because the • product is associative as a condition for 

the isotopic nature of the construction. 
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D'/f-. 
The mathematical nontriviality of the approach is expressed by the fact that <f7, 1s 

generally nonisomorphic to Jt - . This is, in essence, a characterization of the property 

according to which nonisomorphic Lie algebras (e, g. ,S0(3) and S0(2.1)) can be realized 

in terms of the same generators but different Lie products I that is, isotopically mapped 

Lie products, as illustrated in details in ref. 2; 

The physical significance of this isotopic extension of the Poincare"-Birkhoff-Witt theorem 

appears to be of diversified nature. First of all, the extension is essential for Lie-admissible 

formulations, as indicated below. Secondly, the extension appears significant for the 

classical and quantum mechanical treatment of the very conservative systems. One area is 

the nonuniqueness of an exact Lie symmetry for the characterization of physical conservation 

laws. For instance the isotopically mapped Hamiltonians 

I I f��s _ ..!.. ( b 2+ I� 2+ I... 2.) + l. I?. e_,. 2 2t -Z z.) 
fl - 2, \.. r ><. r'J rz. .l.. \.. x � z. I 

H * L...fh
2

_[.., 2 1,,,2·) .L(iz
l.

-'t
2

t� 2. ) 
= 2... l rx. r� + r.z. -,.. .2.. )t ::i z '

( _ _it.16. /ol.) 

trivially represent the same system, Neverthless the symmetry which induces,via Norther's 

theorem, the conservation of the angular momentum is S0(3) for Hphys and S0(2.1) for H*. 

In this case the construction of the conventional Lie algebra of S0(2.1) and its envelop 

Jt(s0(2.1)) would yield inconsistent physical results in the sense of producing generators 

other than those actually conserved, the angular momentum components. Thus, to achieve 

a mathematical characterization of the physical conservation ,law of the angular momentum 

for H•, the generators of S0(2. l) must be the components of the conventional angular momentum. 

To achieve with these generators a true S0(2.1) algebra, rather than S0(3), the only possibility 

is that of performing a change of the Lie product, i.e., our Lie isotopic mapping. This 

inevitably demands the construction of an associative envelop Jl-.'!(S0(3)) , that is1an algebra 

induced by the generators of S0(3) (the angular momentum components), but referred to aa 

isotopically mapped associative product (rather than the conventional associative product 

MiM.). Under a suitable selection of such isotopic image of t he product, worked out in
J 2.> D\t-details in ref, , the attached algebra d?, is isomorphic to S 0(2.1) and not to S0(3). 

The dynamical law, i.e. , the time evolution law, is recovered also via the Lie-admissible 

associative rule, but now referred to a generalized Hamiltonian Hgen as generator. The 

underlyiig analytic equations are therefore Birkhoff's equations1 and not Hamilton's equations 
1 

owing to the isotopically mapped nature of the product. 
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Conceivably, an Isotopic Image of Ktorides reinspection of Dirac's quantization could 
produce the quantization of Birkhoff's equations, our Eqs. (4.15.4-'I ).

II. FLEXIBLE LIE-ADMISSIBLE GENOTOPIC MAPPING OF THE ENVELOPING ASSOCIATIVE 
ALGEBRA OF A LIE-ALGEBRA . This Is the context of the generalization of the Poincar.? 
B" kh ff w· P,2� tr o - 1tt theorem of ref� . The basis is given by the union of the F -linearly independent 
standard genotopically mapped mo�mials and standard isotopica!Jy mapped monomials. 
,, i:��� 1-\pon a number of technical steps,"can be expressed in terms of the union of independent 
combinations of all possible associations of the type 

cu �  1. x.
>v 

I • I 
X-• X. ' ' I CXi ·><i)·X 1c ,, �i • (X:;•K,.,)/ o w• (ff../t.11)
)< ,: x 'X

J
. 

I )(£ � )(J :it x,.
X,·xX

"' 
:::-oO<..<"x.,j 1,.' � f �- f , f I:: J 

where o<. t- F 

is the flexible Lie-admissible mapping of the product of Jt . The use of the conventional 
associative product for the characterization of powers has no meaning for this context (it would 
imply the exact ,;t symmet ry or the lack of nonselfadjoint forces).An arbitrary element 
of GJA_ is therefore expressible in the form 

X �, �t v �_... l<-
, . X. • .... /\. X, == X , • X ... ·><. 1::- n ..... e, . 
�

._ 
<

z, 
L

-"' 
/ , • ' - • I 

A mos� �elevant aspect of 6'/,(_ is that 621., -� Jt'- • , that is, the Lie algebra 
attached to £.1. is isomorphic to the original Lie algebra attached to Jt, , This is due to 
the fact that·product emerging from the Lie-admissible nonassociative rule 

l 4-.11, - 1¥-J 

is the conventional Lie product . 
trivially eliminated via the isotopy 

multiplied by a constant. In turn this constant can be 

Jl � xix j � ft
-)(< 

QJ- ()*- . Tlr� tll, formally coincides with V1, 
The dynamical content of �he approach is expressed by the parameters of the rmutation, 
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).. and )". , which are directly representative of the nonselfadjoint forces, along the
lines of the preceding table, The dynamical equations are Lie-admissible nonassociative 
at both the classical and quantum mechanical level, although the approach must be interpreted 
as producing, in general, an approximation of the equations of motion. 

;.z.Ktorides Lie-admissible quantization in field theory is based on the mapping 

Jt 
where polynomials in the fields are computed via rule .(4. 16. I? ) . The interested reader 
is urged to work out In details the reduction of Ktorides quantization to the case of a Lie­
admissible flexible quantum mechanics. As we shall indicate later on, this appears as 
particularly promising in nuclear physics for A= 1-t f:: 

1 f = 1 - .Ii. , 
It should be here recalled that the algebras Jt ( >, , )'- ) were introduced by R. M.

SANTILLI 2. 7 to work out the construction of the Gell -Mann-Okubo mass formula without 
recursion to the associative envelop Jt (SU(3)) which, strictly speaking, can only characterize 
an exact, equal-mass, SU(3) symmetry. Its embedding into ,R ( >. , /-' ), while reproducing 
the Gell-Mann-Okubo mass formula, assured that the underlying S U(3) con text is

+.1-actually broken. 
For further comments along these lines, ses Table 4.19, 

III-GENERAL LIE-ADMISSIBLE GENOTOPIC MAPPING OF THE ENVELOPING ASSO -
CIA TIVE ALGEBRA OF A LIE ALGEBRA , This constitutes tlie most general possible 
extension of Ktorldes approach to enveloping algebras which preserve the fundamental 

l? 2�-U rule of Lie-admissibility, as summarised in ref. and worked out in details by R. M, SANTILLI • 
The emerging generalization of the Poincare"-Birkhoff-Witt theorem produces a basis as the 
cosets of 1 and the union of F*-linearly independent standard genotopically mapped and standard 
lsotopically mapped monomials, Upon a number of technical implementations, such a basis 
can be expressed as the union of the independent elements of the type 

qt ,{_ x. 
I L I X .• '><.

• 1 

x. �x-
. ) 

-! � j 

I 

I 

(><- ·X-)• X," t J • I 

x-� X· ' J 

t'' i 
� X le 

f /c. 

x.- ()\- 'K,.) / 

I (. �- /t. 17) 



where 

X-•X. 
l- J 
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is our Lie-admissible product of general type here interpreted in its abstract form, and 

U-- /G. l'I) 

is the associated [s:, tope. 

The dynamical content of the approach is expressed by the R and S elements as 

representative of forces not derivable from a potential or as forces which break the 

Lie symmetry of the original alget;:a £ . The dynamical equations result to be our 

Hamilton-admissible equations at the classical level and, expectedly, our Lie-admissible 

covering of Heisenberg's equations at the quantum mechanical level. 

The emerging nonassoclat!ve nenvelop o\A., is a Lie-admissible genotope of the original 

algebra Jz . This implies that it preserves the generators of £ as the fundamental 

building blocks and implements them with a mutation of the algebraic structure to represent 

the broader physical context they are referred to. Unlike the case of the flexible mutation 
1 

the Lie algebra attached to CU.. , i. e, , oit; ls no longer necessarily isomorphis to the 

original algebra or, . This ls clearly due to the nontrivial structure of the isotope (4. 16. 1q ). 

In turn, this implies that the breaking of the original Lle algebra is much deeper, to the 

point that such an algebra can only be recovered at the limit oU. ➔ Jt , i, e., at the 

limit of null symmetry breaking forces, 

As we shall indicate later on, these generalizations of the Poincare'-B!rkhoff-Wltt theorem 

have fundamental physical implications, e.g., for the problem of the relativity which is 

applicable to the quantum mechartcal treatment of nonselfadjoint forces (Table 4. 18) or 

the notion of spin under strong nonselfadjolnt hadronic forces (Table 4.19), It ls hoped that 

Ktorides Lie-admissible quantization (of flexible type) will result to be extendable to the 

general Lie-admissible algebras. It ls also hoped that the rather involved technical profile 

ls treated by mathematicians for the resolution of the mathematical issues at the mathematical 
.2.'l> level. In any case, as stressed In ref. , the approach here considered via enveloping 

algebras represents the true technical characterization of the notion of Lie-admissibility 

on both mathematical and physical grounds. 
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TABLE 4.17: THE EMERGENCE OF THE JORDAN ALGEBRAS FOR THE QUANTUM 

MECHANICAL TREATMENT OF NONCO NSERVATIVE FORCES . 

7>3 
The Jordan algebras , has is well known, had their birth in the studies by P. JORDAN 

of 1932 and 1933 concerning certain statistical aspects of the measurement theory. The 
54-

celebrated subsequent paper by P. JORDAN, J, von NEUMANN and E, WIGNER of 1934 studied 

these algebras i'!l great details under the name of "r-number algebras'; which later on became 

known under the name of ''Jordan algebras". The title of the latter paper, "On an algebraic 

generalization of the quantum mechanlcal formalism", clearly indicates the desire by these 

authors of attempting the reformulation of the foundations of quantum mechanics via the 

nonassociatlve and commutative product 

J: 
(A-.17-1) 

It is here appropriate to quote the first paragraph of the latter paper 

" One of us has shown that the statistical properties of the measurements 

of a quantum mechanical system assume their simplest form when expressed 

in terms of a certain hypercomplex algebra which ls commutative but not 

associative. This algebra differs from the noncommutative but associative 

matrix algebra usually considered in that one is concerned with the commutative 

expression ½, (AxB + BxA) instead of the associative product AxB of two matrices. 

It was conjectured that the laws of this commutative algebra would form a 

suitable starting point for a generalization of the present quantum mechanical 

theory, The need of such a generalization arises from the (probably) fundamental 

difficulties resulting when one attempts to apply quantum mechanlcs to questions 

in relativistic and nuclear phenomena. " .5 5

P. JORDAN, J, von NEUMANN and E, WIGNER (1934) 

Since that time, the Jordan algebras have been subjected to intensive studies from both 

a mathematical and a physical profile, Within the former context the Jordan algebras have 

actually generated an entirely new line of study of the theory of Abstract Algebras and have 

nowadays reached a degree of sophystication comparable to that of the Lie algebras:>6 

Within the latter context the originally intended objective (a generalization of quantum mechanics) 
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has remained fundamentally unachieved as of now. Neverthless, the Jordan algebras have 

seen their appearance in contemporary theoretical physics , mainly in relation to the 

problem of the hadronic structure, as a result of the contributions by a number of authors 
. 

p � 
such as, A. PAIS (1961), H. H. GOLDSTINE and L.P. HORWJ1Z (1962) and (1964), A. GAMBA 

(1965),S� L. P. HORWITZ and L. C. BIEDENHARN (1965), GO M,GUNAYDIN and F. GURSEY 
(./ (1973) , and others, For a recent account, including a list of more recent contributions, see 

.. &2for instance M. GUNAYDIN (1977). 

Despite these quite valuable studies, it does not appear that the Jordan algebras have 

reached a level of physical applications which is comparable to that of Lie algebras, up to 

this moment, An epistemological study of this occurrence is here of some significance, 

In essence, as stressed throughout our analysis, in order fo r  any algebra to become solidly 

established in physics
1 
it must exhibit a direct dynamical origin via the brackets of the 

time evolution law , as it is the case for the Lie approach to se!fadjoint systems at both 

the classical and quantum mechanical level. If this fundamental dynamical origin is not 

established, physical applications are indeed still possible. Neverthless, they canoot 

achieve a fundamental relevance,in the sense of replacing the Lie algebras and their 

universal enveloping associative algebras, 
zz-;t

At the classical level, a study of the problem by R. M. SANTILLI indicateJa number 

of rather substantial difficulties in the attempt of achievia� a time evolution law whose 

bracketJsatisf y the Jordan algebra identities 

t Fl I e, 1 = t B / AJ I (4-.17. z 6..) 

i { -t_ A,�\ B t f1 j = t { A I A} 
1 
t 8 ;fl }j , ( �- /7, -2 b)

The reasons are of both physical and algebraic nature. Under the assumption that the 

brackets are totally symmetric (commutative), there exist physical difficulties in 

constructing a time evolution law of the conventional structure 

A ..:: 

(__4-. 17- 3)

that is, via the 'anticommutator" with a function Wen which substitutes the Hamiltonian Hphys 

.of the Lie time evolution Jaw. Assuming that this difficulty is resolved, there exist 

rather considerable mathematical difficulties in identifying an explicit form of the product 
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j gen? l. A, H J . They are essentially due to the fact that brackets of the type 

<c>A 0>B <uR <oA 
tA, B:i��'of T<c)F� (4-. /7. 4-) 

even though commutative and, thus, satisfying law (4.17,2�, do not characterize a Jordan 

algebra because they violate the Jordan Jaw (4.17,ZI,) as the reader is encouraged to verify. 

At the 52antum mechanical level�till for selfadjolnt systems), the studies by C, N. 

KTORIDES can be used to identify the reaso�why the original objective by P. Jordan, 

J. von Neumann and E. Wigner (the replacement of the associative product of quantum 

mechanics with the commutative nonassociative product (4, 17 .1)) has not been consistently 

achieved. Indeed, by following Ktorides reinspection of Dirac's quantization (Table 4.16), 

we have seen that the truly fundamental algebraic structure in quantum mechanics is the 

universal enveloping associative algebra ,R . The dynamical content of the theory, that 

is, the time evolution Jaw, is then recovered via the trivial (associative) Lie-admissible 

rule ,R ➔ Jl.,-. No.v, Ktorides flexible mutations Jt ( t, , )A) of an associative , 

enveloping algebra Jl do indeed contain the Jordan algebras as a particular case, trivially, 
for>,_,, t and r-=-½,. The crucial point is that, under these values, the nonassociative 

envelop ,A ( ('., J,A ) becomes singular 1n the sense of losing its enveloping character. 

This is trivially due to the very commutative nature of the Jordan product for which 

Thus, the Jordan algebras, under the Lie-admissible rule, yield a zero Lie algebra, 

that is, an algebra which ls not physically meaningful. Th e  net effect is the Joss of the 

dynamical content of the theory as characterized via the associative Lie-admissible rule. 

We can therefore conclude by saying that a fundamental generalization of quantum 

mechanics via the replacement of the associative product with the Jordan product in such 

a way to preserve the conventional,Lle, dynamical conteni; is impossible . 

All this occurs for the conventional treatment (via the trivial Lie product AB-BA) of 

conventional systems (se!fadjoint), 

In the transition to the quantum mechanical treatment of nonselfadjolnt (nonconservative) 

systems, the situation is profoundly different. It is a pleasure for me to report that 
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for these broader systems there is the apparent emergence of the Jordan algebras as 

methodological tools of fundamental significance, perhaps, equal to that of the Lie algebras, 

To present this occurrence, the first point which should be stressed is that such an 

emergence is not direct, that is, via a generalized time evolution law for nonconservative 

systems of type (4.17. :!, ) which is Jordan in algebraic character, As a matter of fact, it 

is possible to prove that, under the condition that the algorithms at hand possess a direct 

physical significance (linear momentum, energy, angular momentum, etc.) the algebra 

characterized by the time evolution law cannot be Jordan . The proof is essentially the same 

as that of the corresponding exclusion, under the indicated conditions, of the Lie algebras. 

In essence it emerges that, to consistently represent the equations of motion, such a 

product must be neither totally symmetry (commutative) nor totally antisymmetric (anti-

commutative). The argument therefore implies a simultaneous exclusion of both 

the Lie algebras and the Jordan algebras for the direct algebraic characterization of 

nonconservative systems under the condition of direct i:nysical significance of the algorithms 

at hand, 

The emergence of the Jordan algebras we are here referring to is instead of indirect 

nature, But this does not diminish its fundamental character. To understand this occurrence, 

let me here recall that the Lie algebras are not lost in the Lie-admissible treatment of 

nonselfadjoint systems, Instead, they preserve their fundamental methodological value 

via the rule of Lie-admissibility, in the sense that any admissible generalized product 

(A, B) of the necessarily broader time evolution law for the systems considered must be 

able to characterize a Lie algebra via the rule (A, B) - (B,A) as a crucial prerequisite 

of physical consistency. It then follows that the Lie algebras have a fundamental methodological 

function for the study of the covering Lie-admissible algebras, as elaborated in details in refi
z123 

The emergence of the Jordan algebras in the Lie-admissible approach to nonseldajoint 

systems is fully parallel to that of the Lie algebra�. We simply have that the Lie-admissible 

product (A, B) of our generalization (4. 15. 34) of Heisenberg's equations ex ibits a precise 

Jordan algebra content in the sense that the attached algebra (A, B) + (B,A) does indeed 

characterize a fully admissible realization of the Jordan algebras. The net effect ls that the 

Jordan algebras emerge in this way jointly with the Lie algebras and via complementary 

criteria of construction. It then follows that the Jordan and Lie algebras have equivalent 

methodological functions in our Lie-admissible approach to nonselfadjoint systems. The 

original difficulties which have·prohibited the emergence of the Jordan algebras at a fundamental 
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level of quantum mechanics, as indicated earlier, are now circumvented by our main algebraic 

idea for the characterization of the systems considered: the algebraic character of the time 

evolution law must be non-Lie as the fundamental dynamical prerequisite under broader forces, 

Therefore, the emergence of a physically consistent plesence of the Jordan algebras in our 

approach is a direct consequence of the complete loss of dynamical functions of 

the Lie algebras and their restriction to a methodological function only. Indeed, the reader 

can see that, whenever the Lie product reacquire, its dynamical meaning as characterizing 

the product of the time evolution law, the Jordan algebra content ls lost. 

In the following we shall present the rudiments of the algebraic characterization of 

the Jordan algebras In our treatment of nonselfadjoint systems. 

In his paper of 1948, quite significantly, A.A.ALBERT If?> introduced jointly the notion 

of Lie-admissibility and of Jordan-admissibility, althongh without an extensive treatment. 

The notion of Lie-admissibility according to Albert has been recalled in Table 4, 15. That 

of Jordan-admissibility according to the same author is the follow. 

A Jordan-admissible algebra U over a field F (again assumed here of characteristics zero) 

ls a vector space of elements A, B, C, . , . . equipped with the (abstract) product AB such 

that the attached algebra u+, which is the same vector space as U (that is,the elements of 

U and u+ are the same) but equipped with the product 

U-. 11. t) 

is a (commutative) Jordan algebra, Clearly, associative algebras are Jordan-admissible, 

As a matter of fact, associative algebras constitute the fundamental algebras for the 

construction of a class of Jordan algebras called special. By recalling the analysis of 

Table 4.14, we can more generally say that associative algebras are jointly Lie-admissible 

and Jordan-admissible, The important point for the context of this table is that the algebra U 

can also be nonassoclative, but such that u+ is Jordan. A • trivial example is given by 

product (4.11. 1). Thus, Jordan algebras are Jordan-admissible, However, they constitute 

a trivial class of nonassociatlve Jordan-admissible algebras because their product is 

commutative. The physically most significative Jordan-admissible algebras are therefore 

those which are neither commutative nor antlcommutative, The subclass of these (non­

associative) algebras in which we are interested is1in particular1that which is jointly 

Lie-admissible and Jordan-admissible. 
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If we recall that the universal enveloping associative algebras are precisely of this 
type (jointly Lie- and Jordan-admissible), we expect that this algebraic character is 
preserved by the general and flexible Lie-admissible genotopes of the associative envelop, 
because such a property is expected to be a general property of all enveloping algebras 
of a Lie algebra. 27 A study of tbe problem indicates that this is indeed the case, According to R. M, SANTILLI 
the Jordan -admissible algebras can be classified into the following three layers

,, 

parallel to the corresponding layers of the Lie-admissible algebras. 
I. General Jordan-admissible algebras, These are all algebras U over F' verifying the 

law 

(A2
B)R + A(13<l)-i-(BA2)A +A(A 2 B) 

(/;-. /7. 7)
A 2 (BA) + (_A B)l+ A ?. (ftfS) -f- (.BA)A�

here called general Jordan-admissible law , 
II. Flexible Jordan -admissible algebras . These are all algebras U over F verifying the 

laws 
(A B)A -= A (BA) I

(A2 �A + A (A2 B)-=- A
2

(Bfl-)t-fr
2(Al3) 1

where Eq. {4.17, \?"'-) is the flexibility law (4. I'!; &It) and Eq. (4. 17. Bb) is called 
the flexible Lie-admissible law and it is a particularization of the general law under 
the flexible property. 

lll. Jordan algebras {of commutative type). These are all algebras U over F verifying 
laws (4.17. 2. ), i.e., 

AP.:>= BA I 

(A� B) A = A z. (Bf}) 

( 4-. IT. 'In-) 

Llf. /7. CJJ,J 
The reader is urged to verify that, in full analogy to the corresponding Lie case, the 

flexible and general laws of Jordan-admissibility constitute an algebraic covering of the
Jordan law,.Thus, most sign�icant on physical grounds is the property that the flexible law
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is a covering of both the commutative and the anticommutative laws. 
Our next objective is thab of the realization of the product, The reader should 

again recall that such a product, for given algebraic laws, is not uniquely characterized 
and several different products can satisfy the same laws. We shall therefore �below 
the indicated products as.fundamental mainly on physical {rather than algebraic) grounds, 

I'. Fundamental realization of the product of general Jordan-admissible algebras . It is

II'.

given by R., S � f-x� j 

lP, B) = AR {3 - BSA j A� i�f-.:. ==- Asroc .. T:n:' (}../7./D) 
R.=1=± 5 w .....,.._J,_.,f,e..i_.._, 

that is, it coincides with the corresponding form of the general Lie-admissible 
algebras which therefore emerge as being jointly Lie-admissible and Jordan-admissible 
as desired. The proof that product {4.17. 1.0) does indeed satisfy law (4. 17, 7 ) is a 
tedious but Instructive exercise for the interested reader. A more straighforward 
proof ts· given by computing the Jordan-admissible rule 

1,'1,f>Ju = � ))l (_((-6)B + B(R-s)A} (4 •• /7.11) 

and then showing that such commutative product obeys the Jordan law (4. 17, ,2 b ). 
Notice that we could have considered the product 

(A,B)= ARB+ Bs'A 
instead of product{4,17./o). But, sinceR/ts, products (4.17.IO) and(4,17. /2) 
are algebraically equivalent, 
Fundamental realization of the product of the flexible Jordan-admissible algebras, 
It is given by 

((+, B) = ,A AB -t, BA 
I 

'>-:f= +t
.. ., - "l (4-, /7. /3 l .......... J.,..O,l,\-,t<.4<- 1/ 

AB c A�:oc, 
that is, it coincides with the product of the flexible Lie-admissible algebras which
therefore also emerge as being {in the considered realization of the product) jointly 
Lie-admissible and Jordan-admissible. Again we could have written 

U-, 17. If.)
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But, since A f ± )" and their value is arbitrary (at this algebraic level), products 

(4, 17, \?) and (4.17. I 1,- ) are algebraically equivalent. It should be here recalled 

that the realization of the product of the Jordan-admissible algebras of class 11 

which has been most extensively used. in the mathematical literature is that of the 

A -mutation algebras, Eq. (4. 14, 1'1 ), I.e., 

u. /7-15)

However, we have excluded this product on physical gro1mds, owing to its inability 

to recover the Lte product 1mder a physically meaningful limit. 

III'. Fundamental realization of the Jordan algebras... It is given by the familiar form 

AB-= flsroc 

The reader should be aware that this product is admissible only for the special 

commutative Jordan algebras (and not for the exceptional commutative Jordan algebras 

which are related to the exceptional simple Lie algebras), Also, the reader should 

by aware that the terms" Jordan algebras" of this table refer to the "commutative 

Jordan algebras". The so-called �commutative Jordan algebras have been extensively 

studied in the literature and they often result to be jointly Lie-admissible and Jordan-
22-1' 

admissible (e, g., the quastassoctatlve algebras). 

In conclusion, the proposed hadronic mechanics (as well as nuclear mechanics) with 

generalized time evolution law 
i.. (4 .. 11-17) 

H 
for finite strong hadronic (infinitesimal strong nuclear) nonselfadjoint forces results to be of 

joint Lie-admissible and Jordan-admissible character. This implies the joint emergence 

of the Lie algebras and of the Jordan algebras via the corresponding rules 

[A, B1u:: (A,B)- (13,A) =- A(t'<+s)B-B(�-,.s)A, (4..17.18a)

{ A , r., J IA =1[( A, B) -t- (. BJl-)J =- J [A (re-s) B + B CR-s )A]/""·'1. 11�J

which therefore acquire a complementary
1 
fundamenta\ methodological function. 
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A presentation of the current state of the art on the methodological f1mction of the 

Jordan algebras for the study of the Lie-admissible algebras (via use of Idempotents, Pierce 
22-JC 

decomposition, radical, etc.) is given by R. M. SANTILLI in the monograph • 

Expectedly, the Jordan algebras � emerge In the form of the product originally 

conceived by P. Jordan, Eq. (4.17.1). Ins tead, they emerge in the generalized form (4. 17.18b) 

which is apparently proposed here for the first time. The reader should be aware that this 

demands a reinspection and a suitable generalization of a rather significant portion of the theory of 

Jordan algebras, to properly acco1mt for the generalized structure of the product. It is regrettable 
that the virtual totality of the rather vast amount of literature on both Lie algebras and Jordan 

algebras is restricted to the trivial realizations of the product, AB-B A and ½(AB+ BA), 

respectively, and the study of these algebras for more general realizations of the product 

is truly limited. 

A most int rlguing aspect ts that the emergence of the Jordan algebras for the treatment 

of nonselfadjoint forces appears to be a purely quantum mechanical effect. Indeed, the classical 

Lie-admissible limit of product (4.17.10), I.e., the Lie-admissible brackets 

= 0 A sr" Cl-,b)� e, 
'l) lo r -u I;" J 

(4,/1.l'l) 

are notJordan-admtssible. Of course, this ls only the result of a first look at the problem. 

The finalization of this intriguing point demands a detailed study of the classical limit of 

product (4.17 , 1.0) beyond the rudimentary step (4.15. 36 ). Neverthless, owing to the 

dlfftcul ties for the existence of a classical realization of the Jordan product via brackets of 

type (4.17. 4-), as indicated earlier, the Jordan algebras are not expected to appear in a direct 

form under this classical limit. This does not exclude the possibility of an algebraically 

associated form. We here only restrict ourselves to the Indication for the interested researcher 
22-:0: 

of the existence of the so-called bonded algebras. The subclass of these algebras. which is 

here potentially significant is that produced by a mutation of the product of a Lie-admissible 

algebra of the type 

where T ts a linear mapping (the bonding mapping) of U+ into U. The preservation of the Jordan 

algebras also in nonconservative Newtonian mechanics via Indirect mechanisms of this type 

cannot be, In principle, excluded and studies to this effect are solicited. 
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TABLE 4, 18: THE PROPOSED LIE-ADMISSIBLE COVERING OF THE GALILEI RELATIVITY 

FOR THE QUANTUM MECHANICAL TREATMENT OF NONCONSERVATIVE FORCES. 

As by now familiar, one of the central objectives of this paper is to stimulate the experi­

mental verification of the validity (or invalidity) of established relativity laws for the hadronic 

constituents. It Is therefore significant, both per seas well as for this objective, to outline 

the covering of the Galilei relativity which is expected to apply to our Lie-admissible covering 

of Heisenberg's equations. 

Let us recall that the relativity which is applicable to classical conservatlveHamilton's 
I 't. equations • 

rt.,s 'c>b)-1 ,'c) H � ':JJ 
b ;-,. - l bf-I H J ::: - w \ -

J 
(4-. (�. I"')

- .1 ce...11 0 i:, 1 "u lo•

{ br' Jc: i 1, fJ ; (wf i") � ( -01. � }
t

� l,2, ... ,2.rn,(4-, l?./1.)

is the conventional Galilei relativity. It is given by the connected Lie group of canonical 

transformations g, lo "'f' <;))<, L' 
'c) bl5 'o bo( 

A > ct') = e A cbJ 
r"'i

1 t��1 yk1� r�':JJ 

{ )(. 1 :::; £ H i P. M. G
JA,,. J .,v._ I AAA,. -

{ e,. 1 = 
t bo • <i • ti f a-· v J ; .,.0 J 1 , .l ,._ o 

The fundamental algebraic structure, according to the view of Table 4.16, is the universal 

enveloping associative algebra of the Galilei Lie algebra. Its (infinite-dimensional) basis, 

from Eqs, (4. 16. 5 ) is given by elements of the type (in the abstract treatment) 

(}t(�C3.1)) � 1 X · X· )(,
.I ,<, .I L ) / 

i:5 i 
-<'1 J',lc:"'l,2,3

., 
..• io

X,· >\· x� .1 

i':fj6 � 

includes the basis , 
Then the algebra� of Q(3. I), • reproduces f:i(3, I) via the associate Lie-admissible 

rule Ji-z. Q(3, 1), and uharacterizes all the physically significant quantities, such as

the Casimir invariants, 
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The relativity which is applicable to the Heisenberg's equations for conservative 

selfadjoint forces 
;{ 

.d
bv1=,;twf'-"1

(__It •. l J'. 4- b) 

is given by a quantum mechanical version of the Galilei relativity. It is essentially characte-

rized by the connected Lie group of unitary transformations 
.e, ><. 

e-IT , A (_b) ) 

where now, of course, the X's are Hermitian operators, with composition law 

e 

e 

originating from the use of the Baker-Campbell-Hausdorff formula 

t:A 
e 

bB 
e 

b(A + B) + :f [�
} 
BJ -t D l3J 

e 
(_ 4-, /cf, 7) 

The fundamental algebraic structure is again given by the universal enveloping associative 

algebra which, according to the view of Table 4. 16, makes possible the computation of 

physically significant quantities other than the basis of the (quantum mechanical) _9(3, I) 

algebra, Its basis is again given by Eqs. (4.18, 3 ), under the indicated 1--interpretation 

of the generators. 

In conclusion, in the transition from a classical-conservative to the corresponding 

quantum mechanical setting/he Ga!ilei relativity persists in its entirety, a part from technical 
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Implementations due to the new nature of the basis. The Important point is that the classical 

and quantum mechanical versions of the Ga!ilei relativity can be jointly treated with a formally 

unified abstract formulation. This ls an expression of the preservation of the relativity laws 

(conservation of the energy, linear momentum, etc.) In the transition from Eqs. (4. 18. 1) to 

Eqs. (4. 18. 4 )
1
and only their reinterpretation within a quantum mechanical setting. 

The problem of the relativity laws which are applicable to c�!sical, nonconservative 

Newtonian systems has been studied in details by R. M. SANTILLI . The Galilel relativity 

emerges as being violated on a number of count5; and a covering relativity is proposed for 

the Hamilton-admissible implementation of Eqs. (4. 18.1) 

6 )-1 - I bA H �
k

�JJ 
- I.___ J G�J- A 

lb}\ 6") c s)'-V(t-,b) = <vb/0 R v

to account for the additional forces not derivable from a potential. As recalled in Table 4. 4, 

the relativity which ls characterized by the Lie-admissible formulations ls essentially given 

by the Lie-admissible group 

A ct) =-

l X; 1 ::: 

t 0; 1 :;;-

e 

0. s�f-' 0Xi �L -< 
'() bf' '{) 1,o< A(b) ,1 

l H r
k

'Jl. prr.�, . M r��J . c;,fr.�j 
) ,.._. 

I
.,._ ,,, ....._ I 

� to � ;, -<',f, f; V t,I ..... 0 ,. 0 

(__4-. 13, � ✓

(/,., If- 'Tb) 

(4-. If- C/ c.) 

where the Lie-admissible tensors 

and must be individually computed. 
S . }< v are generally different for different generators .. 

. ln Table 4. 4 we also recalled that such relativity 

is non-Lie, noninertial, nongeodeslc, nonlinear, nonsymplectic and non-Rlemannlan, to 

stress the departure from the corresponding Galilel relativity which Is Lie, Inertial, geodesic, 

linear (In the admissible representation theory) and symplectic (the symplectic tensor directly 
1 tJivial 

entenlnto the very structure of Eqs. (4.18.1 )) although of v :Rlemannian nature under the 

absence of gravitational considerations. It was then indicated that these departures from 

conventional relativity settings are specifically intended as representative of the departures 

from conservative mechanics which is implied by nonconservative forces. Let us recall that 

the group (4.18. '?Q..) results to be in actuality a group of canonical-admissible transformations 
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(nonidentlty Lie-admissible isotopic transformations which preserve the time evolution 

law of the Lie-admissible equations, as indicated in Table 4.15 -- for details see reC3 ). 

Also, the fundamental algebraic structure results to be a general Lie-admissible genotopic 

lnage of the algebra ft('._g(3. 1)). 

This latter feature is truly crucial on both mathematical and physical grounds. On mathema­

tical grounds it ls such an algebraic structure which allows the lo5s of the Lie algebras 

in the neighborhood of the origin In favor of the Lie-admissible algebras, while preserving 

at the same time a global, wnnected group structure, although of predictable generalized 

structure. In turn, this has crucial implications for the representation theory, such as the 

general lack of linear representations.:,?, 

On physical grounds it is precisely the genotopic nature of the Lie admissible enveloping 

algebra U, (Q(3. 1)) which permits the complyance with our "uncompromisable condition of 

compatibility": to recover the conventional Ga!ilei relativity identically under the limit of null 

nonconservative forces. By reinspecting this feature with the algebraic analysis of Table 4.16, 

the reader can indeed see that this compatibility condition is rendered possible by the 

fact that "U.,cg(3. l)) is precisely constructed In terms of the basis of Q(3. l) and only embedded 

into a nonassoclative mutation of the product of Jl (G.(3.1)) which is capable of representing 

the Galllel relativity breaking forces. The compatibility then becomes algebraically trivial 

and it is given by the limit"U.(Q(3. l))_,,. Jt (Q(3. l)). This Is precisely the spirit of the 

Lle-admis sible genotoplc mapping. 

We are now equipped to consider the problem of the relativity which is applicable to our 

Lie-admissible hadronic equations 

bf-\ =: � (I,/\ H �
k

';JJJ 

(V\ b"'):::: ,; � 5rv. ( 4-_ I!- lob) 

Since the above equations are an algebra preserving quantization of the Hamilton-admissible 

equations (4.18. 8 ), It is natural to search, as the most likely candidate, for a Lie-admissible 

quantization of the structure (4. 18. d) ). 

Let us begin with the case of the covering of the one-dimensional subgroup of translations 

in time. It is easy to see that the unitary-admissible transformatlo�(4. 15. 2..2.-) 



A 
A 

A (6) = 
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e 

already provides the desired covering. As a matter of fact, by looking in retrospective, 

the reader can see that the Lie•admissible covering of Heisenberg's equations was reached 

by first generalizing the relativity profile (restricted in this case only to translations in 

time) and then studying the emerging dynamical context, Trivially, Eqs, (4, 18. iO) are not 

only compatible with transformations (4.18, ii), but actually demand the latter for their 
very derivation via the transformation theory. 

The reader should keep in mind the considerations of Table 4, 15 to the effect that :conventional 

unitary transformations must be excluded in our Lie-admissible formulations because they 

imply the constancy of the rate of variation of physical quantities, contrary to the classical 

experimental evidence and the desired quantum mechai ical context, Once unitary transforma­

tions are excluded, our unitary-admissible transformations become conceivable candidates 

for the covering Lie-admissible formulations. Again the reader should be aware that the 

structure of such transformations ,is not expected to be unique because the product of an 

algebra is nonunique, What is therefore important is to first identify � explicit structure 

of the transformations yielding the desired algebraic structure, The study of all other 

structures which yield the same algebra is then a problem of algebraic isotopy and, as such, 
of secondary rllevance, 

One of the intriguing properties of the unitary-admissible transformations ( 4, 18, 1. i) 

is that they do form a connected Lie group, although not iri the conventionally known meaning 

of these terms, Indeed, transformations (4. 18.11.) are manifestly connected and they 
satisfy the composition law I ���j 

/; H���J £_ � H ►
ii,1 ..f_ I(> H r�!,J 

� � _,LH s -� SA'b) .;t; ii. A ( b ) = e .;� e • L e. e 

HJ,��!, U::t'J RH r""'s (!r./9./:l.}
e 

(/:.rt.') 
;T A(b) -e " 11 

.2,j 
As a result, they are a connected Lie-admissible group in the language of ref. In particular, 

t hey trivially admit the original Galilei group at the limit R, S � 1. 

The most physically significant function of these unitary-admissible translations in time 

is that of producing an algebraic-group theoretical characterization of the quantum mechanical 

law of�conservation of the energy. As such, they produce, also in the language of ref . .2, 
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a covering-breaking of the exact symmetry under conventional unitary translations in time 

First of all, transformations (4.18, 1.i.) ensure a breaking of this exact symmetry. This 

is clearly an elemental prerequisite for any .!)2!.lCOnservative quantum mechanics. Notice 

that the breaking occurs at the levei of the fundamental methodological tools: the Lie algebras 

and their associative envelop, which become inapplicable "ab initio" in the Lie-admissible 

formulations. Secondly, in the covering formulation such 

a breaking does not remain algebraically and group theoretically undefined, as typically 

of most of contemporary mechanisms of symmetry breaking, Instead, the Lie algebras, 

the enveloping algebra, the dynamical equations, the unitary transformations, the global 

group structure, etc,, are all replaced by corresponding covering formulations for the 

intent of providing methodological tools for broken space-time symmetries under nonself­

adjoint forces, For a detailed elaboration of these aspects, the reader is referred to for 

conciseness to refs:2'
2 1 .l? 

Our next problem is that of identifying the Lie-admissible quantization of the remaining 

subgroups of the Galllei -admissible group, An implementation of the analysis then yields 

the structure 

e 

where the R. and S quantities are the quantum mechanical operators which correspond 
-J 1 i 

to the s.11' classical tensooand, as such, they are generally different for different generators. 1 ,2; 
The reader should be aware from the analysis of ref. , that this dependence of the Lie-

admissible product on the generators, rather then being a drowback, results to be a necessary 

condition of consistency for the approach, The reason is essentially that nonconservative 

forces always produce the nonconservation of the energy, but not necessarily that of other 

quantities, An implementation of the full Gat!lei-admissible group whould then imply the 

nonconservation of all the Galllei generators, contrary to assumption, The net effect is that 
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our Galilei-admissible relativity is conceived to allow only a partial implementation of 

tbe Galilei group, in which case the R and S operators for the unchanged part of the 

structure are the unit. This is ul timately allowed by the fact that Lie algebras are Lie­

admissible and It is an indication of the possibilities of the approach, 

The co m position law for the complete structure (4.18. -ly- ) reads 1 
J\ � - 0', ><-S· _ ,9, x.s. t-�re.;X,· +�RiXJ·
(-)(b)= e'!i '' e ,4 J'A(b)-e A " -e'"

by again using Eq. (4. 18. 7 ), Its inspection indicates that the enveloping algebra was 

infinite-dimensional at the associative level (exact Gllilei symmetry) and remains 

infinite-dimensional at the nonassociative level (broken Galilei symmetry). This is 

additional indication that we have a mapping of the associative envelop (rather than the 

Lie algebra) into a nonassociative form. The abstract treatment of the composition law 

(4.18.15) as well as of the corresponding form for the classical case, and the problem 

of the reduction of arbitrary elements to standard monomials indicates that the genotopically 

mapped monomials alone are not sufficient to constitute a basis of °l.l(Q(3. l)) and the need 

of isotopic mappings of the associative standard monomials emerges. This is also 

indicated by the need of reducing to the base elements the new elements originating from 

the contributions from the Baker-Campbell-Hasdorff formula, yieldlng the (abstract) basis (4.16.11). 

Structure (4. 18. 1.5) is sufficient for our subsequent needs and, therefore, we shall 

not enter into a more detailed study at this time, Almost needless to say, the 

problems which we leave open are rather numerous Indeed, The most important one is the 

identification of the operational character of the 6ialllei generators in the transition from 

structure (4.18. 5 ) to its covering (4.18, 1.4-), as well as the carrier space in which they 

act. 

As a final note, relativity (4 .18.14) is of joint Lie-admissible and Jordan-admissible 

algebraic character. 

Structure (4.18.14) Is here assumed as the covering relativity for the strong nonselfadjoint 

forces or, equivalently, for the characterization of our hadronic constituents , the eletons and 

antieletons, via covering relativity laws. As such, such covering relativity will play a fundamental 

role in our structure model of hadrons of Section 5. 
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TABLE 4. 19: THE PROPOSED LlE -ADMISSIBLE HADRONlC MUTATlON OF THE CONVENTIONAL 

ATOMIC NOTION OF SPIN. 

It is an easy prediction that no genuinely new quantum mechanical formulations for the 

hadronic structure can be achieved without reaching a consistent generalization of the 

conventional atomic concept of spin. The same need also emerges on phenomenological 

grounds to attempt a truly new structure model for the hadrons, as will be indicated in 

Section 5. 

This dituation is better identified via relativity considerations. The truly fundamental 

part of the Galilel (and Einstein special) relativity is that identifying the intrinsic 

characteristics of the states. and, thus, most importantly the spin �a the SU(2) group). 

The remaining components of the relativity considered essentially characterize the 

kinematical characteristics of the same state. This distinction is known. It is simply 

better focused by the study of nonselfadjoint strong hadronic forces. Indeed, as recalled 

in Section 3, the Lorentz force Is already capable of producing the nonconservation of the 

kinematlcal characteristics of each individual constituent of a bound state and such nonconser­

vation trivially persists for any force which is analytically more general than the Lorentz 

force. The fundamental physical difference therefore occurs at the level of the intrinsic 

characteristics. The Lorentz force (or more generally, the electromagnetic interactions) 

preserve the intrinsic characteristics of the constituents of a _bound state, with numerous 
fundamental implications ( Pauli's exclusion principle, lack of charge-exchange processes, etc.). 

If a nonconservative quantum mechanics is only capable of producing the nonconservation of 

the kinematical characteristics of a particle, while preserv"' the conventional atomic notbns of 

Intrinsic quantities (spin, magnetic moments, etc.) , it is not a fundamentally new theory. 

As a matter of fact, the emerging dynamical context is ultimately equivalent to that of 

the electromagnetic interactions. The net result is that, in this case, we fail to achieve 

a dynamical departure from the electromagnetic interactions for the intended characteriza -

zion of the strong interactions. 

A crucial contention of this paper is therefore that a generalization of the atomic notion 

of spin and other intrinsic quantities is a necessary prerequisite to attempt a genuine diffe­

rentiation between the electromagnetic and the strong interactions as it occurs in the physical 
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reality, 

As it will be selfevident in a moment, all the preceding studies of this paper and most 
21,21,2-'!, 

of the studies of refs, have been conducted by the author for the primary objective of 

attempting a generalization of the atomic concept of spin, 

By recalling the crucial methodological role of conventional relativities for the technical 

characterization of the conventional notion of spin, a necessary prerequisite to attempt 

the objective considered was the identification of a possible covering of the Galllei relativity, 

Thus, the primary intended use of the Lie-admissible covering of the Galilei relativity 
.2.3 

worked out in ref. and reelaborated in this paper is that of producing a technical characte· 

rization of a generalized notion of spin, 

The objective of this table is therefore that of conducting a preliminary study of the 

an g,Jar momentum-spin component of our Galilei ·admissible relativity 

A (_4-./9.1.) 

where the J's are the generators of the SU(2) Lie algebra, and the 0 's are Euler's angles, 

A study of the full structure (4,19.1) is somewhat premature at this moment, owing to 

the prior need of an extended knowledge of Lie-admissible algebras and groups, which is 

sin,ply lacking at this time (recall from Table 4.15 that no paper by mathematicians has 

appeared up to this moment on the general Lie-admissible algebras), 

We are therefore forced to study, as the first step, the problem in its simple.st 

conceivable, but genuinely Lie-admissible form. In any case, this is fully sufficient for 

the objectives of this paper. If a nontrivial generalization of the atomic notion of spin 

emerges from such simplest possible approach, a deeper generalization is then expected 

for lesser trivial Lie-admissible formulations. Most importantly, if the simplest possible 

treatment indicates nontrivial departures from established quantum mechanical laws, a 

greater departure is expected for more realistic models. The mental attitude implemented 

troughout this paper therefore reaches its climax in this table: the search for a departure 

from the atomic notion of spin in the transition from electromagnetic to the strong interactions 

now becomes vital for the Intended differentiation between these interactions. 
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To proceed, it is useful to reach a more detailed statement of the problem . The 

objective is that of identifying the breaking of the SU(2)-angular momentum-spin 

Lie symmetry due to strong nonselfadjolnt forces. The appllcablllty of the Lie-admissible 

formulations for the treatment of such broken SU(2) context is then expected to be 

consequential. 

The following three aspects of the problem deserve an elaboration, 

(a) Nature of the SU(2)·angular momentum-spin breaking. Let us recall that the 

notion of broken Lie symmetry dates back to the times of the very inception of the Lie 

symmetries in physics. Nowadays, the breaking of Lie symmetries can be proved to be 

essential In numerous physical situations. For instance, an exact SU(3) symmetry would 

yield equal -mass multiplets in disagreement with physical evidence, Thus, the physically 

relevant context is that of the broken SU(3) Lie symmetry (due to strong interactions), 

A deeper inspection indicates that the virtual totality of the (rather numerous) broken Lie 

symmetries in the existing literature are restricted to symmetries other than those of 

connected space-time nature (the celebrated parity violation in weak interactions is of 

discrete nature). This is clearly due to the intent of avoiding the violation of established 

relativities, as tacitly implemented in the available physical lietrature, In this and in the 

preceding papel
?, 

we are essentially extending, apparently for the first time, the notion 

of broken Lie symmetries to those of fundamental relevance, the connected space-time 

symmetries1along the by now famlllar lines (to probe the relativity laws for the hadronic 

constituents and not for the behaviour of a hadron as a whole under ut most electromagnetic 

interactions). In this table we are interested to the breaking of the central part of these 

connected space-time symmetries: the SU(2)-angular momentum-spin. 

(b) Nature of the forces responsible for the SU(2)-angular momentum-spin breaking 

The virtual totality of the available classical, Lie1 symmetry breakingiis achieved by adding 

a symmetry breaking term to the Hamiltonian 
( it-, /'/.2) 

== �

l

S�-"'-"'· 
b<i41<''"'-r I 

b:.v,.. 
with the understanding that the underlying dynamical equations remain Hamilton's (or 

Heisenberg's) equations. Such an approach is fundamentally insufficient for the breaking 

of the SU(2)·angular momentum- spin, The reason is due to the fact that1according to 
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mechanism . (4.19. 2)1 the breaking is due to (local) forces fully derivable from a potential. 

The point is that these forces are compatible with established relativity laws. In order 

to reach a genuine breaking of the SU(2)-angular momentum-spi n symmetry, the forces 

responsible for the breaking must be Incompatible with established relativity laws. The line 

of study of this and of the preceding papef" is that of using the simplest class of these 

forces, the local forces not derivable from .a potential, as an intermediate step prior 1:-o 

more general forces
> 

such as nonlocal and nonderivable from a potential. 

(c) The methodology for the treatment of the brokenSl(2) angular momentum-spin symmetry. 

The conventional approach (4.19. 2) to symmetry breaking ls fundamentally inapplicable to 

the SU(2)-angular momentum-spin breaking also on methodological grounds. The best 
way to illustrate this occurrence is by conducting a critical examination of the currently 

used methods to treat the broken SU(3) symmetry. This is a typical case of mechanism 

(4.19. 2). The srnmetry is semiphenomenologically broken at the level of the Hamiltonian. 

However, since the dynamical equations (Heisenberg's equations) remain unchanged, the 

Lie algebras preserve their fundamental methodological role in their entirety. The net 

result is that physically meaningful results, such as the Gell-Mann-Okubo mass formula, 

are computed by using the enveloping associative algebra Jl(SU(3)) via scalar expresions 

of the type 

J.. 

where, most Importantly, the product X X ls precisely that of Jt (SU(3)). Our 

contention ls that we are here facing a fundamental methodological inconsistency. As 
22-1,H

elaborated in details in ref. and as recalled in Table 4. 16, the .use of the enveloping 

algebras ,R (SU(3)) is the most technically effective way to ensure an exact SU(3) symmetry1 
because the algebraic structure which characterizes in a symbiotic way the infinitesimal 

algebraic and finite group character of the exact SU(3) symmetry is precisely its enveloping 

associative algebra. The net result is the following. On one side the physical validity of 
the Gell-Mann-Okubo mass formula is unequivocal. On the other side, the methods conventionally 

used to construct this formula are those of the exact SU(3) symmetry, only empirically 

modified via the introduction of parameters which, in the final aruHysis1remain algebraically 

unjustified. What is therefore at stake is the depth of the physical insight. 
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We therefore argue that a profound revision of the methods for the treatment of the 

broken Lie symmetries is in order, irrespective of whether of space-time nature of not. 

The uncompromisable condition for any applicable methodology is that of truly ensuring 

that the Lie symmetry is indeed broken at the algebraic level. This is clearly dictated to 

avoid the occurrence of incompatible structures, such as a genuine breaking at the Hamiltonian 

level and the use of the exact .A,(SU(3)) algebra for physical computations. In turn, the 

only way known to me to ensure that a Lie symmetry is indeed algebraically broken is 

to avoid the use of the associative enveloping algebra of the exac� Lie, symmetry algebra. 

Indeed, whenever such algebra Jt is used in physical computations, the associative 

Lie-admissible rule ,R ➔ Ji- ensures that the original, exact, Lie symmetry is 

preserved in its entirety and no breaking has been actually implemented, despite empirical 

procedurese· 
2,� As elaborated in details in ref. , the Lie-admissible formulations have been 

conceived precisely to yield a methodological treatment of � Lie symmetries in general 

and those of space-time nature in particular. A brief outline may be here useful. A first central 

objective to reach a nontrivial departure from the exact Lie context is to ensure that the 

Lie algebras are inapplicable "ab lnitio" as a methodological tool for the broken context. 

The inapplicability of J/, - then necessarily imply that of J2 . This first part, however, 

is per se sterile, particularly on physical grounds. If the associative envelop cfl is inapplicable, 

we clearly need a substitute to compute physically significant quantities. It ls at this point 

where the true algebraic notion of (nontrivial) Lie-admissible algebras, that of �ssociative 

enveloping algebras according to the Poincare-Blrkhoff-Wltt-Ktorides theorem , becomes 

fundamental. Indeed, the replacement of the associative envelop iJl with the Lie-

admissible nonassociative genotope l1A. (I) ensures that the original exact 

symmetry is indeed broken (e.g. , because in general U - ?f fl - ).1
(2) off.,rs the broader algebraic context for practical calculations with the simple replacement 

of the asso.ciative product X X in ,A with the nonassociative product X • X in 6l,{., j 

( 3) the exact context is recoverable identically at the limit 6ll ➔ cf/ , i. e. , at the limit of

null symmetry breaking forces, (4) the approach enjoys a.compatible dynamical backing

via dynamical equations of the same Lie-admissible character (to avoid incompatibilities 

between different methodological treatments) and, last but not least, (5) the approach allows 

the study of the implications of the symmetry breaking forces for the physical quantities, 

such as the relation between the parameters of the Gell-Mann-Okubo mass formula and the
SU(3) breaking forces (when these forces are null, we have equal mass multiplets). 
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Such a broader methodological approach to SU(3) breaking by strong interactions 
was worked out by this author at the Center for Theoretical Studies of Coral Gable in 
1967-1968 and presented at the Indiana Conference of June 1978 (see the proceedings �Z ). 
Subsequently, the approach was reinspected in great details by C. N. KTORIDEs.4-7 
The Lie-admissible algebra used was the U: fl {) 1 )'-) mutation of the associative 
envelop SI,, (SU(3)). The approach reproduces the Gell-Mann-Okubo mass formula identically . .
However, the parameters of  this formula now acquire a precise dependence on  the A 
and f parameter, that ls, the algebraic quantities which are representative of the 
symmetry breaking forces. 

It should be here recalled that the dynamical origin of this broader methodological approach 
rests on the crucial generalization of Hamilton's (or Heisenberg's) equations 
which must be� in algebraic character. Explicitly, we abandon the notion of breaking 
at the level of the Hamiltonian and consider instead that at the level of the equations of 
motion 

The problem whether the symmetry breaking forces are derivable from a potential or not, 
then becomes secondary. The net effect is that the methods· are indeed applicable for 
selfadjoint forces (when the preservation of the space-time connected symmetries is desired) 
but now they naturally allow the Inclusion of the most general possible local forces, the 
nonselfadjoint forces (when the breaking of the space-time connected symmetries is desired). 

To reach a consistent algebraic structure, the broken equations of motion are written 
in our Hamilton-admissible form ,... • v Ls

?
" u-, b) 6 

The departure from conventional approaches to symmetry breaking now become visible. 
Typically, according to mechanism (4. 19. 2 ) the Lie symmetry is broken at the level 
of the Hamiltonian, while the analytic equations remain strictly Lie In algebraic character. 
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In our approach we have exactly the opposite occurrence. The Hamiltonian remains 
fully invariant under the original symmetry group, while the analytic equations are 
generalized into a non-Lie form to ensure the breaking at the algebraic level. In this 
way the Lie-admissible tensor S l'v becomes a direct representative of the symmetry 
breaking forces. In turn, these symmetry breaking forces ccharacterlze the structure 
of the nonassoclative Lie-admissible enveloping algebra 12,.J[ J .2,'?, 

U=°Y/p_

This has the
1
by now

1
dual familiar effect. First, it produces a Lie-admissible characterization 

in the neighborhood of the identity 

-= 0. Ao A.-" 

and second , under lntegrablllty conditions, produces a connected group of finite transfor­
mations 

A-

which we have called of Lie-admissible type. It is In this way that the Lie-admissible 
formulations offer a possibility of treating broken Lie symmetry by attempting the compa­
tible generalization of each major methodological aspect for the conventional treatment 
of exact symmetries. 

To summarize, the apparent novelty of our analysis rests on
(a) the extension of the conventional notion of broken Lie symmetries to the space-time 

connected Lie symmetries in general/nd the SU(2)-angular-momentum-spin case 
In particular, 

(b) a generalization of the analytic structure of the forces currently used in symmetry 
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breaklngs (se!fadjoint) into the broadest admissible local forces (nonse!fadjoint) 

to truly achieve the breakings considered, and 

(c) the embedding of the conventional Lie formulations for the exact symmetries into 

covering Lie-admissible formulations. 

Once the conceptual and methodological context has been identified, the presentation of 

the desired simplest possible breaking of the SU(2)-angular momentum-spin symmetry is 
straightforward. 

On physical grounds we restrict the symmetry breaking forces to produce only a 

semicanonical breaking of the symmetry considered (Table 4. i-1.), that is, when the 

equations of motion are form-invariant under rotations, but the physical angular 

momentum is nonconserved. This is the case, at a primitive 

Newtonian level, of the physical spinning top under gravity, Eqs. (4.tf.. 1,1.. ), i.e., 

Soc_2.) 
SEMI CR i--tor--11 U/l 

0t<£AKING-
L- I ••

)Es - .);-y Ss 
; \._re - I (_e '.J = o. 

50 NfA 

The fundamental point is that the physical angular momentum is �conserved, This is 
clearly a crucial prerequisite to attempt a technical characterization of the spin of an 

eleton (Table 3. 2). The Implications of the selected simplest possible class of symmetry 

breaking forces is that they allow the full formulation of the canonical angular momentum 
(which, as by now familiar, for nonconservative systems must necessarily be different 

that the physical angular momentum L )( mi,). In turn, upon quantization, this allows for 

the use of the entire machinery of the SU(2) group as known, including and most Importantly 
the Pauli matrices . However, for nonselfadjoint forces such machinery has only a physical 

meaning for the maximal associated selfadjoint subsystem. For the complete system It must 

be embedded In the Lie-admissible context. 
It is here significant to stress that the broader classes of forces producing a 

canonical and an essentially nonselfadjoint breaking Imply such a breaking of the symmetry 

under rotations to be beyond our knowledge for an effective treatment at this time. 
Once the symmetry breaking forces have been restricted on physical grounds, we 

remain with a further restriction of algebraic nature. We here assume,for simplicity,that 

the forces for a semicanonical breaking of SU(2) yield a ( A(t), f'- (t))-mu/:ation of the 
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universal enveloping associative algebra F/; (,m(2)) 

J .o]' 
,{ J 

that is, a mutation via functions )\(t) and )"(t) of time (which can be
1
as a particular 

case,constants). 

This produces the desired result. Physical quantities must now be computed 

by using the product of the Lie-admissible enveloping algebra and not the original 

associative envelop (which would imply the preservation of the exact SU(2) symmetry in 

its entirety). Thus, the value of the angular momentum is mapped from the familiar 

expression to a function of time according to 

This is precisely the intended simplest possible case of hadronic mutation of the atomic 

concept of spin , that ls, the dynamical Implications at the level of the spin which are expected to 

result in the transition of the motion of physical, extended particles 1'11 

vacuum under ut most electromagnetic forces to motion within hadronlc matter. It should 

be here stressed that we are here referring to the simplest possible nonne!fadjolnt forces . In 

principle,the broadest admissible forces are expected to have such implications to, perhaps, 

render questionable the preservation of the very term "spin". 

Eq. (4.19. i1.) is referred to the motion of extended particles within hadronic matter 

and not to the notion of spin of an eleton, that is, of an extended hadronic constituent according 

to Section 3, The reason ls that, to achieve a Lie-admissible characterization of such 

a notion, there is the dual need of reaching a departure from the atomic spin for the 

individual constituents of a hadron, while recovering the conventionally quantized total 
angular momentum for a hadron as a whole. 

When the simplest possible hadronic mutation ( 4. 19.1.0) ls used, this essentially 

Implies that the mutation parameters must be not only constant, but actually capable of 

producing a total1 conventionally quantize') angular momentum. 
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As we shall see in Section S, the case which is most significant from the structure 

viewpoint is that of a hadron as a bound state of three eletons which, at the limit of null 

strong hadronic forces, are conventional spin 1/2 particles. The use of the semicanonical 

breaking then allows the preservation of the Pauli's spin matrices G" J. 1 J. " I 1 7 1 3, • 

but now embedded in a Lie-admissible context. Our problem is to identify the admissible 

value of the total, conventionally quantized spin, 

As we shall see in Section s, this constitutes a truljr crucial test of our entire 

exercise of scientific curiosity. According to conventional quantum mechanics in its 
arena of unequivocal applicability (the atomic mechanics in our language)1a bound state 

of three spin 1/2 particles can � yield a state with half-odd-integer total angular 

momentum. Our contention is that this is true, provided that the admissible forces are 

derivable from a potential (the typical atomic and most of the nuclear setting). If forces 

nonderivable from a potential are admitted, we have no clear experimental 

evidence(strictky speaking, none at all, to the best of my knowledge) of the validity of 

conventional quantum mechanics for these broader forces. The net result, and this must 

be stressed, is that, under these broader forces, the restriction to only half-odd-integer 

values of the total angular momentum for a bound state of particles which, under ut most 

electromagnetic forces, exhibit a spin 1/2, is a MERE CONJECTURE, because experimentally 

unsubstantiated, Trivially, the fact that these particles have spin I/2 under ut most 

electromagnetic interactions , by no means, constitutes evidence that such value of the 

spin is preserved under the additional presence of short-a,ange forces not derivable from 

a potential , . 

Once the lack of established experimental knowledge has been stressed, we are free 

to formulate any conceivable conjecture, with the firm understanding that the final solution 

must be provided by experiments and not by theoretical considerations alone. 

Again, the p�blem consists of the study of the value of the total, ·conventionally 

quantized angular momentum which is admissible in a bound state of three particles under 

nonselfadjoint forces, when these particles have spin ij2 at the limit of only electromagnetic 
forces, 
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An exhaustive study of this problem (which is vital for our hadronic structure 

model) demands the study of all plausible alternatiVO!l and their comparative confro n tation 

with experiments. These alternatives are essentially two. 

CASE I: The particles preserve the value I/ 2 of their spin also under nonselfadjolnt 

forces. The total angular momentum of a bound state of three constituents 

of this type can then only be half-odd-integer. The study of this case is left 

to the interested researcher. It is essentially based on the mental attitude of 

preserving conventional quantum mechanical notions as much as possible, 
also for the broader physical context considered. The interested reader should 

be aware that at a close inspection, the theoretically consistent proof of 

the occurrence considered under the forces considered ls by far nontrivial. 

CASE 2: The value of the spin of the constituents changes in the transition from

the case of ut most electromagnetic interactions to that of additional strong 

nonselfadjolnt lnteractio n s  (hadronic mutation of spin). Then the total, conven­

tionally quantized angular momentum of a bound state of three particles of 

this type can be arbitrary, that is either half-odd-integer or integer. This 

is the line of study of this paper. 

At the risk of being pedantic, it should be stressed that the final resolution of the 

issue must be that via experiments , and not that via theoretical consideratioml�·�lrl�h are 

conjectural in both cases. 

The simplest possible technical characterization of the second occurrence via the 

( ). , J" )-mutation algebras is quite simple. Assume (for simplicity, but without loss of 

generality) that the angular momentum is null both canonically and physically. Then the 

total, conventionally quantized, value of the spin of the bound state of three eletons is

given by 
;( \ ::; (>-.-;Jjl11--i-):: 

'Lt.= A<>-,J-CJ 

, 

D, i, • ·' 

If 

� -J,. = � i Ci +1-) 1' (i +1)::: J
1

/ = (� .. .,. <i" 2+ ";)\, � z I (_4-.11.12.bJ/ 1'11 / ,,.. A ,.. ,.. - '-a...:1., 

In conclusion, it appears that the use of mare general strong hadronic forces and 

of their representation via Lie-admissible formulations allows the construction of a bound 

state with an arbitrary, conventionally quantized value of the total angular momentum 

in terms of constituents (the eletons and antieletons) which, at the limit of only electromagnetic 
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interactions, have an arbitrary value of the spin. For instance, two spin 1/2 particles 

(under electromagnetic interaa:ions) can produce, according to this view, a spin 1/ 2 

bound state under nonselfadjoint forces, or three spin ij2 particles, under the same 

conditions, can produce a bound state of either spin zero or 1/2, as the lowest admissible 

levels. 
These dynamical effects of the strong nonseldadjoint forces will be at the basis of 

our model of hadronic structure, as outlined in Section 5. As we shall see, they emerge 
a 

as apparently beingl(necessary prerequisite for the identification of the hadronic constituents 

with physically established, already known particles. 
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TABLE 4. 20: THE INDICATIONS FOR A CONCEIVABLE lNAPPLICAfilLITY OF ESTABLISHED 

RELATIVITY LAWS FOR THE HADRONIC CONSTITUENTS. 

The results of our studies for the relativity profile can be expressed with the following 

PROPOSITION 4. 20, l: Nonselfadjoint strong hadronic forces are generally 

incompatible with established relativities (Galilei's, Einstein's special and 

Einstein's general relativity for the interior problem) in the space of their 

realization (Euclidean, Minkowskian and Riemannian, respectively). 

We shall consider the indicated relativities on a sequential basis, 

I. The case of Galllei 's relativity. The Incompatibility of the forces considered with 
2� Galilei 's relativity was the subject of an extensive study by R, M, SANTILLI via the use 

of the methodology of the Inverse Probl em and the identification of the mechanisms of 

relativity breaking produced by these forces. This study (which will bP. tacitly assumed forthe 
remaining analysis) Identified five classes of Galilei 's relativity breakings 

in Newtonian mechanics: the isotopic, selfadjoint, semicanonical, canonical and essentially 

nonselfadjoint breakings. 

In the transition to a quantum mechanical formulation of nonconservative forces, the 

breakings of Galllei 's relativity persist (with the possible exception of the isotopic breaking, 

owing to the open nature of the problem of quantization of isotoplcally mapped Hamiltonians 

Table 4.13). This can be seen In a number of ways. At the level of the basic laws, the 

conservation laws are violated by a quantization of nonconservative forces under the 

condition of satisfying the correspondence principle, At the level of the transformation 

theory, the occurrence can be seen from the fact that the "Mc.'e packets" emerging from the 

quantization of these forces, e.g., (Tables 4. 9 and 4.1. Z) 
1:-

'f f Jr A ('E) exrlf Ctr -£1 fU)el.1-)] (.4---<D. 1.)

lose the customary invariance of the phase as It occurs, say, in atomic mechanics. 

11. The case of Einstein's special relativity. The epistemological argument Is that the 

breaking of Galllel 's relativity will inevitably imply, on compatibility grounds, that of 

Einstein's special relativity under a relativistic extension of the forces considered. 
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The discrete relativistic case will be considered In details in a separate paper.�
3 

We here consider the case of field theories. The familiar chiral Lagrangians 

-'.1) ::- 1,'2, .•. ,ll-\ 
are admissible under Proposition 4,20.1 because they represent genuine couplings not 

derivable from a potential, Indeed, upon elimination of the regular matrix of integrating 

factors, the underlying field equations are of type (3. 5. �Q.), I.e., 

i [ (Q -t MA :J 'e � - ff� /e;,.J] - �(_le 1 �;J }N:(J 0
5(.l -
= (4.:/.D.3) 

The couplingsa are genuine nonselfadjolnt couplings. In particular, they are necessarily 

quadratic in the field derivatives. However, they constitute a subclass of the class of 

nonselfadjolnt couplings because they verify, by assumption, the Integrability conditions 

of the Inverse Problem for the existence of an indirect Lagrangian representation (non-
28 

essentially nonselfadjoint coupli ngs). Despite this restrictive character, Eqs. (4.20. 3) 

are sufficient for our need�. 

It ls customarily believed that Lagrangians of type (4.20. 2 ) are Invariant under 

Lorentz transformations because of a structure whicl1 formally verifies this requirement. 

We shall here indicate that this ls not necessarily the case, A fundamental condition for 

the Invariance of any Lagrangian under the Lorentz transformations ls that the fields 

transform covar!antly under these transformations, When this crucial requirement is 

met, then the selection of a compatible Lagrangian structure is significant. 

Our problem Is therefore that of seeing whether the fields ce. I<:. , solutions of

Eqs. (4.20.?:,) under the condition of admitting Lagrangian (4.20. 'Z. )1verlfy the fundamental 

Lorentz covariance rule {,t,. 

for some representation of Lt or not. -t 

x'"'Ax
_, 

'SE LI 
t_/+.. ,<.D. 4-) 

An effective way of studying this problem ls by linearizing Eqs. (4.20. 3 ), It ls 

sufficient for us to consider the case n = 1. Suppose that the selfadjo!nt couplings of Eqs. 
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(4.20, 3 ) are the conventional electromagnetic couplings. Then the l!nearizat!on of 

the maximal associated selfadjolnt subsystem is given by the conventional Dirac's equation 

under an external electromagnetic field. The linear!zation of the full equation (4. 20, ?> ), 

including the nonselfadjolnt couplings, then demands the implementation of such Dirac's 

equations with additional terms not derivable from a Lagrangian density (as it can be 

proved via the techniques of the Inverse Problem). 
elm We reach in this way, as a linear!zation of Eq. ( 4. 20,:, ) for n = 1 and f = f , the 

following nonselfadjo!nt generalization of Dirac's equation 

\ L ( -r::�
r

:: ! t- e1:r1: (;,)}� 
,)" - - ,-;-;;; )-

c4--f..D.'5 
This ls precisely our proposed generalization of Dirac's equation under nonselfadjo!nt 

strong interactions, Eq s. (3. 5: {O). 

Our problem is now reduced to see whether the fields e and e , under 

extension (4.20, 5') of the familiar Dirac's equations, necessarily preserve Lorentz covariance 

or a violation of this covariance is admissible. 

Let us recall that the nonselfadjo!nt couplings of the original, second-<>rder1equation 

are quadratic in the field derivatives. This implies that the nonselfadjo!nt couplings of 

its linearized form must necessarily depent on the field derivatives, although in a 

linear form, i.e., they are of the type 

::: ['f<(e,-e,A)e� 

El-'::/=I'� 
where the Q's . and f1

1

5 satisfy the familiar rule 

:f e - Fe) +Ju] [ (tAe_¼ - J
e 

- Fe)-PIJJ e

{[([J+,,tM.
'2-

)<e_ -.±JS/-t- r}IYstt =O 
1 
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but now extended, of course, to include broader couplings. 
The net effect is that the familiar terms �"e� of Dirac's equatioI11now lose 

their dominance for the characterization of the spin of the particle in favor of a correspon­

ding dominance of the new terms originating from the nonselfadjoint couplings (our strong 

couplings). Indeed, the extended equations can be written 

_) 

(- e � (�,.. -t r"'J - £-e + ,¼Q =o u._20.I?J 
(J;r•-rr-)e� _ _f e +Ae. N<:;A 

This implies the mapping of the spin tensor 

c;-J"" = ± ( t,M \" - �,k �"") 
into a generalized spin tensor of the type (for fl'::--f'f<) 

r'r v o( (r-" __[11')(_\Y _ _rv)- (f''-I1) (_� J<-fv>-)_ (J.,ZD-fo)

The net result is that the "spin" of the generalized state becomes generally dependent 

on the parameters of the nonselfadjoint couplings as well as the fields themselves. This 

is sufficient to indicate that the Lorentz covariance is, in general, lost. For instance, 

in the simplest possible realization of the nonseladjoint couplings in terms of the conventional 

t-matrices 

) 

the spin tensor is mapped into a form of the type 

rl;,. -.L 
I 

( /--. .2.o,(2./

which expresses .a dependence of the "spin" on the Minkowski coordinates. Even when 

the g-quantity reduces to a constant we have a mutation of the value of the spin along the 

lines of Table 4.19. Such a context is simply outside of Einstein's special relativity iM 

field theories. 
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The above situation is subjected to the following physical interpretation. In all currently 

available models of implementations of Dirac's equatio111with strong interactions, the latter 
are always realized in a form derivable from a potential density, The methodology of the 

In verse Problem identifies all these model with the class of selfadjoint extensions of 

Dirac's equations, i.e., 

Still the same method� lmply that the strong couplings must be independent from 

field derivatives (this is necessaril y the case for first order partial differential equations 
28 

and related selfadjoint additive couplings). The net result is that the solutions of Eqs. 

(4,20, I'.,) under the assumption of a selfadjoint realization of the strong couplings, do 

preserve the Lorentz covariance of the fields in 

its entirety. The reason is quite simple, Since the strong couplings are 

independent (again, at this first order level) from the field derivatives, Dirac's 

term preserveJits dominance for the characterization of the spin (as well as other 

intrinsic quantities). The preservation of the Lorentz covariance under the assumed 

realization of the strong interactions is consequential. 

A central contention of this paper is that selfadjoint model\(4,20. 13) for strong 

interactions constitute an approximation for point-like particles, and that when particles 

are considered as physical, that is, as extended, the strong interactions demand couplings 

which are analytically more general than the electromagnetlc interactions, 

In different terms, until only the long-range, 11action•cl•a-distance� electromagnetic 

interactions are considered, the point-like characterization of particles produced by 

Dirac's equations is fully admissible and conform with physical evidence, as experimentally 

established in any way. When the short-range, strong interactions are cc.;sidered, the 

situation is different, Here the point-like characterization becames questionable , particularly 

when the distances involved are smaller than the charge diameter of particles ( Z IF). 

To account for the non-point-like character of physical particles while preserving a local 

theory there appears to be only one way: realize the strong interactions via nonselfadjoint 
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couplings. The methods of the Jsverse Problem then Indicates that such couplings 

depend on the field derivatives. In turn, this implies the loss of the familiar �re,
}' 

terms 
for the complete characterization of intrinsic characterlstlcs

1 
In favor of a characterization 

by the str,;mg couplings. Still in turn, this implies a dynamical dominance of the strong over 

the electromagnetic Interactions at the level of their Impact in the intrinsic characteristics 

of the particle, which is precisely our criterion of differentiation between the Interactions 

considered. 

In particular, the idea of a perennial value of spin, as in atomic physics, becomes 

simply unarpealing on intuitional grounds, in favor of an expected dependence of all 

Intrinsic characteristics on the geometry of penetration of the charge volume of the 

particle with hadronic matter, Eqs, (4,20,12) with a dependence of the, "spin" tensor on 

the local coordinates are intended precisely to express this broader notion. 

Almost needless to say, a mutation of the spin implies a mutation also of other 

i[;;�
m

:::;:,A�)::]''[ c;,r 
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The magnetic and electric dip>le moments are then characterized by the generalized term 

H 
,,.,. 

and they result in the predictable mutated form 

I 

A k 
.,{.u 
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.u-Jf 
For a detailed study of these other aspects, we refer the reader to ref. 

In conclusion, Lagrangians of the generalized type (4,20,2) were expected to 

yield only a semicanonical breaking of Einstein's special relativity (covariance of the 

equations of motion under the Poincare transformations
1
but loss of conservation of the 

physical energy-momentum and angular momentum tensor, the couplings being nonconservative). 

This class of breakings cannot be excluded, Neverthless, there is the emergence of the 

more signiflcative canonical breaking of Einstein's special relativity for the structure 

considered (lack of both, covariance and conservation laws), under suitably selected 

explicit fonns of the nonselfadjoint couplings, 

The reader should be aware that the models considered are still restrictive because 

they satisfy the integrability conditions of the Inverse Problem by assumption. This leaves 

an additional, fundamentally broader class of Eqs. (4 ,20, 3 ): that which violate such 

integrability conditions, For these models· (essentially nonselfadjoint strong interactions) 

a Lagrangian representation does not exist.. This implies the loss of the entire canonical 

formalism and related Lie algebra. The incompatibility of these broader models with 

Einstein's special relativity is then consequential and its study is left to the interested 

reader. 

III. The case of Einstein's general relativity for the interior problem, It should be 

stressed that the broader forces under consideration are fully compatible with the general 

theory for the exterior problem of gravitation (the field and the behaviour of t est particles 

at a distance from a massive object), in the sense that they are null outside hadrons, 

0r for distances between particles ) IF). Our considerations are solely restricted to the 

interior problem of gravitation along the lines of ref ,.2.;. It is easy to see that the 

incompatibility of the Galilei's and Einstein's special relativities with the forces considered 

carries over to their gravitational covering, already at the level of simple consistency 
arguments. 

2.2,-! , 1I
This problem Is studied. in refs. and will not be studied in details here . In essence, 

there is the emergence of the following three layers of models according to 
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Eq. (4,20,17.._) is the conventional realization of the electromagnetic forces in special 

relativity which is characterized as selfadjoint by the Inverse Problem, Eq. (4.20,/7b) 
'ft Is the covering characterization In general relativity. It is nonselfadjoint, but of non-

essential type because admitting the Indirect representation via an action prlnclple.34, 

Eq. (4,20.l7C) represents the additive presence of non-selfadjoint forces, It emerges 

as being incompatible with the general relativity for the interior problem on a number 

of conceptual and technical grounds. For instance, the equation is generally� derivable 

from a variational principle, contrary to a familiar property of general relativity. There 

is the lack ·of meaningful characterization of curvature as geodesic deviation, because 

the motion is nongeodesic even for null selfadjoint forces. There Is the lack of conservation 

laws, etc. 
These occurrences, however, do not prohibit the implementation of the intriguing 

possibility indicated in Table 3. 5 : the studies of the possible construction of a generalized 

theory of gravitation1inclusive of more general hadronic forces,which exhibits the conventional 

Einstein's equations for the exterior problem as subsidiary constraints and recovers under 
a Newtonian approximation our model (3.4.2). 

• 1\/otice that essentially nonselfadioint forcPs quadratic in the velocities arP fully aanittPd by 
conventional Riemannian approaches to the interior prob1Pm1 as evi�ent in Eqs, (4 .20./7b), 
but the a�mitted form is highly restrictive for the line of st udy of this paper 
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It Is here tempting to conclude that our study, If proved physically consistent 

in due time, demand:4tJ.
'e reconstruction of a theory for strong interactions virtually "ab 

initio", while leavesYestablished knowledge for the electromagnetic interactions 

entirely unaffected. 

To achieve, in due time, such a goal, the fundamental step is that of the applicable 

relativities. The problem of quantization is second. 

The objective of this paper on the relativity profile was to elaborate one point of ref. 

to the effect that our current knowledge on the relativity laws of the physical universe, 

rather than having reached a terminal stage, appears to be potentially open to new, 

intriguing horizons. 

Equivalently, one objective of this paper was to elaborate1on the relativity profile, 2.:, 
the belief expressed in ref. according to whichTheoretical Physics is a Science which 

will never admit terminal disciplines.{, S 
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TABLE 4. 21: THE INDICATIONS FOR A CONCEIVABLE INAPPLICABILITY OF ESTABLISHED 

QUANTUM MECHANICAL LAWS FOR THE HADRONIC CONSTITUENTS. 

The results of our studies for the quantum mechanical profile can be expressed with 

the following 

PROPOSITION 2. 21. I: Nonselfadjoint strong hadronic forces are generally 

incompatible with established quantum mechanical laws. 

The studies have been conducted along the following complementary profiles. 

I. The relativity profile . The impact of relativity ideas in our representation of 

physical reality is well known. The need of a generalization of Galilei 's relativity for the 

proper characterization of nonconservative forces inevitably implies the need for a 

corresponding generalization of quantum mechanics as currently known for the proper 

treatment of tfle forces considered. In particular, our studies indicate the possible 

emergence of a covering of Galilei 1s relativity which is non-Lie in algebraic character, 

as the fundamental condition for the preservation of the direct physical significance of 

the algorithms at hand. Owing to the truly fundamental role of Lie algebras in quantum 

mechanics as currently known, this is sufficient to indicate the incompatibility of the 

forces considered with the discipline considered. 

I!. The dynamical profile . The problem of the quantum mechanical laws for the 

hadronic constituents under forces more general than those derivable from a potential 

is too crucial to be reduced to only relativity considerations. As such, it demanded the 

independent, but complementary study of the dynamical profile, that is, the behaviour of 

particles under the broader forces considered. Pending a verification by interested 

researchers, it appears that the dynamical analysis of this paper is in full agreement 

with the relativity profile. The forces considered, even in their simplest possible form 

(the nonessentially nonselfadjoint form satisfying the restrictions of Tables 4. 5, 4. 6 and 

4. 7) imply a departure from a number of established quantum. mechanical principles, 

such as De Broglie's wavelength principle, Einstein's frequency principle, Heisenberg1 s 

undeterminacy principle, etc. 

To complete our study, in this table we shall present <\I epistemological analysis 

of the most representative principle of conventional quantum mechanics, Pauli's exclusion 

principle, 6G 
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To avoid possible misrepresentations of the scope of our speculative analysis, let 

us considered s�parately the following three layers of the microscopic reality. 

A. Atomic structure . Toe validity of Pauli's principle within this physical context 

is simply unequivocal I as established by a rather large amount of incontrovertible 

experimental evidence (the principle is crucial for several central features of the 

Mendele'yev table, such as the existence of the long periods containing the iron, platinum 

and palladium groups, and even those of the 14 rare earths). Thus, under no circumstance 

our analysis for nonselfadjoint forces should be interpreted as applicable to the 

atomic structure. 

B. Nuclear structure. In the transition from the atomic to the nuclear structure 

considerable scientific caution must be exercised to avoid possible prejudices. The reason 

is that Pauli's principle was conceived for a purely electromagnetic setting, the atomic 

structure, while the deeper layer of the nuclear structure implies the nontrivial,additional, 

presence of strong nuclear forces. What can be safely stated is that the use of Pauli's 

exclusion principle in nuclear physics produces an excellent agreement with the experimental 

data. This, however, does not constitute evidence that Pauli's principle is ·exactly valid 

in the nuclear structure, that is, it is valid in exactly the same measure as that of the 

atomic structure, or very small deviations are consistent with physical reality. As we 

shall elaborate better in Table 5. 5, the experimental resolution of the issue is strongly 

advocated because of crucial physical and methodological significance for both, nuclear 

and hadronic physics. 
The first aspect of our study can therefore be formulated as follows. 

STATEMENT OF THE NUCLEAR PROFILE OF THE PROBLEM: Is P auli's 

exclusion principle exactly valid for the nuclear constituents, or very small 

deviations can be theoretically and experimentally established ?

Equivalently, is our current knowledge on the val i dity of Pauli's principle in nuclear 

physics quantitatively comparable to the current knowledge of the PCT symmetry in particle 

physics, or is it at a stage prior to the discovery of parity violation? As we did in 

similar instances, the studies on the exact validity of Pauli's principle in nuclear 

physics will be left to the interested researchers. In this paper we are interested to the 

possibility of very small deviations. 
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Our first contention is that the problem considered will remain basically unsolved 

on theoretical grounds until the problem of the nature of the nuclear forces is resolved 

in a way conceptually and methodologically equivalent to the available knowledge en the 

n�ture of the atomic forces. To state it explicit, we believe that the problem of the validity 

of Pauli's principle in nuclear physics is fundamentally dependent on the nature of the 

nuclear forces. The reason is by now familiar. If the final resolution of the problem of the 

nuclear forces will unequivocally establish that these forces are entirely derivable from a 

potential, the exact applicability of quantum mechanics(as currently know� in nuclear 

physics is consequential. This will inevitably imply the exact applicability of Pauli's 

principle in nuclear physics. However, if the final resolution of the problem of the nuclear 

forces will establish the presence of terms not derivable from a potential, the situation 

becomes fundamentally different because in this case the applicability of the entire quantum 

mechanics, let alone Pauli's principle, is in question. 

Our second contention is that presented and elaborated in this paper: on grounds of 

our current knowledge, the possible presence of infinitesimal contributions in the nuclear 

forces originating from terms not derivable from a potential1and additive to the established 

(central and noncentra� nuclear forces derivable from a potentia�cannot be excluded and 

specific theoretical and experimental studies to this effect should be conducted. The 

epistemological argument is, by now, familiar. Nucleons are not point-like particles, 

but instead extended objects possessing a well defined charge volume, as experimentally 

established. Available experimental data on the nuclear volume indicates that the charge 

volumes of nucleons are very close to each other. Within the context of such geometry of 

charge volumes, the possibility of a small 

the nuclear constituents 

penetration of the charge volumes of 

during their evolution in time must be 

expected. This yields infinitesimal contributions of forces which are 

local forces not derivable from a potential 

sufficiently well approximated with 

(nonlinear in the velocities and variationally 

nonselfadjoint), This � the simplest conceivable generalization of the Lorentz force (linear 

in the velocities and variationally selfadjoint), In this case1quantum mechanics in general 

ls not expected to be exactly valid for the nuclear structure. Ve ry small deviations from 

Paull 's exclusion principle are then expected, 

Our third contention is th"t that the proposed "nuclear mechanics" could in the final 
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analysis result to be of some assistance for the theoretical treatment of the problem. 

The idea ls to construct a quantum mechanics which, by central requirement, produces only 

infinitesimal deviations from the established mechanics, which is then called "atomic 

mechanics•� 

The analytic realization of such a nuclear mechanics is via 

multiplicative terms to the free terms of the conventional Hamiltonian which are 

infinitesimally close to the unit 1 B, � • 1 

���j 
i �('.,I,\ 

H -::T+V:-l�+Y � r\NM
= 

IIM 
.i..w 

�y• 
e Ll 

i ,e,, via infinitesimal mutation terms in our terminology. The algebraic realization 

of such nuclear mechanics is an infinitesimal mutation of Heisenberg's law of joint 

Lie-admissible and Jordan-admissible algebraic character 

+ \� { R, H r�':!J
}
= � 0• 

( ft.. :u . .zJ 
The expected implications from the viewpoint of Pauli's principle are the following. 

Lie-admissible algebras are fundamentally incompatible with totally antisymmetric 
solutions because they are neither totally antisymmetric not totally symmetry. However, 

for an infinitesimal mutation of type (4, 21, 2 ) only infinitesimal deviations from totally 
U ll 

antisymmetric solutions are admitted, Thus, the wavefunction of , say, two identical nucleons 

under only infinitesimal nonselfadjoint forces is expected to be of the type 

JI ,L-l,V (-l}J> (__�J-(1.+�)f L'1..)'f".(-i-fl 
.L = l "'1. l "'i 111-t.. /1.\.2, 'J / 

vi' (..ft.,.21. 3) 
This is the type of very small deviations from Pauli's exclusion principle which is hereby 

submitted for experiments� The physical motivation for such a . departure 

from totally antisymmetric wavefunctions is the following. At the atomic icvel, electrons 

are indistinguishable particles because their wave packets do not overlap (appreciably) 

owing to the very large distances here involved, In the transition to the nuclear level 

the situation is expected to be, again, different, In few words, identical nucleons are 

expected to lose their indistinguishability while in a state of penetration of their charge 

volumes with other nucleons, The reason is simply due to the fact that the dynamical effects 

"' See oage 88? for more soeciflc suggestions. 
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originating from such penetration, as elaborated troughout out our analysis, are dependent 

on the degree of penetration, A proton in such a state of penetration then simply becomes 

infinitesimally different than another proton whose charge volume is not overlapping with 

that of others. Pauli's principle, under these circumstances, is not violated, It is simply 

rendered inapplicable because it demands the strict identity of the particles for its very 

application. 

C. Hadronic structure. In the transition from the nuclear to the hadronic structure 

the situation becomes profoundly different, both conceptually and quantitatively. Here, 

extreme scientific caution must be exercised, in the traditional spirit of fundamentally 

unsolved physical problems , l:efore claiming any scientific truth. The main argument 

of this paper is by now familiar. Experimental data indicates that the charge volumes of 

hadrons does not increase appreciably with mass (contrary to the corresponding occurrence 

at the nuclear level)1 and it is of the same order of magni tude of any other known 

massive particle, If the hadronic constituents are physical particles, that is non-point-like, 

we must have a state of penetration of the charge volume of each constituent with those 

of the others during the entire life of the systems(contrary to only an infinitesimal occurrence 

at the nuclear level). 

This situation creates a framework, from the viewpoint of Pauli's principle, which 

is basically different than the corresponding nuclear framework, by therefore calling for 

a different statement of the problem. 

STATEMENT OF THE HADRONIC PROFILE OF THE PROBLEM: Given a system 

of massive, charged and extended Fermions under electromagnetic interactions 

at large mutual distances which strictly obeys Pauli's exclusion principle, 

does the same system exactly obeys this principle when bounded under 

additional strong interactions at distances smaller than their charge diameter, 

or finite departures can be theoretically and experimentally established? 

As we all know, the assumption of the exact validity of Pauli's principle within the 

hadronic structure is studied by the color implementations of quark models'.-fhe study 

of the validity of the same models under the condition that the hadronic constituents are not 

point-like will be left to the interested researchers (these models are vitally dependent on 

Pauli's exclusion principle) . To complement th.,se appr#
ch

fi this paper we are solely 
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interested in the study of the possible violation. Such a study can be conducted in a way fully 

parallel to the corresponding nuclear case and essentially via the transition from an infi­

nitesimal to a finite contribution from local nonselfadjoint forces (again, as an approximation 

of expected nonlocal forces) with consequential transition from an infinitesimal to a finite 

departure from Pauli's principle, 

As a matter of fact; such a parallelism between the nuclear and hadronic case is 

so significant to render fundamental the resolution of the issue at the nuclear level first, 

The argument is simple. The technological complexity of the experimental resolution of 

the hadronic problem is such, to conceivably be beyond our present experimental capabilities, 

In the absence of the possibility of an immediate experimental resolution at the level of the 

hadronic structure, that at the nuclear level acquires a fundamental role. Indeed, the current 

technological level of nuclear experiments is rather advanced and, in any case, the 

experimental resolution of the problem of the validity of Pauli's principle at the nuclear level 

may well result "easier" than that at the hadronic level. The following two possibilities 

are then conceivable. 

(1) Very small deviations from Pauli's principle in the nuclear structure are experl 

mentally established, This would undoutedly constitute indications for a p ossible finite 

departure at the hadronic level, with un understanding that such possible resolution at 

the nuclear level cannot be considered as the final resolution also for the hadronic problem, 
(2) The exact validity of Pauli• s principle for the nuclear structure is experimentally 

established (we are here referring to the experimental identification of a quantitative 

validity, say, similar to that of PTC in particle physics -- thus, the term "exact" should 

not be taken "ad litteram "), This would undoutedly constitute indications for the possible 

lack of nonselfadjoint terms in the nuclear forces by therefore resulting to be invaluable also 

for the problem of the nuclear forces, However, such a resolution would not constitute 

evidence that Pauli's principle is exactly valid also at the hadronic level, howing to the 

profound physical differences between the nuclear and hadronic structures stressed throughout 

our analysis. 

Our first contention is that the problem of Paull' s principle in hadronlc settings will 
remain fundamentally unsolved on theoretical grounds until the problem of the strong 

h adronic forces is resolved In a way "qnivalent to that of the atomic and nuclear structures, 

Again, we Intend here to stress an even greater dependence of the problem of Pauli's principle 

and the nature of the acting forces, than that at the nuclear level. 
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Our second contention Is that elaborated throughout this paper: at the level of the 

hadronic structure, strong nonselfadjolnt forces are conceivable on grounds of our 
current knowledge In such a form to dominate the dynamical 
behaviour of the constituents over all other forces derivable from a potential. 

Our third contention Is that our Lie-admissible approach to nonselfadjolnt forces, 
if properly studied and developed, could be valuable for the theoretical study of the problem, 
We are here referring to our ''hadronic mechanics" conceived to produce a finite departure 
from the ''atomic mechanics", with the "nuclear mechanics" playing the intermediate role. 

The analytic realization of such a hadronlc mechanics Is via the"multiplication'1of finite 

Interaction terms to the free term of the conventional H amt ltonian 

(although this approach is applicable only for the subclass of nonessentially nonselfadjolnt 
forces), The G-terms are the hadronlc mutation terms In our terminology. The algebraic 
realization of such hadronic mechanics is based on an algebraic_ mutation of Heisenberg's 
equations of finite character which Is also jointly Lie-admissible and Jordan-admissible 

{this approach ts expected to be independent of the integrability conditions of the Inverse 

Problem and, thus, applicable, at least In principle, to all nonseradjolnt forces). The 
implications for Pauli's principle are substantial. To state it explicitly, it appears that, 
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under the conditions considered, !!!! the technical Ingredients for the construction of 
the atomic context of Pauli's principle are lost.Here is a nontechnical summary, 

(I) The forces considered generally violate the Integrability conditions for the existence 

of a Hamiltonian(at the classical level). This Implies that the Schrodlnger·type representations 
cannot generally be constructed via the Hamilton-Jacobi approach, and In the form currently 
known. In turn, this Implies that the very concept of statevector for a system of hadronic 
constituents is In question, let alone Its totally antisymmetric character. 

(2) Under the restriction that the forces considered satisfy the Integrability conditions 
for an indirect Hamiltonian representation without redefinition of the space-coordinates, 
the Hamiltonian of the emerging generalized Schrodinger equations Is generally �-Hermitian. 
Assuming that the statevector can be proved to be totally antisymmetric, it loees Its 
physical meaning In relation to the observability, 

(3) Under the further restriction that the emerging canonical Hamiltonian Is Hermitian, 
?,'/ It generally violates the conditions of the separability theorems . Thus, a separation of 

the hadronic statevector 

does not generally exist ,. In the final analysls,this is the minimal expected mutilation 
of the atomic settings because, after all, we are treating the "strongest" interactions In 
nature known until now. Assuming that such nonseparable statevector can be proved to be
antisymmetric for a given hadronic mutation term, this still does not Imply Pauli's principle 
on numerous counts, such as, f I/ l'1 Is the eigenstate of an operator Hgen which does not 
represent the physical energy, the orbits of the constituents are nonstatlonary, etc, 

(4) Under the further restriction that the canonical Hamiltonian (exists, Is Hermitian 
31 and) separable (i. e., satisfies the theorems of refs, ), it does not; In general1commute 

with the physical Hamiltonian (the energy). This Implies that the elgenfu1 ··:Ions of the 
physical energy can be written In terms of the eigenfunctions of the canonical Hamiltonian 
say, for the case of two particles, via expressions of the type 

(A'U c,,._n, C.,.M c.J-> C,"I 

JJ {_1) 'f Ci) -t- 0 (.-t., i ) f U-) f"" (1 .. J.I /It, 1#2,. I /11,Ai
i, 

IW
,t.. 

Mz, 

c 1t-.:u.1J 
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It should be stressed that such a scripture has only a formal value. It merely indicates 

the covering nature of the hadronic mechanics over the atomic mechanics. Indeed, at the 

limit of null nonselfadjoint forces, the canonical and physical Hamiltonians coincide 

by recovering the typical setting of Pauli's principle 

e,,,.,. f UH= !J�:"���· f !fl'(= o(
�

� �"" ± L lf Hr:
l I;-. ti. 8)

f, ...,,,., n "4> n fl. 1 I' vi. 

) 

NS� 
- _!_ I J_J (1-) 'f,, t.1) ± i.f, U-) � (1)
- \/l L I,.,

.., 
412, 1111,. i. 

(5) Under the still further assumption that the canonical Hamiltonian (exists, is

Hermitian, is separable and) commutes with the physical Hamiltonian, the eigenfunctions 

are not expected to be either totally antisymmetric or totally symmetric, One of the 
reasons is due to the expected high value ol the spin-orbit couplings directly via 

the hadronic mutation terms, t hat is, multiplicative to the kinetic term (rather than 

additive, as In all currently available models), e.g., 

H= �'v[GlG-V]+ V ; 
.:Z.G� "" .,_._ (4-.-2.1.9) 

Indeed, depending on the geometry of penetration of the charge volumes, the value of the 

angular momentum of a particle (as an example) may depend oil the value of the spin of another 

given particle, as well as other elements, 

The list could continue. But, rather than doing this, It might be of some value to point 

out the reason for the conceivable nonapplicability of Pauli's exclusion principle for the 

hadronic constituents which we consider the fundamental one. It is based on 

relativity considerations. 

Quantum mechanics is, in essence, an articulated body of deeply interrelated and 

Inflexible laws which see their ultimate characterization in the applicable relativity, Gali!ei's 

(or Einstein's special)relat ivity. In this setting, the characterization of a Fermion demands 

the knowledge of four quantities: one intrinsic (the spin) and three kinematical (say, the three 

components of the physical linear momentum) 

. Characterization of a Fetmlon 

under electromagnetic interactions 

only 

2 fx)� 1 f2 
kinematic al 

C} • .2.1, fo)

intrinsic 
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The conceivable nonapplicability of established relativity laws for the hadronic constituents 

(Table 4.20) directly implies a consequential, conceivable nonapplicability of Pauli's 

exclusion principle. To see this occurrence, one must not interpreted the breaking of these 

space-time symmetries in a marginal way (say, 2!!!x the breaking of translations in time). 

Instead, the breaking must be brought to the utmost of its possibilities: the breaking of 

the group of rotations. This directly implies that the atomic characterization (4.21. iO) 

is unsufficient to characterize the same "Fermion" under the additional presence of strong 

nonselfadjoint forces because now the quantum number "s" (which has a complete meaning 

under forces derivable from a potential) is insufficient to characterize the intrinsic 

quantity considered (the state is no longer an eigenstate of SU(2) invariant operators). 

For the characterization of a hadronic state under the conditions considered, the 

identification of a covering relativity then becomes vital. The proposed Lie-admissible 

covering of the Galilei's relativity essentially provides the following characterization. 

The kinematical quantities of the state remain the same as those for conventional atomic 

settings (the linear momentum is generally nonconserved -- for one particle in a state of 

many -- under both selfadjoint and nonselfadjoint forces), The mutation occurs at the level 

of the intrinsic characteristics (which are strictly conserved for atomic settings). Thus, 

in addition to the value "s" under only electromagnetic interactions, at least one additional 

quantity is needed to characterize the dynamical effects of the strong interactions in 

such intrinsic quantity: its departure from the value under electromagnetic Interactions 

only. We reach in this way, as the simplest possible case, five quantities for the characteriza­

tion of our hadronic constituent 

Characterization of a Fermion under 

electromagnetic and strong nonself­

adjoint forces . 

where "llj," is the mutation term, that is, it measures the departure from the value s under 

electromagnetic interactions only. At a deeper analysis it emerges that this must 

be the case slso for all other intrinsic quantities, such as the charge, rest mass, magnetic 

moments, etc., because the mutation of one intrinsic quantity is not necessarily proportional 

to that of another. Thus, the characterization of one of our hadronlc constituents demands ,� several more quantities. This aspect will be studied in some future paper, 
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The simplest possible characterization (4.20,11..) of our hadronic constituent under 

the proposed Lie-admissible covering of the Galllei relat ivity is sufficient for the objectives 

of this paper. Indeed It produces the Inapplicability of Pauli's exclusion principle. The 

reason is so simple to appear trivial: Pauli's exclusion principle is not expected to be 

applicable for the hadronic constituents under nonselfadjoint strong forces because, if the 

constituents are Fermions under electromagnetic interactions only, THEY ARE NO LONGER 

NECESSARILY FERMIONS under the forces considered, As it was the case at the nuclear 

level, Pauli's principle is not violated (no principle of this magnitude can be easily "violated"). 

Instead, it is rendered fundamentally inapplicable by the acting relativity because such 

relativity alters the statistical character of the particles as experimentally detected with 

currently available experimental techniques (i.e., under electromagnetic interactions � • 

In concl usion, one of the most intriguing problems which is opened by our study is 

that of the covering statistics which are expected to be applicable to particles under the 

forces considered. This problem will be left open for the interested researcher at this time. 

However permit me to indicate that initial studies on Lie-admissible covering statistics ' 
�5 have been conducted by R.M.SANTILLI and G. SOLIANI in an unpublished note of 1967 

The emerging statistics were called "formal unification of Bose-Einstein and Fermi-Dirac 

statistics" because the used basic tool, a Lie-admissible covering of the Lie's triple 

systems 
( Nt� ci,tc ) = (oeGL�

J
1<- ;- f'l!��1&J =- f<Q" 

(Q.,, b) � >-.t1.6 _,. r b°' ) cx,f,t >-1,r G F, 
was capable of producing either Fermioos or Bosons at the limit to Lie trl pie systems (now 

reinterpretable as the limit to null nonselfadjoint forces). A rather crucial result was 
achieved o_n purely algebraic grounds by this note. It can now be subjected to 

a reinterpretation in light of the 5w,sequent studies. Irrespective of whether the 

hadronic constituents are Fermions or Bosons under electromagnetic forces only, strong 
nonselfadjoint forces render them statistically equivalent. As we shall see in the next 

section, these concepts appear to be crucial to attempt a structure model of the hadrons 

based on the identification of the constituents with particles which are already fully known 

at the limit of electromagnetic interactions only. It is therefore hoped that the line of 

study of note ¥-, can now be completed, at least up to an 

initial stage of insights, 

- 818 -

As a personal note, permit me to indicate that, after learning Pauli's exclusion 

principle during my graduate studies in physics (at the University of Torino, Italy, 1963-1966), 

I was surprised to see that the principle was used also under strong interactions. Note 4,5 

was intended in the hope of indicating that this universal applicability of Pauli's principle 

in the microscopic world is not fully convincing, as it is the case for all physical laws, 

because they inevitably have precise boundaries of applicability (e.g., Galilei's relativity 

laws are not universal, Schrodinger's equation is not universal, etc.). If the boundaries 

of applicability of one physical law have not been discovered by one researcher, 

likely they will be discovered by another in due time. Along this. spirit, the objective of 
'; note't- was that of indicating that generalized statistics beyond those currently known are after 

all conceivable (this includes conventional-statistics and parastatistics, all being a subcase of our 

Lie-admissible ansatz(4,20J2)).r:hus, Pauli's exclusion principle, as it is the case for so 

many physical laws, is not expected to be necessarily universal. A number of years have 
� . 

. 
n now passed since the time of note (as well as of my first• note on Lie-admissible formulations ) 

Since my doubts have increased, rather than decreased in time, this has lead to my efforts 

to identify the boundaries of applicability of Pauli's principle, The answer which is hereby 

submitted is by now selfevident: 

Pauli's exclusion principle is necessarily applicable, provided that the 
67 

acting forces are variationally selfadjoint under the correspondence principle, 

Permit me to conclude this section with the following remark. Assuming that a Lie­

admissible covering of the methodological context of Pauli's principle (relativity-mechanics­

statistics) can, in due time, be consistently achieved and results to be conform to 

experimental evidence, by no means such covering context should be considered as a 

terminal description. Indeed, its primary limitations (approximation of expected nonlocal 

settings) have been identified at the very time of the inception of these possible formulations, 

This-point mqst be stressed because too often in the history of physics the 0 stablishing 

of new physical laws has later on proved to be a major obstacle for further basic advancements 

in broader physical arenas. To state it explicitly, another objective of this paper was to 
2=> 

elaborate, this time from a quantum mechanical profile, the belief expressed in ref. according 

to which Theoretical Physics is a Science which will never admit terminal disciplines. 
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5. THE EPISTEMOLOGICAL ARGUMENT FOR A POSSIBLE IDENTIFICATION OF THE 

HADRONIC CONSTITUENTS WITH PHYSICAL PARTICLES, 

As recalled in Section 2, a number of fundamental problematic aspects forced the 

acceptance, not without initial controversy, of a radical departure from established classical 

disciplines in order to achieve a physically consistent model of the atomic structure. 

A central contention of this paper is that, perhaps, the fundamental problematic aspects 

of the quark models will eventually demand a radical departure from established quantum 

mechanical disciplines in order to achieve the final solution of the problem of the hadronlc 

structure. 

The reason for such quite delicate contention Is related to the truly fundamental issue: 

the identification of the notion of constituent which is applicable for the case of the hadronic 

structure. In turn, this notion can be reduced to the question: what is a particle ? 

Our studies essentially indicate that the notion of a particle in general, and that of a 

constituent of a bound state in particular, may exhibit a profound differentiation depending on 

whether the particle (or constituent) is under electromagnetic interactions only (as in the 

atomic structure) or under electromagnetic and strong interactions (as in the hadronic structure). 

Clearly, this issue is at the foundation of the central problem of hadron physics: the identification 

of the hadronic constituents with physical particles, Indeed, unless the notion of constituent is 

properly defined, the problem· of the structure of hadrons may be inconsistent in its very 

formulation. 

Permit me to present my view . By "physical particle"_! mean an "experimentally established 

particle other than free", As we all know, the quantitative formulation of the physical particles which 

is currently adopted Is crucially dependent on the established relativity and quantum mechanical 

laws. From a relativity profile we use the applicable relativity (Galilei's or Einstein's special) 

to characterize a particle via a suitably selected representation of the relativity Lie group. From 

a quantum mechanical profile we use a number of fundamental notions, such as spin, wave packet, 

etc. to achieve the needed quantitative characterization, 

This contemporary notion of particle has proved to possess an unequivocal physical 

consistency for the case of all particles under electromagnetic interactions in general and 

for the case of the constituents of the atomic structure in particular. In conclusion, the 
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identification of the notion of constituent for the case of the hydrogen atom can be considered 

as accomph ished in a physically incontrovertible form. We then argue that the problem of 

the structure of the hydrogen atom is consistently formulated because we possess a 

quantitative characterization of the notion of constituent under electromagnetic interactions. 

The net result is that the statement 

" the electron and the proton are the constituents of the hydrogen atom " 

is physically consistent because We possess a physically consistent notion of particle under 

electromagnetic interactions. 

In the transition to the problem of the structure of the hadrons the physical context is 

profoundly altered, The reason is quite simple. In the atomic structure we have particles 

under long-range, action-at-a-distance interactions, In the hadronic structure we have 

"particles" bounded at extremely small distances under "strong" interactions, as well as 

conventional electromagnetic interactions. Our contention is that this new physical context 

demands a rei nspection of the notion of particle to consistently define the 

problem of structure. 

In conclusion, what appears to be the fundamental prerequisite for the very formulation 

of the problem of hadronic structure, let alone its treatment, is the identification of a physically 

consistent notion of particle under strong interaction!\ as well as, of course, under joint 

electromagnetic interactions. In turn, as it has been the case for the constituents of the 

atomic structure, the quantitative formulation of this notion crucially depends on the 

relativity and quantum mechanical disciplines which are applicable to strong interactions, 

This is the reason why the problem of hadronic structure has been considered the very last 

in our priorities, and all our efforts have been primarily devoted to the problem of the 

disciplines which are applicable to the strong interactions. 

The implications of our studies In regards to this issue are essentially given by the 

following alternatives. 

ALTERNATIVE I :  The strong hadronic forces are local and derivable from a potential. 

In this case conventional relativity and quantum mechanical disciplines unequivocally apply. 

The direct consequence is that • the notion of constituent of hadrons and that of 

constituent of atoms are dynamically equivalent, in the sense that they are characterized by 

exactly the same disciplines. As a result, the hypothesis 

" the quarks are the constituents of hadrons " 

is vitally dependent on the assumption that the relativity and quantum mechanical disciplines 



- 821 -

which have been constructed for the atomic structure identically apply (that is, apply without 
t, .. $1<: 

an¥modlf!cation) also for the hadronic structure, because the quantitative characterization of 
the concept of quark vitally depends on these disciplines (a fractional charge is irrelevant 

for this context as compared, say, to the value 1/2 of the spin). 

As recalled in Section 2, despite a rather substantial effort, this approach to hadron 

structure has not reached the needed level of unequivocal physical consistency. This situation 

then demands, in our view, the study of other alternatives, 

ALTERNATIVE II: The strong hadronic forces are local and non-derivable from a potential. 

As stressed throughout our analysis, conventional relativity and quantum mechanical disciplines 
do not apply to this broader approach to strong interactions. In this case there 

simply is the n€ed for the courageous abandonment of established disciplines and for the 

search of covering disciplines specifically conceived for the broader physical arena considered. 

In turn, the knowledge of these disciplines is clearly needed before the terms "constituents of 

hadrons" can acquire a physical meaning under the conditions considered. 
2� 21-i2 As by nCNI familiar, in the preceding paper and in this paper (see monographs 

for a detailed presentatiori) I have proposed covering, Lie-admissible and Jordan-admissible, 

relativity and quantum mechanical formulations for the treatment of the considered type of 

strong interactions. Even though this proposal is the result of a number of years of isolated 

and silent effort {I have been working at this project , although not on a full time basis, since 

the time of my graduate studies of 1963-1966), under no circumstance the proposed covering 

formulations should be considered as the final formulations which are applicable to the 

considered physical context, until proved so by independent interested researchers. In essence, 

I will have achieved my objective if I succeed in formulating the problem in a way sufficiently 

clear and If the proposed formulations will emerge as being a good starting ground. 
With a clear understanding m these points, this section is devoted to an epistemological 

study of the structure of the hadrons which emergerfrom the proposed covering disciplines. 

In view of the preceding remarks, the fundamental prerequisite for any treatment of the 

problem ls the quantitative characterization of the concept of constituent which emerges from 

the consi;:lered more general nature 
predictable: 

of the strong interactions. The answer is by now 

" the eletons and antieletons are the constituents of hadrons 
11 

where the term "constituents".nCNI implies the characterization via the proposed covering 
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formulations. 
The argument is also by now familiar. When the strong interactions are realized in a way 

analytically equivalent to the electromagnetic interactions (selfadjoint) they have exactly the 

same d ynamical implications of the latter interactions at the level of the intrinsic characteristics. 

Thus, an electron of an atomic clrud has the perennial value l/2 of the spin which is preserved 

for the entire life of the particle as a member of such atomic system or, equivalently, the 

statistical character of the particle is also unchanged during the entire life of the system. 

In the transition to the hadronic structure under strong selfadjoint interactions the situation is 

exactly the same. A constituent is assumed as possessing perennial values of the intrinsic 

characteristics which are simply unaltered by the strong interactions. This is exactly the 

case for the quark hypothesis. 

When the strong interactions are considered as dynamically and analytically nonequivalent 

to the electromagnetic interactions and, thus, realized in terms of nonselfadjoint forces ( or 

couplings), the situation is profoundly different. These forces produce a breaking of 

the central part of the atomic relativities, the SU(2\-spln part. The net effect is that strong 

nonselfadjolnt interactions produce a change (mutation in our terminology), In general, of � 

the intrinsic characteristics of the particles under electromagnetic interactions only. In turn, 

this produces a notion of constituent for the hadronic structure which is fundamentally different 

than that for the atomic structure. To be quite specific in this crucial point, the Idea that a 

hadronlc.constltuent has perennial values of the spin, magnetic moment, charge (irrespective 

of whether Integral or fractional), etc. becomes vacuous under the conditions considered. 

The notion of eleton (and antieleton) has been conceived in the intent of achieving (in due 

time) a quantitative characterization of precisely this broader notion of "constituent", 

that of a particle under strong nonselfadjolnt forces (as well as conventional electromagnetic 

forces), By keeping Into account that a ri gorous treatment of the problem demands the prior 

in depth knowledge of the Lie-admissible algebras (which is simply lacking at this time), we 

content ourselves with the characterization of an eleton according to our Assumption 3.2.1, 

The reader should recall the crucial restriction that the mutatio.-, .of the intrinsic 

characteristics of a hadronic constituent must always be compatible with the strict! y conserved 
1J.!!trinsic 

(again, under electromagnetic interactions only) nature of the totalVctJaracteristics of a hadron. 

In turn, the central hope of the notion of e let on is that of achieving the resolution of the 

fundamental problem of hadron physics: the ldentlficat ion of the hadronlc constituents with 

physical particles. Indeed, by its very conception, an eleton can be produced as free. The 
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reason is simple. Whether selfadjoint or nonselfadjoint, strong interactions are short -range 

interactions, When dynamical conditions allow an eleton to be outside the range of the strong 

interactions it must reacquire its conventional state under electromagnetic interactions, 

a part secondary effects(as we shall see, mostly realized via the emission of neutrinos). 

The technical realization of this occurrence, the reduction of an eleton to a conventional 

particle under electromagnetic interactions only, is fundamentally dependent on the capability 

of the covering relativity and quantum mechanical disciplines to recover identically the conventional 

disciplines. This is the reason why we have considered this limit property an uncompromisable 

condition for the construction of the covering disciplines. In turn, this is the reason which 

uniquely selects(jointly with few technical aspects here inessential) the Lie-admissible algebras 

as the only admissible algebraic structure of the covering disciplines (both for relativity and 

quantum mechanical profiles). 

We are now equipped to perform a crucial step for the analysis of this paper; the identifi­

cation of the hadronic constituents with physical particles, as suggested by Lie-admissible 

formulations. 

To begin, permit me to recall that beauty and simplicity have often resulted to be an 

invaluable guide in our efforts t o  represent the physical world. During numerous occurrences 

in the bi sto ry of physics, complicated initial hypothesis were subsequently forced to leave the 

way to the simplect possible hypothesis, of course, after the methods for their treatment 
had been identified. 

In relation to the fundamental problem of hadron physics, the identification of the hadronic 

constituents with physical particles, our attitude is as simple as conceivably possible. Consider 

the mesons 

11' I 

A dominant physical characteristic of these particles is that they exhibit spontaneous decays. 

We therefore simply assume that the mesonic constituents are produced in these spontaneous 

decays In precisely the same way as the positronium exhibits the decay into e+ 
e - . We reach 

in this way our most crucial 

ASSUMPTION 5. 1: The constituents of mesons are massive and charged particles 

produced in their spontaneous decays. 
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There is no doubt that this assumption is fundamentally simpler than the assumption of 

yet unidentified constituents (the quarks) under the further assumption of a yet unachieved 

confinement, and complemented by the still further assumption of complex decay processes 

mediated by sometimes yet unidentified additional particles, 

Despite its simplicity, the quantitative treatment of Assumption 5.1 is by far non-trivial. 

As we shall see, the assumption considered is simply incompatible with the established 

relativity and quantum mechanical disciplines and renders simply mandatory the construction of 

covering disciplines for any assessement of its plausibility via a quantitative treatment. 

The objective of this section is therefore that of studying whether Assumption 5. 1, while 

prohibited by conventional, relativity and quantum mechanical disciplines of strict Lie algebraic 
character, becomes admissible, is quantitatively treatable and results to be in agreement with 

the experimental data under the assumption of the proposed covering, relativity and quantum 

mechanical formulations of joint Lie-admissible and Jordan-admissible algebraic character. 

It is understood that the term "constituents" of Assumption 5. I is that characterized by those 

covering disciplines (i.e., the particles are in an eletonic state). 

On more specific grounds, the statement of the problem can be formulated as follows. 

It constists of the study whether it is possible to construct a new structure model of mesons 

under the proposed Lie-admissible and Jordan-admissible formulations which 

(A) satisfies our uncompromisable requirement of physical consistency, the identification 

of the mesonic constituents with physical particles; 

(B) provides a quantitative representation of the following mesonic phenomenology: 

(B-1) all the intrinsic characteristics of the particles considered (rest energy, mean 

life, spin, charge, space-parity, charge-parity, electric and magnetic dipole 

moments 
I 

electric and magnetic quadrupole moments, etc.): 

(B-2) spontaneous decays and related fractions; 

with an understanding that the remaining part of the mesonic phenomenology 

(B-3\ inelastic and elastic scattering processes involving mesons 

is simply beyond our knowledge at this time on numerous grounds (need of the final 

solution of the problem of structure of all other hadrons; need of identifying a covering 

of the scattering theory which Is truly applicable under nonselfadjoint forces;*etc.); and 

(C) reaches full compatibility with the established unitary models of Mendeleyev-type 

classification of hadrons, 

• The event �f ➔ f p 1T'
*71't7rr71 :. 7r:t has been reproduced in the front page of this journal 

to remaind all of us that the problem of scattering processes Is still open as of now, perhaps, 
primarily on methodological grounds, 
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Notice that this statement of the problem is entirely in line with the epistemological 

analysis of Section 2. In particular, established unitary mode ls of classification not only are 

assumed as valid, but they are expected to provide invaluable elements for the structure 

(in much of the interplay between classification and structure which occurred for the atoms). 

We simply identify their arena of unequivocal physical relevance. 

It should be stressed that the problem of the structure of nucleons and other heavier 

hadrons must be considered extraneous to the objective of this section as well as of this paper. 

The reason is that the problem of a true, quantitative interpretation of the stability of the 

proton may well result to be of a complexity beyond our most vivid imagination. 

In turn, this situation creates the problem of identifying the boundary of possible 

physical relevance of Alternative !I and related methodologies, The tentative avswer which 

I here submit is: 

The arena of possible physical relevance of the assumption that the strong 

hadronic forces are local and variationally nonselfadjoint is that of the mesonic 

phenomenology only. 
.2-?

I have taken the liberty in the preceding paper and in this paper to stress my belief 

that Theoretical Physics is a Science which w!II never admit terminal disciplines. Numerous 

times in the history of theoretical physics the establishing of a methodological context for 

68 

one given physical arena subsequently emerged as a major obstacle for fundamental progresses in a 

'(el:'hroader physical arena. I have no words to stress the fact .that, in the event that the 

Lie-admissible formulations emerge as possessing physical relevance for the mesonlc 

phenomenology, under no circumstance they should be considered as necessarily applicable 

to the entire hadronic phenomenology. On still more specific grounds, the problem of the 

stability of the proton is such that the need for still more general metho� cannot be 

excluded at this time. This leads to the last 

ALTERNATIVE III: The strong hadronic forces are non• local and non-derivable from a 

potential. In essence, my studies indicates (see, for instance, Table 4.20) that the conceptual 

and methodological context of Alternative I can be considered as an approximation of that of 

Alternative II at the limit of point·like constituents. In turn, Alternative II was conceived 

as an approximation of Alternative III. It is substantially premature to attempt the identification 

of which alternative is promising for the problem f the structure of the proton. The only point 
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I intended to stress is that the Lie-admissible formulations, as presented in this paper and 
. .2.1 .ti 2.� m the other references/ ' 1 apply only for local forces. The existence of still more 

general formulations for non-local forces cannot therefore be excluded. 

To conclude this introductory part, permit me to indicate that in this section I shall 

implement the preceding. parts of the analysis often in a tacit form, whenever repetitions 

are unnecessary. OWing to the rather radical departur�called by the approach with respect 

to conventional trends in hadronic physics, we expect that the interested reader becomes 

familiar with the preceding analysis, particularlyw;t� its conceptual profile. For instance, 

a most crucial prerequisite for a consistent treatment of Assumption 5. l is the total lack 

of unitary quantum numbers (isospin, hypercharge, color, etc,) at the structure level. 

The idea is that the notion, say, of isotopic triplet of plons, while vital for the classificat ion 

of pions, prohibits the proper formulation and treatment of the problem of structure of each 

individual pion. Th is notion may be debatable if considered only within the context of its 

presentation, Table 2.2.The point ls that the notion becomes mandatory when the Lie-admissible 

formulations are assumed. Indeed, these algebras produce such a breaking of unitary Lie 

algebras to the point of rendering the notion of unitary multiplet meaningless . 

But the conceptual (as well as technical) profile which appears to be truly crucial is 

that of the proposed covering relativity of joint Lie-admissible and Jordan-admissible algebraic 

character, Indeed, this relativity appears to express in a symbiotic way the virtual entirety 

of the notions considered in this paper. As a matter of fact, the relevance of this 

relativity for the structure of mesons worked out in the following tables ls so prominent , that 

the physical consistency of the model can, in the final analysis, be reduced to that of the 

applied relativity. 

In conclusion, as anticipated \n ref, .2,�, what I am attempting in this section is 

a differentiation of the atomic and the hadronic structure via the applicable relativity laws. 
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TABLE 5, 1: THE PROPOSED STRUCTURE MODEL OF THE f(O PARTICLE WITH PHYSICAL 

CONSTITUENTS 

The central intuitional grounds for our structure model of the 1Y O particle rest on the 

similarities as well as differences between the particle considered and the positroni um. 

The physical characteristics of the 'lT Oare: 

( 1) mass: 134, 96 MeV; 

(2) mean life: 0. 828 x 10-16 sec; 

( 3) charge radius: �:no -
13 cm; 

( 4) charge: zero; 

( 5) spin: zero; 

(6) space-parity: negative; 

(7) charge -parity: positive; 

(8) electric and magnetic dipole moments: null; 

(9) electric and magnetic quadrupole moments: null; 

(10) decays modes and related fractions: 

tt 
te+ 

e-

�t'r 
e+e-e:te.-·

rtrr 
ere-

98. 85 % i

1.15 0/o j 

� 5 X 10-6 i 

3,3.2x l0-5 i 

< 6 X 10-5 

( 2 X 10-6 

An inspection of these data indicates a number of similarities with the positronium, 

Those which are considered here important are the similarities in the decay modes. 

Indeed, the positronium also admits the decays 

the latter one being that with the lowest fraction (tunnel effect for the positronium 

constituents). 

On grounds of these similarities, we argue that the positronium and the'!T
0 

have the 

same constituents, only embedded in different dynamical conditions. 
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This leads to the study of the following 

HYPOTHESIS 5. I. 1: The constituents of the 11'
0 

are one electron and 

one positron rounded in an eletonic state. 

By keeping in mind the indicated similarities with the positronium, we note that t�e 11'
0 

exhibits spontaneous decays . The simplest possible hypothesis is therefore that its constituents 

are produced in these spontaneous decays (in exactly the same way as it occurs for the 

positronium), Hypothesis 5, I. I then follows from the fact that the � massive and charged 

particles produced in these decays are the electrons and positrons. This excludes any other 

possibility of directly identifying the 11'
0 

constituents with physically known particles, 

The hypothesis is then completed by the fact that the decay of the 1T' 0 into its constituents 

carries the lowest fraction (in precisely the same way as it occurs for the positronium). 

It should be indicated that Hypothesis 5, I. I would have appeared simply paradoxical 

only a few years ago, Not so lately, Indeed, the hypothesis that leptons are also strongly 

interacting particles has began to appear more frequently in the literature {,� It should 

also be indicated that Hypothesis 5, 1.1 has been apparently formulated for the first time( in 1974) 

by R. M. SANTILLI 70, not surprisingly, within the context of a study of the structure of 

the 'f( 0 from a gravitational viewpoint. We shall comment on this aspect later on. 

The second phase of the needed intuitional elements is that related to the differences 

between the 'i't'
0 

and the positronium. Those which are considered here important 

(besides the fact that the positronium forces are only electromagnetic while the ']T 0 forces 

and electromagnetic and strong) are 

(a) the charge radius of the 11' 0 is much smaller than that of the positronium. (for a 

factor of the order of 10-5); 

(b) the positronium can exists in a state which is either singlet (J = 0) or triplet (J = I) 

while the 'tr O exhibits only the value J = O. 

(c) t he fractions of the same decays of the positronium and of the 1(
0 

are different. 

Our contention is that, a covering of the conventional atomic mechanics is needed to 

interpeted these differences under the condition that the constituents of b oth, the 1'l 
O and 

the positronium are the electrons and positrons. 

This point will appear in much more imperative terms for other mesons. We therefore 

restrict ourselves to only few remarks. On epistemological grounds, a covering of quantum 

mechanics appears to be needed by the lack of presence of the dual state of singlet and of 
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triplet under the 
1
�ameJ/constituents. In essence, we argue that the laws applying to the 

posltronium must be subjected to a mutation in order that only the singlet state is stable 
when the same constituents are bounded at very small distances. On quantitative grounds, 

th� conventional Schrodinger's equation (in relative coordinates --p 

1-fj:L1 +\/(1-)1Y'- £f,

being the reduced mass) 

(5.i. :I.) 

sometimes yields only complex values of the energy when the total energy of the state 

is bigger than the rest energy of the constituents.7::l In other words, the typical setting 

in which Eq. (5, 1. 1) produces physically consistent results is that in which the total energy 

of a bound state Is smaller than than the rest energy of the constituents, as it occurs in 

the deuteron. In our case we have exactly the opposite situation. The rest energy of the 

constituents of the 1( 0 in our case is 1. 2 MeV (the sum of the rest energy of one electron 

and one positron) while the total energy is 134 MeV (the 'i'T' 0 mass). 

In conclusion, we expect that Hypothesis 5, 1. l ls incompatible with conventional quantum 

mechanics (the atomic mechanics in our terminology). This is precisely the desired occurrence 

for the context of this paper. 

Rather than considering this situation reason for withdrewal, we consider it must significant 

on methodological grounds, Indeed, if the atomic mechanics does not yield consistent results, 

by no means, this constitutes evidence that a covering mechanics more specifically conceived 

for the structure considered cannot emerge as valid. This leads in a natural way to the study 

of the problem whether our proposed hadronic relativity and mechanics, if applied to Hypothesis 

5. 1. 1, leads to a consistent, quantitative interpretation of the 'ii' 
0 

phenomenology listed 

at the beginning of this table (the entire '11'
0 phenomenology, less the part related to 

scattering processes which will not be considered at this time), 

Our fundamental assumption is that the ordinary electrons and positrons, when bounded 

at very small distances of the order of magnitude of their wave packets, exhibit local forces 

non-derivable from a potential, as representative of the dynamical effects 

resulting from the state of penetration of these wave packets which is entirely absent in 

the posltronlum, 

In turn, this assumption has a number of consequences, First of all, under a proper 

selection of the nonselfadjolnt forces, the assumption remouves the expected inconsistencies 
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of the conventional Schrodlnger 's equation under the indicated conditions (total energy 

>> rest energy of constituents), as we shall see in this table and in Table 5. 2, Toe net 

effect is the emergence of the possibility for a quantitative treatment of Hypothesis 5.1. 1 

which would be prohibited, in general, under conventional quantum mechanics, 

The second implication is that the broader nature of the forces Implies the applicability 

of the proposed Lie-admissible covering of Galilei's relativity and related hadronlc mechanics, 

as presented In the preceding section of this paper, 

Finally, the assumed broader nature of the forces implies that the electron and the 

positron, when bounded at very small distances according to Hypothesis 5. 1.1, are not 

Identical to the same particles when bounded in a positronium state at large distances. 

Instead, they are in a mutated form, our eletonlc state, Indeed, we can now Indicate that 

the term "eleton r• has been conceived as a mutation of the term "electron". 
Before entering into the explicit construction of the model, we must elaborate one 

additional aspect which we consider crucial for the general lines of study of this paper, 

as well as for the explicit selection cf. our strong nonselfadjoint forces. 

A point which we have stressed during the course of our analysis is the possibility that 

a profound differentiation between the models of classification and those of structure may 

eventually emerge as necessary for the hadron>, in much the same way as it 

occurred at the atomic level. This expectation implies a radical departure from the basic 

notions for classification in order to attempt a different but compatible model of structure. 

Once this approach is studied in more details, it �uggests the complete lack of unitary 

quantum numbers (isospln, hypercharge, color, etc,) in the Intended structure model, 

Also, the approach Implies that the familiar notion of mass spectrum (that is, a mathematical 

algorithm producing the mass of different hadrons) may eventually result to be another 

formulation of the problem of classification and not that of structure, Clearly, these ideas 

must be better focused. 

Another differentiation between the '11 ° and the posltronium which we consider 

fundamental ls that the the former does not exhibit exhited states (that is, quantum states 

with total energy close to that of the ground state by a multiple of i; , which therefore 

excludes mesonlc resonances), contrary to the established exhited states of the latter. 

We therefore interpret this occurrence "ad litteram", We here assume that one electron 

and one positron, when bounded in an eletonic state, produce ONLY ONE STABLE STATE, 
the 'lf0. In other words, the structure model of the 'Tl' 0 we are interested in should 
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exhibit the COMPLETE ABSENCE OF MASS SPECTRUM, and produce only one value of 

the mass: 134. 96 MeV. It is this requirement which, when realized in practice for the 1T' 0 

as well as for the other mesons (Tables 5. 2 and 5. 3) renders mandatory the complete 

ansence of unitary quantum numbers for the structure problem, and identifies familiar 

spectrum producing formulae as belonging to the problem of classification. 

We are now equipped to construct the model. The statement of the problem can be 

formulated as follows. It consists of identifying a spectrum suppressing hadronic mutation 

of the positronium model . By recalling that the notion of energy spectrum is so rooted in 

atomic mechanics (in the final analysis it was conceived for this purpose), the suppression 

of such spectrum is then considered as a manifestation of a covering mechanics. 

We shall study this problem by using first our hadronic mutation of the atomic two-body 

system, Eqs. (4.12.12). As by now familiar, this model implies first a generalization of 

Shrodinger 's equations (5. I. 1) via mutation terms which multiply the free term-£ A and 

then by a second generalization via nonintegrable subsidiary constraints. As a �atter of 

fact, the subsidiary constraints were conceived precisely in the hope of achieving the 

indicated suppression of the energy spectrum of atomic mechanics. 

The practical realization of a consistent model (4.12.12) with nonselfadjoint forces 

which is readily computable in a closed form (we are not interested In numerical approximations 

in this first analysis) is expected to be rather complex. We therefore content ourselves 

with the simplest possible form of the eletonic forces which leads to the desired result 

( one value of the energy) via readily solvable equations. 
... -± 

Let us denote with the symbols f - the electrons _e · in our eletonlc state. The 

bound state of these particles under electromagnetic interactions only, the positronium, will 

be denoted with the symbol 1e� e-1 , while our structure model of the 1'f" under Hypothesis 

5. I. I will be denoted with the symbol Ii;+, f:-/. A number of restrictions on the eletonic 

forces are now in order. First of all, our uncompromisable condition of compatibility 

of the models If+, r-1 and /e1, e-1 demands that the the former be a covering of the latter 

in the sense that 

e,.M-1 

Fl'ls�
0 

This Implies in particular that 

~" that is, the eletons of the II coincide with the electrons at the limit of null eletonic forces. 

This implies, as expected, that the eletonic forces are short--range, that is, they must 

decay at least exponenentially for distances greater than the charge radius of the 1( 0
. 

Condition (5. I. 3 ) also implies that we are here considering the simplest possible mutation 

of the electrons in the sense that its intrinsic characteristics (spin , charge and magnetic moment) 

are unchanged, and only the kinematical quantities are subjected to a mutation. Indeed 

the value 1/2 of the spin for the i- is admitted to recover
1
in a "singlet" state the zero 

0 
I 

spin of the 1T . Fr om the viewpoint of our Lie-admissible relativity this implies that 

the operators Rand S related to the51l(2Jpart are I (i.e., the Lie-admissible relativity is 

Lie in its spin part) and the true Lie-admissible embedding occurs only for the other 

generators. The reader should keep In mind that the 'ii" emerges as the simplest possible 

e]etonic bound state and that nontrivial mutation of the intrinsic characteristics are expected 

to be needed for more complext structure (see next table). 

In conclusion, these initial considerations indicate that the eletonic forces should be short­

range as well as such that they do not alter the intrinsic characteristics of the electrons. 

Our second step in the selection of these forces is that of dividing them into two groups 

one derivable from a potential (along much of the nuclear approach) and one non-derivable 

from a potential. 

The primitive Newtonian form of our structure model of the 

then written 

-o, 

1( tJ , Eqs. (3. 4. 2), can be 

p S, I-� t

- "'Nm

(_,;. /.4-el.} 



where, as by now familiar, the subsidiary constraints guarantee that the 1f 
O 

structure as 

a whole satisfies the laws of Galilei 's relativity, while the same relativity is violated by 

construction for the behaviour of the individual constituents to allow broader forces (if 

Galilei 's relativity is imposed also for the structure, the only admissible forces would 

be conservative and, as such, fur.uamentally unable to produce a quantitative characterization 

of Hypothesis 5. 1. 1). 

Our next step is to restrict the strong forces in such a way that we have a consistent 

system (5. l. '-f- ) already at the classical level. This is clearly crucial, not only to comply 

with the correspondence principle, but also to pr0duce a model consistent with the general 

lines of this paper according to which departures from established laws can l,e expected only 

at the structure level and not for the behaviour of the state as a whole (the inconsistency of 

Eqs. (5. 1. 4- ) would imply the violation of Galilei 's relativity for the state as a whole). 

A study of this problem suggests the use of central forces for the strong 

forces. In relation to the strong nonselfadjolnt forces we content ourselves with the simplest 

possible realization which we have proved in Table 3. 4 as yielding a consistent system, 

i.e. , the acceleration dependent (in relative coordinates) force 

.::: 
) � = I �oj. - 1 '2. I , 

f >O. 
For reason to be justified a posteriori, we select as the radial part of the strong selfadjoint 

force that derivable from Hulthen ' s potential 

<uV H .. d�i" .... 

-c;; I 

The selected forces satisfy all the restrictions of Tables 4. 5, 4. 6 and 4. 7, yielding 

a Hermitian canonical Hamiltonian operator Hean for the time evolution (only). The emerging 

Schrodlnger-type equation for the relative motion is then given by (Table 4. 9) 

f
< i, 
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and constitutes the simplest possible mutation of the conventional equation via a constant 

mutation term (the reader shoul keep In mind that for more complex models demanding a 

mutation also of the intrinsic characteristics of the eletons, this mutation term will indeed 

acquire a nontrivial functional dependence -- see Table 5. 2 and 5. 3). 

The forces selected imply motion in a plane and conservation of the angular momentum 
(Table 3 .. 4). Thus the angular and spin part of the state eigenfunction can be separated from 

the radial part and treated according to conventional quantum mechanical rules (again, 

this is not the case for more complex models). Under the values e, = 0 for the angular 

momentum, s = 1/2 for the spin of the eletons and the singlet state (see below why the triplet 

state is unstable), this recovers the value zero of the 'i'1' 
0 

J z. 
,u.tot 

The value zero of the total charge is trivially recovered because, under the assumption 

of the lack of mutation of the intrinsic characteristics, the charge of the eletons is ± e = 

const. (again, this is not necessarily the case for more complex models where the nonconserva­

tion of the charge of the individual ele•ons is needed, of course In a way compatible with 

the conservation of the total charge -- see Table 5. 3). 

In conclusion, the assumed forces imply a trivial representation of the zero value of the 

spin and charge of the 'fl'" which will therefore be ignored from here on. 

We now consider the crucial problem of the physical energy levels. One of the central 

points of the hadronlc mechanics is that generalized Hamiltonians Hean do not represent the 

physical energy, as a necessary condition of consistenty (if 1-l can = total energy, all forces 

nonderlvable from a potential are Identically null). This implies that Eq. (5.1. 7 ) represents 

only the dynamical evolution of the system. To compute the energy we must compute the 

value of Hphys In the canonical coordinates. according to Eqs. 4. 7 . 3 . Recall that 

<'Zl H c,__11,1 � -= 
'£) t=' C

"-'» /M.te. 

== ('i,1.'1) 

Thus, the relationship between the physical and canonical linear momentum ls given by 

(_c;. 1- to) 
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This yields the (unique) forin of the physical Hamiltonian in canonical coordinates 

r\ 'f"'J
S = ..Llr�"�i)Z+ vc-e.;: ytt ... etu .. .:: L (pc .. t vc....: V H .. ��i. ..

... 

2.)" ��e (_t;.J.-11) 
Thus, within the context of our hadronic mechanics, the computation of the energy must 

be done with the equation 

H"'"�
J

Ll/ _
1 

'2. -I} --L eJ (id) e'2. \/ �
bi

J'f.: £ r�'JJu,, 
I - - f - - - Z. - f- - -t- Vo b-i. l 1 

/)\.1e 12.� ti't- ch. -z, -i.- e ( I;. /. 12) 

rather than Eq. (5. I. 74-). This is trivially made possible for the case at hand because 

H
ean and Hphys 

are both Hermlt1·an and commute. This computation will be done later on. 

Next, we remain with the problem of a quantitative represen tation of the mean life of 

the "'ti' 0 (no structure model of any hadron can achieve a minimum degree of plausibility 

unless the mean life of the particle considered is quantitatively represented), There exist 

numerous methods for the computation of mean lifes of bound states in the literature. However, 

these methods are generally based on transition matrix elements. A study of this problem 

indicates that these methods do not appear as necessarily applicable under nonselfadjoint 

forces ( what is a scattering amplitude under these forces? and, to begin with, can it be 

consistently defined?). Pending a relnspection and possible generalization of these methods, 

we are forced to use simpler methods. In the following we shall use the known formula 

- I "tr 2 
I 12. o( 2 E IC,',. ?:; c -;; :>, 'f(D) t

which produces acceptable results in a number of cases. 

(_5_ /. (3) 

Our structure model of the 'if 
O 

as a bound state of an eleton and an entieleton can therefore 

be written 

-13

IO LJit..,, 

i6 
= 10 

--t. 

Se..::. I 

(_',. ,. /4--d.) 

where Eqs. (5. 1.14"'-), (5. 1./4- b) and (5.1. 11,.C) should be interpreted as subsidiary 

constraints (with an understanding that they may be trivial in this simplest possible case 
-13 

I 
but not necessarily so for more general models), The value of 10 cm for the charge 

radius of the 1l' 0 Is consistent with available experimental data ( the value O. 6 x 10-13 cm 

ls ofte n quoted, b1,t the factor O. 6 is inessential for our analysis). Also, the rest energy 

of the constituents (I. 2 MeV) is ignored in the expression of the total energy (5. 1.14b). The 

interested reader can trivially modify the following calculations with the inclusion of 

these terms. 

Model (5. 1. 14) on the structure of the 11'
0 

was proposed and studied in details by R. M. 
70 SANTILLI . A relnspection of this study in light of the subsequent analysis is in order, 

First of all, Hulte'YI 's potential decays exponentially with the increase of the 

distance beyond the charge radius. Thus, it constitutes an acceptable potential for the 

compatibility conditions (5. 1. 2 ) and (5. 2, 3 ) , of course, at the discrete nonrelativisd c 

level of this analysis. Secondly, Hulthe'n•s potential behaves precisely like the Coulomb 

potential at small distances 

This implies that the Coulomb potential can be effectively ignored in Eq. (5. I. 14a) via 

a redefinition of the factor VO which will be tacitly implemented. 

Under these conditions, by putting 



e 

Eq. (5. 1.14a) becomes 

with boundary conditions 

S(o):::o/ 

IA\ Vz b2 
e__.,,...., e S(bi.)-=D 
b�-'l>OP 
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(6.1. /(.t>.,)

(_t;././t,b) 

and S(l) finite for A = O. The solutions of Eq, (5. 1.17) are known. They are given by the 

familiar Jacobi polynomials 

The physical (binding) energy then acquires the typical spectrum of atomic mechanics 

Since we intend to avoid an energy spectrum, this occurrence demands an inspection. 
Solution (5. I.i'l) can be more generally written in terms of the hypergeometric function 

Since d.)O, 

ol:::: 
�< _ ltti-e. Vo

I I - 12. t;,1· 1oz.

the system consltlered necessarily deman,t that 

_b� 

e )/� I 

(5', /. l.l) 
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This is the crucial property of Hulthen's potential which justifies a posteriori its choice. 
In short, while the Coulomb potential admits an infinite number of energy states, Hulthen's 

potential admits instead a finite number of these states. In particular, when J?>=-i, Hulthen's 
potential admits only ONE ENERGY LEVEL. This property is well known. See, for instance, 

references 1 2 

We reach in this way a most crucial test of our ideas, It is constituted by the fact 

whether the values 135 MeV, 10-!6 sec and 10-!3 cm for the mass, mean life and charge 

radius of the 'lr 
0
, respectively, leads to only one admissible energy level, or more than 

one is admitted. At the risk of being pedantic, permit me to stress that this is a truly crucial 

point. Any structure model of the 'ii' 
0 

as a bound state of two particles yielding a ground 

state and admissible exited states close to it (irrespective of whether finite or infinite in number), 

is Inconsistent with experimental evidence because the 'i'r'0

, according to our knowledge, does 

not admit exited states of this type (the possibility of exited energy levels of the 'i'I' O which 

are infinitesimally close to 134. 9645 � O. 0074 MeV and, as such, have escaped the 

experimental detection until now, cannot be ruled out, but it will not be considered). 

To conduct this crucial test, we must reach the numerical solution of the model. 

First, we note that, for the t-± particles to be bounded in a sphere of radius b-1
, 

their mutated de Broglie's wavelength (Table 4.10) must be of the order of b -I. We can 

therefore put 

where K1 is an unknown (real, positive) number. Notice th .l, since the state is stationary, 

the mutation of the conventional de Broglie's wavelength can ut most be via a constant. 

For the kinetic energy of the ;;:: -t particles we can then put 

= 

where the last identifications are crucially dependent on the use of the physical linear 

momentum {the use of the canonical momentum would be physically inconsistent in 

nonconservative mechanics for the computation of the kinetic energy). 
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The desired value to avoid an energy spectrum is 

I< =-i.+£:
'2... 

0� z; <1,

for which 

Yo 

which :i'.s fully con ceivable (VO being of the order of magnitude of the total kinetic 

energy), but again crucially dependent on the use of the physical linear momentum, 

Since we have two unknown constants (K and K ) we need two equations. The first 
0 I 2 

equation is provided by the value of the 7r' mass 

E bo
b-
= .z£ "-.,_, - BE = :l. k1. [ i - (Ki. -1..)J he: 2 k1. Li- z.'2.) h l,c = /3.d'1.:V.

1ro i. 

u,.,.:u) 

A second relation originates from the mean life (5, l, l4c), The normalized eigenfunction for the 

ground state is given by 1 ½ -L [1 (1. IAI V2-1-'.b)_]Yz. - IAI b� 

'f('l.) = ['(_?.,) [I (2./A/½) e 
and becomes at the origin 

I 

1.- e 

lf lo) = 
l. i. 

l .!.... (l<-1) 

CL .!.. (lc:-1) 
2. 1. h 

-t-2.]

J 

2 

l 
.l 
4 

: 

3 ! [1 [ !.. (k-1)
:I.. 1. 

I 

(r.r 1) .CI i("i 1J '+ -i]J � 

{p [
1 

[ L2. (1c:i' ·1)] 

] 

'3� 

= 0<1.-12 a h 

(4-sf2-

(_5, I . .2. 'l) 

(S, /.3o1o) 
3/z 

.:: L,b 
(4g)"2. 

• 840 • 

Eq, (5. I. 14c) then becomes 

- -1. 

L, = -= 

(5./. 31) 

Under the value b -l = IO -I3 cm, the two unknown quantities of the model are characterized 

by the system 

== 

which Is consistent and admits the solutions 
- .2, 

E = 4-. 2.. 1 x/o

K'1.. = (). 34. 

(_r;. I. 3.Z.o.)

Since K2 is close to I ( t, is smaller tha.n I), we conclude that the proposed structure 

model of the 'JT0 does indeed achieve the desired result, only one energy level of 134. 96 MeV 

(states with -e, > O are expected to produce the positronium structure due to centrifti,gal 

effects -- if not, they can be eliminated via a total angular momentum constraint). Equivalently, 

we can say that our hadronic mutation of the positronium structure achieves the intended 

suppression of the energy spectrum. The 1l' 0 
emerges as a unique structure , fundamentally 

independent from that of other mesons. 
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Another aspect which may have some significance is that identified In Table 3.4 

according to which, at the classical level, the only admitted orbit is the circle. We believe 

that this occurrence provides additional indication on the uniqueness of the structure 

c�nsidered in the sense that an eletonic bound state of an electron and a positron, not only 

provides a state with 2!!!' admissible value of the total energy, but also with� admissible 

orbit. In turn, this may provide information on the dynamical effects which are at the base 

of the structure (penetration of wave packets and eletonic forces) as well as on the relative 

phase of the spin of the constituents (see below) which is needed to provide stability . 

A brief inspection of the reason why generalized Schrodinger's equation (S. 1.12 ) is 

consistent despite the high value of the total energy and the small value of the rest energy 

of the constituents is in order. 

In essence, possible technical difficulties may arise in Eq. (S.1.12) when, at the 

atomic limit r::: ,j, ' 

I:,� 
E

l::.·"' 
E. -;;: 2. 

Under hadronic conditions the situation is different because 

I r :::; 

Jn other words, the physical kinetic energy can be interpreted as the canonical expression 

but now referred to a much higher mass 

t-c b �..... lhc.,,...I.\) 
2 

P � 2E c: U. L-- � I 

Thus, the effect of the mutation term is that of bringing our hadronic form of the equation 

into a mathematically equivalent conventional form in which 
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We must now attempt an understanding of the reason why only the state J = 0 is admitted. 

A comparative analysis of the positronium structure (with related atomic mechanics) and 

our 'j1' 0 structure (with related covering hadronic mechanics) is of valuable intuitional 

guidance In this respect. 

As is well known, the positronium admits both, the singlet and triplet states according 

to the pictures 

f"\ M 

tb 
,- -- ,, 

as 
�

€ 

Jc!)et .___ 
,, 

' -

� 

L=& 
I 

] .::; 0 L =:-.o ,, J .:::--L 

The corresponding states for the same constituents but bounded at a distance of the order 

of their charge radius Is instead given by 

M =- o 1-= O 

that is, the dynamical evolution occurs with a condition of continuous penetration of the 

charge volume (or hadronic wave packet) of one constituent into that of the other. 

This is sufficient to provide an intuitive understanding of the exclusion of the value 

J = 1 for the 1( 0 • In essence, at the level of the positronium
1 
the mutual orientation of 

the spin is insensitive to the dynamical evolution in the sense that the charge volumes of 

the constituents are at large distances from each other. In the transition to the 1T' the 

situation is different. Here, the state J = O is admitted because the relative spinning of 

the constituents is in phase. The state J = 1, however, is highly unstable because the 
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spinning of the constituents would oppose each other under the conditions considered. 

This produces a qualitative representation of the fact that the decay G [' carries the 

highest fraction (98. 85 % ), while the decay\\ y carries a very small fraction 

( t... 5 x 10 -6). A quantitative interpretation of the fractions of these decayJcan be attempted 
0 

by considering the wave function of j( as a mixture of a dominant singlet state and of a 

very small contribution ( '." ID "6) of triplet state which is subjected to the subsidiary 

constraint (5. I. 8b) . This aspect will be left to the interested reader (the methods are essentially 

the same as those for the model of I( :!: of the next table). 
As an incidental remark, notice that model (5.1,14) can be interpreted as producing 

the value of 68 MeV as an upper bound for the mass of the constituents. Then the� 

• known massive and charged particles capable of satisfying this upper bound are the 

electrons and positrons. This yields again Hypothesis 5.1.1 and constitutes the way 

according to which it was derived in ref. 7o

The remaining decays of the 1f 
O 

, that is 

) 

can be qualitatively interpreted as follows. The last decay is fundamental from a structure 

viewpoint because it constitutes the tunnel effect of the constituents. Indeed, it carries the 
..,,, O -6 

• 
lowest fraction of all 11 decays ( <. 2 x IO ). The other decays demand the use of pair 

creation, but not according to conventional quantum electrodynamics. The reason is that 

the pairs e-t e· <1re expected to be created while within hadronic matter and, thus, the creation 

is in actuality for £➔
-5 - which then become e+e- after exiting the hadronic medium_, 

or annihilate into � r while still within such a medium. 

The quantitative treatment of this new situation, while particularly promising and 

intriguing on methodological grounds, is quite complex indeed in practical realization. 

It literally demands the reinspection of quantum electrodynamics and the study whether it 

must be generalized into a covering discipline under the presence of nonselfadjoint forces. 

The reader should be aware that, in principle, the entire methodological context of quantum­

electrodynamics is here at stake. The questionable nature of conventional canonical quantization 

under nonselfadjoint forces has been indicated at the end of Table 4.15. A preliminary study 

- 844 -

of this situation (which is here omitted) indicates that, irrespective of whether conventional 

quantization procedures are still valid or not, the physical effectiveness of the Feynman 

diagrams is in doubt under the considered broader forces. At the limit case of essentially 

nonselfadjoint forces the dynamical effects of these forces are such that, perhaps, the very 

notion of diagram (and related computation) is inconsistent as currently !mown. This should 

not be surprisin</l• Feynman diagrams were conceived for a purely electromagnetic setting 

and later on proved to be unequivocally valid also for the broader class of local couplings 

derivable from a potential (again, for system representable in their entirety with the 

simple Lagrangian structure Ltot = I.free + Lint' where Lint is ut most linear in the 

derivative, as in the unified gauge theories of weak and electromagnetic interactions). 

The physical context we are here referring to is fundamentally broader than that and, 

as such, there is no a priory reason why the Fe ynman diagrams should still hold. Indeed, 

structures of the type Ltot = I.
free + Lint now becomes basically insufficient to represent 

physical reality {the often used trick of adding and substracting a free term to recover 

t• I tt' i Lgen 
- L + L' L' - Lgen 

- L can be questio edconven iona se mgs, • e. , - free int' int - free' n 

on a number of grounds , assuming that a generalized Lagrangian exists). 
0 

In conclusion, the proposed discrete1nonrelativistic1structure model of the '1T may 

indeed provide a quantitative interpretation of the spontaneous decays and their 

fractions 

) 

which we here call primary decays, in the sense that they can be interpreted without the 

intervention of intermediary processes. Indeed, these decays can be accounted for a.1directly 

originating from the nature of the constituents (electrons and positron). The quantitative 

interpl"etation of the remaining decays 

appears to be, instead, a quite complex problem, although particularly promising 

to stimulat e the study for generallzatioru of currently available methods 

(which is the central objective of this paper). In particular, decays (5. I.t,,.O) are here called 
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secondary hadronlc processes, in the sense that they demand intermediate processes within 

hadronlc matter, Their study is expected to be beyond the discrete nonrelatlvistic approximation 

of
° 
the model proposed and it will not be considered at this time, 

We now remain with the interpretation of properties (6) through (9) of 11� as listed 

at the beginning of this table, At a deper analysis, the quantitative Interpretation of the 

negative space parity of the 'iT" can also result considerably involved, because for such 

a treatment the use of a hadronlc quantum field theoretical level appears to be needed, 

Within the context of our discrete nonrelativistic approximation we are then forced to a 

simplistic solution, Since the total angular momentum is null, its parity is positive, However, 

the constituents are Fermions of spin 1/2 at the limit of null strong forces, It is known that 

these particles can have imaginary parity. See, for instance, ref 7:J., The simple,rt possible 

quantitative representation of the negative space parity of the 'lT
0 

is therefore provided by 

the condition that the eletons have imaginary parity :!: i ,  Then Ptot = P 2 = ( :!:' n2 = -1.
More elaborate representation of the space parity are left to the interested reader. 

The interpretation of the positive charge parity is trivial. Equally trivial is the interpreta­

tion of null electric and magnetic dipole moment (the state being stationary) and of null 

electric and magnetic quadrupole moments (the angular momentnm being smaller than one), 

The preceding analysis was based on the Schrodlnger-type approach of our hadronlc 

mechanics, For completeness, the model should also be inspected within the context of 

our algebraic approach, that is, the Lie-admissible covering of Heisenberg's equations, 

This problem will not be considered at this time to avoid a. prohibitive length of this paper, Ne­

verthless, a few remarks might be of some value for the interested reader, 

The statement of the problem can be formulated as follows. It consists of attempting a 

Lie-admissible mutation of the positronium structure which yields only one level of energy, 

134, 96 MeV. On physical grounds, let us recall that our structure model of 'iT" h as been 

conceived as a mutation of that of the positronium, in the sense that the constituents are 

the same by central requirement and simply subjected to additional strong (selfadjoint 

and nonselfadjoint) forces. Thus, the central constructive idea of our model ls that the proposed 

structure of 11'" Is a covering of that of the positronlum in the sense of Eqs. (5. l .  2) and 
(5.1.3). 
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The algebraic treatment of this problem is quite Intriguing indeed, Let us recall that 

the hydrogen atom (by Ignoring spin) can be fully and consistently treated within the context 

of Lie algebras, Indeed, it is known that the S0(4) Lie algebra with generators (the components 

of the angular momentum and of the Runge-Lenz vector) 

lx.i�={h- = �·x f A = i (t 
xL-L'l< F) _21.1,...... ..... .,,.. .... � c_r;./. 'ti) .,.,.. J � 

,i ::: 1,2,.••, (,

and Casimir invariants 

(_ 
·'2 A '-) (.5, /. 4-2"-)

I
-1.. 

= 
-L L -+ 

2.. 
.....,. ,..,_ I 

,-, 

.L 2-
L . A (5, /. 4-2-b) 
....... fa--

74, 
is a s)>ectrum generating algebra in the sense that it produces the Bohr spectrum identically, 

The problem we are here referring to is to see whether there exisl'la Lie-admissible 

spectrum suppressing mutation of this S0(4) Lie algebra, as the fundamental dynamical 

prerequisite to represent the lack of energy spectrum for the "1'" discussed earlier, 

Again, in line with the analysis in this respect of Section 4, the funds mental algebra 

is the associative envelop Ji (S0(4)), and not the Lie algebra S0(4), because the quantities 

which produces the spectrum�he Casi�invariants) a:re definable only at the level of 

the associative envelop, The mechanism of suppression of the Bohr spectrum is therefore 

expected to occur at the level of the transition from the associative form Ji (S0(4)) to 

the Lie-admissible nonassociative mutation tl(S0(4)), where, as by now familiar, the 

basis \_x ,i,) remains unchanged and the strong forces are represented via th e mutation 

of the product of � . Thus, the new scalar quantities are computed in q,{, (to ensure 

the algebraic breaking of the original Lie symmetry). It is in this co,nputation where 

the spectrum is expected to be suppressed, 

This problem is here left to the interested reader, If it admits a consistent solution, 

it would constitute the most direct way of representing our structure model of 'if" in the 

sense that it would provide a direct algebraic formulation of the fact that in the transition 

from the positronlum structure to the proposed 'l( 
0 

structure the additional strong 

forces are responsible for the suppression of the mass spectrum. 
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We can therefore conclude by saying that , under the assumption of the 
hadronic �overing of the conventional atomic mechanics, the proposed structure model 

of the ll particle offers genuine hopes for 

(A) providing a direct identification of the 'iT" constituents with physical particles, 

those produced in the spontaneous decay with the lowest fraction, by therefore 

avoiding the conjecture of unidentified constituents and the need of mediation by 

further particles for the interpretation of the decays; 

(B) providing a quantitative interpretation of all the intrinsic characteristics of the 

'1T 
O , that is, 

(1) mass; 

(2) mean life; 

(3) charge radius; 

(4) charge; 

(5) spin; 

(6) space-parity; 

( 7) charge-parity; 

(8) electric and magnetic dipole moments; 

(9) electric and magnetic quadrupole moments; 

and, of the primary decays 

(5. /. '+3) 

with an understanding that the quantitative interpretation of the secondary decays, 

Eq, (5.1,4-O),might well demand the prior construction of a covering of quantum 

electrodynamics ; 

(C) characterizing the "1(
0 

structure as a mutation of the positronium structure 

under strong nonselfadjoint forces. 

According to this model, one electron and one positron emerge as being capable of 

producing two bound states, one under electromagnetic interactions only
J

at large distances and 
with a spectrum of energy levels

J 
and one under electromagnetic and strong interactions 

at very small distances without a spectrum of energy levels, according to the view 
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positronium {� /e� e- / 

r t FNSA 
➔o

- I E-t, f,-1

Perhaps, one of the most significant features of the model is that it characterizes 

a very small binding energy between the fl 
O 

constituents (because, for 1(2 � I, from 

Eq. (5. 1. 2fl ), BE � 0), This is here interpreted as a prerequisite for physical consistency 

because the1l0 exhibits spontaneous decays and a small mean life (in the sense of being 

much smaller than that of the positronium), In the final analysis, it is the joint quantitative 

interpretation of the 'If O mass, mean life and charge radius which has produced, via model 

(5.1.14), the indicated very small value of the binding energy. Equivalently, we argue that 

under the condition of a much higher binding energy, we would expect a much smaller mean 

life than that experimentally detected because, after all, the constituents are one particle 

and its antiparticle which, as such, annihilate. 
It is of some significance to indicate that the small value of the binding energy for the 

hadronic constituents is not new. Indeed, it occurs also for a number of quark models 
B such as the MIT bag model. There is however a fundamental difference of mental attitude 

which must be stressed, 

Si nee in the MIT bag model (on in similar models) the constituents are assumed to be 

quarks, that is, yet unidentified particles which have escaped a rather intensive search until 

now, the small value of the_binding energy forces into the idea of confinement (also unresolved 

until now in a form acceptable by the scientific community al large). 
In our model, instead, the low value of the binding energy among the constituents is 

interpreted as a clear indication that these constituents must be produced free in the 

spontaneous decays. In turn, this directly implies the identification of the constituents with 

the massive and charged particles produced in the decays with lowest fraction, Hypothesis 

5, 1.1. This is, in essence, our physical framework. However, to reach a consistent 

quantitative representation of this "simplest" possible interpretation of the spontaneous 

decays, we had to abandon.the relativity and quantum mechanical laws of atomic mechanics 

and enter into a laborious construction of possible covering laws specifically constructed 

for the hadronic sublayer of physical reality. 
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+ 11'(:t: TABLE 5. 2: THE PROPOSED STRUCTURE MODEL FOR THE µ,- AND II PARTICLES 

WITH PHYSICAL CONSTITUENTS. 

-l- ,.,.,,t 
• The central intultional grounds for our structure model of the f" - and • ll particles 

rests on the similltarities as well as differences with the proposed structure model for 'II 
0 

The physical characteristics of the r -t; particles are: 

(1) mass 105. 65 MeV; 
-6 

(2) mean life: 2. 19 x 10 sec; 
(3) charge: .:!: e; 

(4) spin: 1/2; 

(5) spontaneous decay modes and their fractions 

100 
-6 < 4 X 10 I 

-8 
< 2. 2.x 10 

-9< 6 X 10 I 

± 
while the physical characteristics of the II particles are: 

(1) mass: 139. 56 MeV; 

(2) mean life: 2. 6o x 10 "8; 

(3) charge: ± e; 

(4) spin: zero; 

(5) space-parity: negative; 

(6) spontaneous decay modes and their fractions 

r .J 
e, v 

t"t 
"iT" e v 

e v q-

3e Y 

100 I 
-4 1. 26 X 10 I 
-4 

1. 24 X 10 / 
-8 

l.02Xl0 I -8 
3.o X 10 

-8 < 3. 4 X 10 
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0 * �
On similarity grounds with the 'i( , we argue that the r and 'tf particles ex 'ibit 

spontaneous decays. Therefore, there are composite. The constituents are then expected 

to be produced free under these decays. An inspection of the decay modes Indicates that 

electrons and positrons are the� emitted massive and charged particles. An Inspection of 

the decay modes with lowest fractions indlca;es that both particles }A
-I: 

and 11"-!." emit 

three electrons, that Is, either two e+ and one e - or two e • and one e+, depending on the 

total charge. We reach in this way 

- - � -!"" 
HYPOTHESIS 5. 2.1: The constituents of the f and 11' ( /" and 11' ) 

particles are two electrons and one positron (one electron and two positrons) 

bounded in different eletonic states. 

It should be stressed from the outset that the above hypothesis is fundamentally 

incompatible with the atomic mechanics . Indeed, for the case of the 'iT :t it implies that 

a bound state of three particles which have spin 1/2 under electromagnetic interactions only 

yields a state with zero total spin. In order to quantitatively treat the hypothesis for an 

assessement of its plausibility, the use of a covering of the atomic mechanics then becomes 

mandatory. In short, at the level of the simplest possible eletonic state, that of one constituent 

and its antiparticle, the need of a covering mechanics emerged only after the inspection of 

the technical context. In the transition to the more complex eletonic state with three consti­

tuents, the emergence of the need for a covering mechanics is direct and Immediate. 

This is here assumed to be an indication that in the transition from the eletonic bound state 

\£+,�-I to its three-body generalization
_ 

I f. -t

, f:�t.-�e have an increase In the complexity 

of the acting forces, with consequential larger departures from 

the atomic setting. This is the primitive form of the hierarc�y of strong nonselfadjoint 

forces which is inherent in the proposed Lie-admissible relativity. 

On a comparative basis between the r :!: and 'II :t , this notion of dynamical hierarchy 

provides elements of valuable intuitional guidance for the prat i cal construction of a structure 

model according to Hypothesis 5. 2. 1. The dominant physical difference between these particles 

is that the former are leptons while the latter are hadrons. Additional physical differences 

are provided by the particle data. Indeed, the former have a smaller smass and a higher 

mean life than those of the latter. We then argue that these differences provide the 

basic intuitional elements for the differentiation between the two models 

of structure in terms of the same constituents. 
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In essence we .irgue that a comparative analysis of the two models 

1(± 
= ( t\ �\ E.-/_ , (_s-�-,)

) J�o 

indicates the need of a considerably smaller mutation for the constituents of the f' --1:. that> 

that which is needed for the constituents of the 'fl' ± , Indeed, in the former case (at least 

for a first i nspection-- see below for further comments) the intrinsic characteristics 

of the electrons need not to be mutated, while. the mutation of these intrinsic characteristics 

is crucial for the latter case, This is precisely in line with a central contention of this 

paper, that electromagnetic and strong interactions are differentiated primarily at the 

level of their dynamical effects on the intrinsic characteristics (strictly conserved and 

conventionally quantized for the former interations while generally mutated for the latter). 

As a matter of fact, we argue that the structure lA -±= 1ft, t
-t. e:-J I is a lepton precisely 

r ' l•l, 
because the constituents do not need a mutation of their intrinsic characteristics while 

the structure 'iY\/e.t
, t� t-/ i s  a hadron precisely because of the need of a �utation 

J=o 
of the intrinsic characteristics and, most importantly, of the spin (Tables 4.11 and 4, j_ '} ). 

Equally important is the fact that a lesser mutation calls for lesser dynamical effects, 

that is, weaker short-range forces, In turn, this ls expected to be fully in line with the * . � 
smaller mass and higher mean life of the }-'- on a comparative basis with the 1T - , 

To reach more intuitional elements, a schematic, epistem�logical view of the bound 

state of three eletons is In order, We here select that of a �estricted three body in which 

one eleton Is at rest, that providing the total charge and magnetic moment, and the remaining 

two eletons evolve in a state of continuous penetration of their charge volumes (or hadronic 

wave packets) into that of the eleton at rest. The idea of hierarchy of dynamical conditions 

then suggests the fo !lowing schematic view of the structure of the particles considered 
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(a) 
M 

l 

F IGUREi 

with an understanding that it is intended on pure grounds of intuitional guidance, 
t The reason for the association of the f with the left-hand-side model and not 

the right-hand-side one is that It presents much weaker spin-orbit effects than those of 

the latter, due to the fact that the orbital angular momentum is parallel to the spin of

the central eleton. In the other case, instead, the antiparallel nature of these quantities 

jointly with the condition that each pair of eletons must be in phase as per the 'If" , Implies 

spin-orbit effects which are expected to be substantially larger than those of the atomic 

mechanics, At the limit, these spin ·orbit couplings and phase effects are expected to be 

so high to allow a zero value of the total angular momentum via a mutation of the spin and 

orbital angular momentum .. of the constituents, 

Although substantially unrealistic, these spin-orbit and phase effects can be intuitively 

seen at the primitive Newtonian level by considering the coupling and evolution of gears 

with the same configuration as those of the figure, i. e, , 
(b) 

FIGURE 2 
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In essence, we argue that, even though wave packets are penetrable, the gear-type 

models of Figure 2 provide the conceptual configuration of the states with the largest 

stability possible. It is on these epistemological grounds that we exclude configurations 

of the type 

M M 
(b) 

(c) (d) 

Indeed, they are� unstable under the condition that the spinning of coupled 

eletons ls in phase and that at least one eleton has a nonzero spin. Configurations 3c-d are 

excluded on grounds of the fact that the same conditions would imply that all three eletons 

have 'EEI.2 spin (as it can be better seen in terms of the gears) . Such Stl'uctures are expected to 

be highly unstable on a com para ti ve basis with those of Figure ·I. 

In conclusion, restrictions on the relative phase of the spin of the constituents in a 

state of mutual penetration of their wave packets, and related stability considerations, 

jointly with the dynamical e ffects of the expected high values of the spin ·orbit • couplings 

suggest the study of the structures of Figure I as the only expected stable configurations. 
Intriguingly, the model under consideration prohibits the existence of a 

in agreement with experimt:ntal evidence. 

neutral muon, 
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We now have sufficient elements for the explicit construction of the models in the 

intent of assessing the plausibility of Hypothesis 5, 2.1. We shall, in essence, attempt 

a spectrum suppressing hadronic mutation of the atomic model for helium. For this objective 

we first recall that in the transition from the positronium to the helium there is a larger 

proliferation of energy states. In particular, helium atoms In a singlet state 

are called pa rahelium, while those in a triplet state are called orthohelium. 
-J:. The statement of the problem can then be formulated as follows. The structure of the f and 

1(
1 

particles will be attempted as a spectrum suppressing mutation of that of the ·otthohellum 

The hadron!c mutation of the parahelium ls· expected to he highly unstable ( see in-this 

respect the configurations of Fig:. 1). 

To quantitatively construct these models, the reader should be warned against excessive 
expectations. The conventional SchrOdinger 1s equation for atomic mechanics cannot be 

directly solved, even by numerical methods, for all atoms containing more than one electron. 

As a rnsult, the energy levels and wave functions are both computed in these cases with 

approximation techniques, such as the so-called self-consistent methods, In the transition 

to the hadronlc mutation of these equations (that is, via terms which multiply the free term) 

these difficulties are expected to be magnified . A detailed technical treatment of this 

problem would render the length of this paper prohibitive. We shall therefore restrict 

ourselves to the simplest possible treatment. In any case, this is sufficient for our objective 

of assessing the plausibility of Hypothesis 5. 2.1. 
+ 

• 1 A We shall consider first the case of our structure model of the f - part1c es. n area 

of potential, unnecessary controversy is that related to the charge radius of these particles. 

As we all know, electrons and muons are treated in contemporary theoretical physics on 

much of the same line1 via quantum electrodynamics. In particular, the experimentally 

observed electromagnetic interactions of both electrons and muons have resulted to be in 

a complete (fashlnating) agreement with the predictions of this discipline down to the 

recently reached distances of 7 x 10 •17 cm. The problem which then emerges is to identify 

a charge radius of the }> - which is compatible with these results. Since Ne have no 

experimental data available at this time on this crucial quantity -ttn the bPst of 

my knowlPrlge).we must assume a value of such radius. Let me indicate from the outset 

that the proposed model of eletonic structure ls apparently consistent down to charge 

radii as low as 10 •50 cm, as we shall indicate below. We can therefore select a charge 
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radius of the muons virtually at will. Without any experimentally established need of going 

down to excessively small distances (relative to our current knowledge), we shall assume 

the value of (S . .2.. 2) 

for the charge radius of the muons, with an understanding that such value can be decreased 

(as well as lncreased)according to the desire of the hclividual researcher. 

An incidental comment is here in order, The equivalence of the el£ctrons and muons 

under electromagnetic interactions, as recalled earlier, is unequivocal. But there is a funda· 

mental physical difference between these particles: the former are stable, while the latter 

are not and exhibit spontaneous decays. This implies that the muons have a composite structure. 

The existence of a finite charge radius (which characterizes the size of the eleton orbits in 

our model) then appears to be unequivocal. What can be debated is the value of such charge 

radius. Also, the point-like characterization of these particles in quantum electrodynamics 

is not in contradiction with our model because at the quantum mechanical(or hadronic 
mechanicaylevel these particles possess a wave packet which is not point-like. This is sufficient 

to recover our argument on the physical origin of nonselfadjoint forces when these wave packets 

are in a state of penetration. 

,I:. I + i,. c.-1 Our structurP model r : f:_ I� I C- l Ls rpali7p,-l in a way as simole as possible.

In oartlcular, we assume that: (a) the eletons no not exibit a mutation of their intrinsic 

chamcteristics· (b) the eleton urovirling- the value of the total charge, f, ,t: 
1 

is at rest 

by therefore characterizing- a� three body structure; anq(c) the canonical and 

physical angular momenta are null. In this structure the central elPton can be ig-norerl in 

the r'if ferential e<>u�tions for the dynamical evolution of the oeripheral eletons an,-1 only its 

interaction with these latter eletons can be taken into account. 

In order to construct a hadronic mutation of the <rthohell um the first problem is that of 

the selection of the nonselfadjoint forces at the classical level. We here assume for simplicity 

that these forces satisfy all the restrictions of Tables 4, 5, 4. 6 and 4. 7. This yields, after 

hadronic quantization,a time evolution Hermitian Hamiltonian Hean 
and therefore, allows the 

construction of a state vector . Since our setting is discrete nonrelativistlc, we assume the. 
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familiar convention of separability of the spin part from the space part of the eigenfunctions 

; � �b f = H
C...

"1 r = E
4

"' t, 

= 'fl'! .. , � .. )�(s ... , s 2, ••• ).

(.1;, .2..; b) 

For an initial study (see below for a refinement related to the problem of the 

difference between the anomalies of the magnetic moments of the electrons and muons), the 

spin part of the structure can then be treated with conventional quantum mechanical rules, 

yielding the desired spin 1/2 (the magnetic moment is then that of the ordinary electrons 

and so is the related anomaly). 

We are then left with the space part of the equations. For our objectives (as well as 

to avoid technical difficulties beyond our knowledge at this time) we assume the simplest 

possible mutation term, a constant as in model 'It'd

= IE+, �-J (the reader should however keep 

in mind that, even though constant, this term implies a nontrivial e!etonic force). 
.... 

Our structure model of the fl'- is essentially given by an "intersection " of two 

of our models of the 1f'
,, 

with one common constitue nt. It therefore appears reasonable 

to assume for the strong selfadjoint eletonic force that derivable from the Hulthen potential. 
can phys This implies that the time evolution operatoYH and the energy operators H are 

both Hermitian and commute, The model can then be explicitly written 
rk,.' - 7.! 2 �'2. co"< Cov.C 1/,.,_etl.-:.. VHu.f- "" 

L-i f;;/ -1.. - \ µ,./ 2 + y ('!..,) -V C!,,,) -/- V (1,) i" (:'t1.,) 

c0,.t Hi.eh,.... :7 1 + V (J, -'.3-i,) -
V C.J,-'!-i-)/f t.-!_ ... , l,,)= 

io6MeV,

C, 

.:: 1. 0
-1.. 

sec 
I 

\"��$ E. tf C.'! .. ,]..,L
(5,2.if ... ) 

(':J.?.i,.h) 
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where in the total energy we have ignored the rest energy of the eletons (. 51 MeV 

each) because considerably smaller than the kinetic energy, as it was the case for the 1l' 0. 

As it is the case for the Helium ( f = 1 and V Hulthen = 0) we must resort to 

approximation, We assume that the repulsive electric and eletonic interactions are 

negligible with respect to their attractive counterparts, Also, we assume that 

the Coulomb part of the potential can be neglected in favor of a redefinition of the 

constant factor of the Hulthen potential, as in the 'if" case. It is understood that these 

approximations should be compensated by a perturbative treatment, as in the conventional 

self-consistent approach. 

Under these conditions Eq. (5. 2. 4-£L) is separable into two 1(
0

-like equations 

1 
�

fl.�1 
-b-:,.._ )] [:::.. 't (>r/ � ) + ,'111,\-e E "t Vo _e __ ' U('l .... ) = 0 I (5',.2.5u..) 

Jr_'- a'C 1'C i,,_t l -b<, • � "" .,_ f \,\ ,,__ e. 

\-��l _ lo?, 
( Jo) -L::S §I_ (_-z:cl.. )+ �� (_c -t-Vo e )]u.("e.,,) =D. ,;.2.5 

k.:f J..'t,_, .t-i1.- f 'I -L- e·""• 

The ground state eigenfunction is then approximated by the product of two ground state 
eigenfunctions for the 'i'r

0

, Eq, (5. 1.2 'l,), i.e., 

The physical quantities of the r - are then represented via the solution of the equations 

In the K
1 and K

2 
parameters, as for the If' 0 

case 

t-ol, 

E. )'

1'.
-1 

:; 

4-1r be. 

(_4-8) 20">1/-

that is 

.,. ,{_ (E tol: b-"")
2.tic. )" I' 

-7

.2.{,2xJ0, 
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-1. . ii,. x / /
t

{i� b-; ) 

(_l:j.7.8J.) 

The solution is then given by the values 

z = 

-7
X /o 

Since K1 results to be close ID one, as for the '71'
0

, we conclude that the proposed structure 

model of the muons as a hadronic mutation of that of the helium without a mutation 

of the intrinsic characteristics of the electrons (to preserve the electromagnetic character 

of the particle ) does indeed achieve the desired suppression of the alDmic spectrum, 

The bound state of three eletons under the lndicat ed condition for the Intrinsic characteristics 

then emerges as a unique state, In particular, the only allowed orbit is again the circle, 

In relation to the admissible values of the charge radius of r - , notice that 

- ,, 

-�c /:,:,

f. 

_, b-.2) = 0.2.5x./o .,._i,/4x/o E
)A 

z-
/' 

/< 

- '�(E bl-
_, b- 2.)2- � 8 X / D )'- 'l: )'- /' (S .2..10) 

-s b- z

= �- I 3 X 10 
t . � + 

Thus/ � ➔ 0 as b � 0. It is this property which allows charge radii for the }-J. -
particles considerably smaller than value (5,2,.2, ) without affecting the consistency of 

the model as well as its spectrum suppressing nature. 
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Notice that the model provides again a very low value of the binding energy 

and the following value of the kinetic energy of the peripheral eletons 

52 MeV (5 . .l. /2.) 
I 

which can be again interpreted as an upper bound for the mass of the constituents under 

value (5, 2.11.), These two combined features again reproduce Hypothesis 5. 2, I. Indeed, 

since the constituents are Ii 'J thly bound, a structure model of }A - must demand that 

these particles are produced free in the spontaneous decays (unless one prefers to resort 

to experimentally unproved, theoretically unsettled and conceptually questionable mechanisms 

of confinement ) . This is the physical implication of value (5. 2. II ). Upper bound (5, 2. I?. ) 

then severely restricts the admissible constituents. Since the� known physical particles 

satisfying upper bound (5. 2, I '2.) are the ordinary electrons and positrons, and since 

(independently from that)the electrons and positrons are the � massive,charged particles 

produced in the spontaneous decays, Hypothesis 5. 2, I emerges as the only admissible on 

grounds of our current knowledge (unless one intends to resort to the assumption of yet 

unidentified constituents and therefore lose the direct physical plausibility of the structure), 

As is well known in the self-consistent approximation, the ground state wave function 

(5. 2, (, ) is only a trial function and the numerical results (.5, 2; Cf ) must be subjected to 

a number of corrections due to different physical effects. This study is here left to the 

interested readers. 

As by now familiar, we have assumed that the intrinsic characteristics of the eletons 

coincide with those of the electrons. As a result, the model produces 
4-

the identity of the intrinsic characteristics of charge, spin and magnetic moments of /A -

with tlose of 2: * • We would like to 

subject this assumption to an epistemological study to see whether it is actually realized 

in an exact way. 

A quite intriguing differentiation between the electrons and the moons is that their 

anomalies in the magnetic moments, according to recent experimental dat/
5

, are given b::i 
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e 1: � ::: 2.(1...ooii't ± 0�0000 ;) (t;.2,/!>.._) 

r -t 

.2.. (. {. DO ii (.,8 ± o. 0000 
(r;- 2./31,) 

== I 

and, as such, they do not. coincide. As is well known, quantum electrodynamics is indeed 

capable of accounting for this difference. Neverthless, 

this disciple treats the muons as point -like particles, Acc,,.:,ling to our view, this 

restriction on the physical nature of the muons is incompatible with its extended structure 

as manifestly indicated by the spontaneous decays, It is therefore tempting to predict that, 

in due time, the familiar derivation of the anomalous magnetic moment of the muons via 

quantum electrodynamics will be replaced by a covering approach which takes in due account 

the structure of these particles, 

From the viewpoint of our structure model of the muons, it might be of some significance 
to remark that the difference in the anomalous magnetic moments of muons and electrons 

D.00003

is an indication of the possibility that the intrinsic characteristics of the eletons are subjected 

to a small mutation with respect to the corresponding values of the electrons which is 

precisely characterized by value (5, 2, it,.), This does not affect the value of the spin of the 

state as a whole via the use of the mutational approach of Table 4.1 ';l (see below). 

On relativity grounds, this implies that the R and S spin operators for the Lie-admissible 

relatilvity (4.1.l?, 1-1,.) are close to unit (flexible Lie-admissible mutation of the same order 

of magnitude as that submitted for experimental verification in Table 4. 21 in nuclear physics 

in relation to the problem of Pauli's exclusion principle), 

This situation might appear to be of marginal significance, In actuality, it seems to be 

of primary relevance to attempt a quantitative interpretation of the spontaneous decays of 

muons and related fractions. Indeed, "nder the condition that all the three eletons are not 

subjected to a mutation of their intrinsic characteristics, the dominant decay would be 

expected to be 

which is not the case , since muons decays virtually 100 % 



. We therefore 

argue that decay (5. 2. 15 ) is prohibited when the eletons differ from electrons in a small, 

hut finite amount. Indeed, such decay demands the use of the costumary decay for singlets 

e

-t.

_:::. �
:!:.

. which is allowed, provided that c. As a matter of fact, we argue that the ratio 

[G. 2. If J 

is a measure of the fraction of time during which eletons are electrons. 

As indicated in Table 5. I , a quantitative treatment of these problems demands a prior 

substantial effort in the identification of the applicable methodology. The working out of the 

specific calculations for the problem considered is only secondary. As a result, lacking at 

this time a scattering theory which is truly applicable for forces nonderivable from a 

potential, we are regrettably forced to leave open the indicated problem. 

We can therefore conclude by saying \hat Hypothesis 5. 2. 11 under the assumption of 

covering relativity and quantum mechanical laws, appears to be capable of producing a quantitative 

interpretation of all the intrinsic characteristics of the muons and offers some genuine hope 

of reaching, in due time, a quantitative interpretation of the spontaneous decays of the particles 

considered and their fractions. As such, we believe that Hypothesis 5, 2. l deserves further 

study. 

There is one aspect of the proposed structure model of muons which deserves an elaboration, 

In essence, it provides the f irst indication for the possible nonapplicability for the constituents 

of composite particles of established relativity and quantum mechanical laws, This is a direct 

consequence of the possibility that the intrinsic characteristics of the electrons are subjected 

to a small, but finite mutat\on when bounded at very small distances, Indeed, such a mutation 

is fundamentally incompatible with both, established relativity laws and established quantum 

mechanical laws. 
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We consider now our structure model for , It is essentially based 

a mutation of that of the muons induced by the subsidiary constraint that the tntal angular 

momentum is null. Under the assumption that the acting forces are such to admit a state eigen­

function, as in Eq. (5.1. 8 ), such a constraint reads 

( 'J f

l.

'JJtf = 0 . .... bo/; 
A number of configurations then becomes ar1missible, 

(5. 2. i '}) 

For instance. Wf' can assume e = (), anil 

no mutation of the peripheral eletons in a trio let state • The value J = () is th<>n recover<>d 
c-± 

~1= 1.,,,• ,._t ivia a mutation of the soin of t he central eletons <- . Another monel is ll = " 1 -c. in which 

case] = 0 is recovere<! via • different mutation. In the final analysis W<' exoect these mor1el s to 
be er•uivalent (Table 5. 3). ThP mutation of the snin for the former case 

+1'j = .t€.
---'>,,. z;- M-= o. s M,,,_V

5 .:::- 1.. 
(!;,2._.2.o) 

can be treated via our Lie-admissible covering relativity, It essentially implies a mutation 

of the associative product in which square of physical quantities are computed. In its 

simplest possible form such a mutation is of flexible Lie-admissible type 

A x. x.
L J 

where the }- and fA quantities are representative of the forces nonderivable from a 

potential. By using Eqs. (4. 19. 12), the value zero of the total angular momentum is reached 

when 

== 

It shouln be however stressen that the unrlerlyi tg assumption (the 1.ack of mutation of 

the spin of the two peripheral eletons) is highly restrictive.within the context of our harlronic 

mechanics. A morP eJCPecteil occurrence is that all three eletons have a rr1utaterl value of 

the soin which is such to oronuce a null total •ngular momentum. "leverthless, the morlel 

we are consirlering baserl on the sole mutation (5. 2. 20) is sufficipnt for an initial sturly of 

the plausibility of Hypothesis 5.2..11 and other oossibilitles will be left oren for 

interesterl researchers. 
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We are here interested in an epistemological study of the strong forces which are 

necessary to achieve mutation (5. 2 . .2 O). As by now familiar, such a mutation demands the 

breaking of the SU(2)-spin Lie symmetry via nonse!fadjoint forces. It should be again stressed 

that selfadjoint forces (such as those of atomic mechanics and of the virtual totality of 

nuclear forces used until now) are fundamentally insufficient to achieve the objective considerea 

because trivially compatible with established relativities. 

The problem is then reduced to the identification of the explicit form of the nonselfadjolnt 

forces responsible for mutation (5. 2. to). It should be recalled that the most effective class 

of these forces, that producing an essentially nonse!fadjoint breaking, is such involved on 

technical grounds to be beyond our capabilities for any effective treatment at this time. 

We are therefore forced to assume simpler forms of the SU(2)-spin symmetry breaking 

forces, those of nonessentially nonse!fadjoint type. The first class of these weaker breakings, 

those producing a canonical breaking, also produce substantial technical complexities. 

The reason is quite simple. We have indicated earlier that the spin-orbit couplings are 

expected to have in our model of hadronic structure a substantially greater value than that 

of atomic or nuclear mechanics. In these mechanics, the couplings considered are realized 

via terms which are � to the free term. In our hadronic mechanics the same couplings 

are realized instead via terms which are additive but also and most importantly multiplicative 

to the free terms. The costant mutation term used until now in this section then comes to life. 

Indeed, the hadronic realization of the spin-orbit couplings demands their appearance in 

the mutation terms, i.e. , 

J 

In turn, this implies at least a third order generalization of Schrodinger's 

equation (when f is linearly dependent on_;· � ), with higher orders being fully admitted 

e.g, when 

The study of these equations would render the length of t:l)is paper prohibitive. As a 
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consequence, we are regrettably forced to ignore spin-orbit couplings in our model. 

Desp.'te that, we still remain with a significant class of forces, those representative 

of what we have called untin now the "phase condition" for the spin of coupled eletons. A 

study of this situation indicates that such condition can be quantitatively treated via the 

spin-spin interactions of atomic and nuclear mechanics, but now embedded into our 

hadronic mechanics, that is, realized via terms which multiply the free term. An inspection 

of the structure of the Hamiltonian_ representation of nonse!fadjoint forces, indicates that this 

is indeed a necessary condition for these forces to depend on the spin-spin couplings. 

This produces a substantial technical simplification over the hadronic spin-orbit couplings 

which is still non-trivial, in the sense that it takes in due effect the crucial role of the 

spin of the constituents while it preserve the linearity and 2nd order nature of the wave equation. 
A further inspection of the Hamiltonian representation of nonselfadjoint systems 

then indicates that, for the nonselfadjoint forces to be at least quadratically dependent 

on the velocities (as the simplest possible generalization of the Lorentz force), the mutation 

terms must depend on the coordinates. 

But there is still another technical difficulty to overcome. The forces under consideration 

produce such an effective breaking of the SU(2)-spin to create the problem of the very 

representation of the "spin" under these conditions. To overcome these difficulties, we 

must exclude the canonical breaking (both simmetries and conservation laws are lost) 

and use instead the weakest possible form of breaking, the semicanonical breaking (the 

symmetry persists, but the conservation laws are lost -- see Table 4. ll). This has the 

effect that the entire formalism of SU(2) can indeed be constructed according to conventional 

patterns including and most importantly the Pauli matrices, but it possesses only a canonical 

meaning . The physical quantities are then provided by our Lie-admissible mutation. 

The net effect is that we are allowed to preserve the use of Pauli matrices in the realization 

of our "phase condition "for the spins, or our hadronic spin-spin interactions1which 

are then realized via their presence in the mutation terms 

It is understood that the Pauli matrices now lose their direct physical significance as 

representative of the spin 1/2. This ls a necessary conditio n of physical consistency in the 
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sense that the preservation of the conventional, direct physical significance, more generally, 

of the canonical quantities implies the absence of nonselfadjoint forces, as outlined in Section 3, 

• In conclusion, the simplest possible time evolution equation for our model 7(!:= /f:� i'\ �-, 

is characterized by a mutation of that for the model}"
-!:.:: / t-+ 

1 t. -t., 'l:/ via a semicanonical 

breaking of the SU(2)•spin and only spin- spin hadronic couplings , e, g., of the type 

�or the relative motion) 
li 

2 

.,d � ,b _ \ -plrJ-� ·• t(} '°:J.•!,z,-+--,)- ,1-t. 
(__5,2,2b) 

rob I - l \ I..: ,.. t _g J ,.. AMe. 

p Ii � • G"": ➔ 131 "· • " -+ ••• ) 
\ L �2.. .. '! I ..,.. L -""1... 

.I.>{'-> / ol'> f',

K Ll'l ;- Vc,,,,.e + ft.._eJt-.::...} lf 1 
,w..e 

where we have ignored a possible depende nee of the mutation term in the coordinates. 

By assuming that the eigenfunctions are separable in the intrinsic components 

we reach a decoupling of the spin part of the equation from the space part in the sense 

that the spin part can be independently treated with Lie ·admissible techniques, while 

the space part reacquires the costant mutation term of the muonic model under the assumption 

of eigenvalue equations of the type (hereon tacitly implemented) 

r "1, 
=

., -lo 
At this point the physical Hamiltonian must be computed as for the 1f and f - particles. 

By repeating the same approach we finally reach the system 

-/3 
='o CMA 

[k 2,- 1J 
(,, 

-= 
I<, 

with solution 
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::: �.fttrx10, 

l1i-eJ 2 (rHl-
-'t( _, �-1) L _, b-' ) 

.: ,L,/4,x/o 't
rr

t 7tt. 
/D T7rt. r,t 

4-x?l-1<;>do - 't 
= -i.-L4- X ID

- 11/6
/ 0 1 

(_5, 1.. 2..1�) 

(...5. 2.. '300...) 

Cs. 2. 3o b)

Since K2 is again close to 1, we conclude that the the model again provides a spectrum 

suppressing mutation of the parahelium, this time with an additional semicanonical 

breaking of the SU(2) symmetry. 

On a comparative basis between the models f :!: ::- If. t, � -t, �- , and 'i'r t..,,. / � 
1
, i � £-/ 1 

the former demands a small (but finite)mutation of the intrinsic characteristics of the 

electrons (to account for the anomalous magnetic moment of the muon as well as the 

decay modes), while the latter demands a nontrivial, finite mutation of the same characteristics. 

A part from this quantitative difference, the methodological context is the same. 

In conclusion, under the assumption that the 'tr -:I: constituents are subjected to a 

radical departure from established relativity and quantum re echanical laws, the proposed 

structure model of these particles allows: 

(1) the id�ntification of the constituents with physical pa· '.icles, by therefore avoiding 

the assumption of yet unidentified constituents and c' a yet unsettled confinement

process; and 

(2) a quantitative interpretation of all the intrinsic characteristics, that is, 

(a) the mass ; 

( b) the mean life; 

(c) the charge and charge radins; 

( d) the spin; 

(e) the spin parity (which can be identified with that of the 

central eletons ). 
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Notice that the model, independently from Hypothesis 5, 2. I, produces a very low 

binding energy and an upper bouod for the mass of the constituents, this time of the order 

of 69 MeV. This implies that the constituents are expected to be free and produced in the 

spontaneous decays. Hypothesis 5. 2.1 is then consequential. 

A few remarks in relation to the decay modes are here in order. The primary decay 
,,_ .... of the II - particles, 

(_5,2..11) 

is here interpreted as the most promising indication of physical consistency of the model. 

Indeed, on account of mutation (5. 2.2� ), the only admissible decay of the central eletons 

is given by 
+ 1�::de

z;- M: D,; H, . .V 

s :-1 

This reproduces the primary decay (5. 2.-; I ) In its entirety, by preserving a restricted 

three-body structure. Equivalently, neutrinos emerge in our model with a rather intriguing 
and new meaning: they can potentially represent a direct measure of the departure from 

established relativity and quantum mechanical laws. Indeecl, according to one of our 

central contention, the notion of mutation of the intrinsic chara.cteristics of the electrons 

can exist only when these particles are bounded at very smaffdistances, yielding an unstable 

state (the stable particles are the ordinary electrons and positrons). When these mutated 

particles exhit a hadronic medium, they must reacquire the conventionally quantized value 

of their intrinsic characteristics, Under the assumption that the mass and charge are not 

mutated, the reacquisition of these intrinsic characteristics can only occur via the emission 

of neutrinos, This yields decay (5, 2. 31 ) for the case of a large mutation of the spin and 

decay (5. 2. 16) for the case of small mutation. 
It should be stressed that the central eletons E: ±. of our model � interpreted 

as a bound state of an electron and a neutrino under hadronic laws. Such a model would be 

inconstistent with our methods, to the best of our knowledge at this time, because the neutrino 

is massless and ordinary interactions (selfadjoint) for this particle are already weak. 

The very applicability of a str�ng nonselfadjoint force is then highly questionable, Instead, 
neutrinos are interpreted as being created in decay process (5. 2. 31 ). 
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TABLE 5.3: OUTLINE OF THE EXTENSION OF THE MODEL TO OTHER MESONS. 

In the transition from the pions to other mesons such as 

(l< o l< o ) 
I .J s , 1... li-'17 MeV 

our model demands more and more departures from established laws. More specifically, 

in addition to the departure from established relativities already present at the level of 

the pions, the model demands the additional breaking of the gauge symmetry, of course, 

at the level of the constituents only and in such a way to be consistent with the conservation 

of the total charge. for a meson as a whole under ut most electromagnetic Interactions. 

As by now familiar, the central idea of the m0del is that the constituents are lightly 

bound and, thus, they are produced free in the spontaneous decays, irrespective of the 

hadron considered. The intent is to achieve a consistent identification of the 
hadronic constituents with physical particles. If established laws are incompatible with 

this interpretation, rather than abandoning the model In favor of these laws, we abandon 

the laws instead and search for compatible covering laws. In essence, we argue that 

currently available quantum mechanical laws were conceived for the interpretation of the 

atomic phenomenology available at the time of its inception, the atomic spectra. The 

corresponding hadronic notions are the decay modes and their fractions. We therefore 

search for covering laws specifically conceived for this new layer of the physical reality 

and the new data to be interpreted. After all, there is no a priori reason why laws which 

have proved so effective for the interpretation of the atomic structure should be necessarily 

valid also for the hadronic structure. Also, if the atomic laws are assumed as valid 

for the hadronic structure too, the direct consequence is that the hadronic constituents 

cannot be interp<reted as physical particles simply produced in their spontnneous decays. 

The ouark moclels anrl their problematic aspects are then conseouential. This learls to the crucial 

alternative ii!entlfled in this oaper�vl&latton·(presetvatlon) of estabtished laws an� conseouential 

inteI'pretation(lack of interpretation) of the haclronic constituents with ohysical narticles. 
An inspection of the decay modes of mesons (5.3.1) indicates that these hadrons 

do not decay Into electrons and massless particles (except rare events). We therefore conclude 
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that these particles are not directly constituted by an eletonic bound state of electrons and 

positrons. 

Independently from that, the identification of the constituents with the massive particles 
. 1fv 4 �± produced in the decay modes with lowest fraction (tunnel effect as per I , /> - and I ) 

becomes highly ambiguous, assuming that it can indeed be practically realized. This is due 

to the variety of the decay modes with low fractions, such as in the case 
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Stl 11 independently from that, if a structure model of heavier mesons is attempted 

(5.1. 'L) 

according to a generalization of our model 1i' �., \ f� t·) and 71' :!:"' (£�le � E· I of atomic inspiration, 
that is, via an increase in the number of constituents, stability arguments will likely produce 

the breaking of one of the fundamental characteristics of hadrons: the lack of sensible increase 

of their charge radius with mass. 

This situation suggests that our structure model; for the pions does not admit a direct 

generalization to hevier mesons, and calls for a reinspection of the situation aiming at the 

identification of the physical laws capable of producing a quantitative interpretation of 

the "hadron!c spectra" (5.3. 2) without sacrificing our uncompromisable requirement of 
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physical consistency: the identification of the constituents with physical particles. 

An epistemological outline of this new layer of hadronic reality is the following. One 

of the central hypothesis presented in this paper is that, while the Lorentz force is unique 

in its analytic structure, the strong nonselfadjoint forces are not unique. Instead, there exhists 

a hierarchy of these forces of increasing complexities and methodological implications. This 

hierarchy has been identified in Section 3 by using purely algebraic consideration related 

to the structure of the proposed Lie-admissible relativity : 

- when such covering relativity is strictly Lie in algebraic character and used for the 
hadronic structure, it implies the simplest possible form of strong hadronic forces, 

that derivable from a potential (the relativity is then the conventional one), while the 

hadronic constituents are approximated as point-like particles; 

2 - when such covering relativity is partially Lie in algebraic character, we have then 

the first nontrivial representation of the hadronic constituents as extended particles 

and strong nonselfadjoint forces, although of restricted type; 

3 - when such covering relativity is strictly Lie-admissible in algebraic character, we 

then have the highest possible characterization of the hadronic constituents as 

extended particles which is admitted by local theories . 

Each of the primary classes I, 2 and 3 then admits numerous subclasses for a virtually 

endless variety of strong forces, 

This hierarchy of strong nonselfadjoint forces must now be subjected to confrontation 

with physical data. The central problem is the following. If our model for the pionic structure 

does not admit a direct generalization to the heavier mesons, our problem then consists in 

identifying the physical laws which need a further generalization in the transition from pions 

to other mesons. 

First, let us recall that the manifestation of the indicated hierarchy of strong forces 

is already present in our pionic model •. Indeed, our model for the 'fT O preserve the 

intrinsic characteristics of the electrons and calls for the simplest possible forces producing 

a generalized structure of a Hamiltonian (that via a constant mutation t!!rm). In the transition 

to the 'iT :!: there was the �andatory need of increasing the complexity of the strong forces 

to achieve a mutation of the spin. 

Neverthless, we note that in all models of Tables 5,l and 5.2, the gauge symmetry was 

exact at both the structure level and at the level of a state as a whole, and the breaking of 
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symmetries for the structure problem was restricted to the space-time symmetries of relativity 

character only. This is due to the fact, as indicated, that the charge of the eletons in the.!>e 

models is conventionally quantized and of constant value ± e

The contention of this table is that in the transition from the pions to heavier mesons, 

besides the breaking of conventional relativities, there is the additional breaking of the gauge 

symmetry, also according to our hierarchy (semicanonical, canonical and essentially nonself­

adjoint breakings). 

Our first argument is the same as that for conventional relativities. If the gauge symmetry 

is imposed at the level of the constituents (we here refer to field theoretical realizations), this 

implies a direct restriction on the class of admissible forces. For the case of the structure 

of the '11 ° we indicated that the imposition of conventional relativities for the structure 

equations implies a dynamical equivalence with the positronium structure, that is, the lack 

of an effective departure from the electromagnetic setting. Along the same littes, we now argue 

that the condition of preservation of the gauge symmetry for the structure of heavier mesons 

also implies a dynamical equivalence with the electromagnetic interactions. Indeed, as is well 

known, the gauge symmetry of the electromagnetic interactions is one of the fundamental 

characterizatiomof their physical structure. The preservation of the same symmetry also 

for the strong interations then necessarily implies a form of dynamical equivalence among these 

interactions, contrary to their profound physical differences as manifested in nature. 

Our second argument is that the identification of the constituents of the heavier mesons 

with physical particles demands their identification, according to our model, with a mutated 

form of pions and muons. The secret for the possible physical consistency of such identification, 

however, rests on the admitted mutation. If the charge of these constituents is conserved as in 

ordinary particles, a study of the problem indicates a number of difficulties in the quantitative 

representation of the decay modes. If, on the contrary, the charge of these constituents is 

also mutated, jointly with any needed intrinsic characteristics, the situation is profoundly 

different. But this necessarily implies the breaking of gauge symmetry. 

An explici t illustration is here in order. Consider, for instance, the primary decays 
0 ofK S 
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The most straighforward structure model capable of complying wifu these decays is that 

based on an eletonic bound state of (mutated) pions, i.e., 

Under the condition that all intrinsic characteristics of the pions are mutated, model 

(5.3. 4- ) is fully equivalent to the following models 

:::.. 

Explicitly, under the indicated mutation, there is no dynamical difference betweer, the 
� --!:... + 

mutated forms of 'tr , 'ir and f - . Their physical differences occur only when 

these particles are detected under electrom_agnetic interactions, while, under the action 

of the most general admissible forms of the strong nonselfru1ioint forces, all these particles 

are equivalent. The model then offers hopes for a quantitath•0 interpretation of.the decays 

without sacrificing the physical nature of the constituents. As a matter of fact, the ratios 

k o.:1 __,,. 11 --t 'iT

I< o
.s 

- 1T O iT 0 
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can be Interpreted as a measure of the statistical distrubution of the eletonic pair 

into/�; .. , t; • ./, /�;., /z;./ and / f)1 1 f ;-/, 
0 Most importantly, the model allows the characterization of the structure of K S 

without increasing the charge radius because the orbit of eletons is not dependent 

on the mass of the constituent. 

Equally importantly, the model is a two -body system (it would be four-body for a direct 

generalization of TI") and, as such, solvable (at least in principle). Its explicit construction 

is left to the Interested researcher. The only technical difficulty which ls needed in addition 

to the model for the If: is the identification of still broader forces which guarantee the 

breaking of the gauge symmetry . If such symmetry is preserved, the proposed model of 

the structure of the Ko becomes manifestly inconsistent with experimental data. We 
S 

O shall also leave to the interested reader the extension of such a model for K S to the other 

mesons (5.3.1),_ 

A few concluding remarks are here in order. The attentif reader has by now noticed 

our virtually complete silence on the weak interactions. This has been dictated primarely by 

an intended scientific caution. The physical effectiveness of the unified gauge theories of 

weak and electromagnetic interactions (only) is unequivocal and not in question. What is in 

question is whether the physical results of this discipline, particularly those related to 

the decays of meson customarily called ''weak", can be in the final analysis subjected 

to a still deeper treatment, In essence, our precaution is suggested by the intent 

of gaining some knowledge on a virtually endless variety of strong nonselfadjoint forces 

before attempting a physically effective identification1within such a broader context1of the 

weak interactions in their present interpretation. Also, there is no a priori reason why, 

the current classification of interactions into 0strong", "electromagnetic", 'Weak" and 

"gravitational" will truly persists after the achieving of the final solution of the problem of 

the hadronic structure. 

For instance, the studies by R,M,SANTILLI of ref!
O 

which lead; via purely gravitational 

considerations,. to the structure m'odel of the 1T0 here reviewed, were centered on the 

shift of the conventional ideas from the search of a "unified theory" , to that of the "identification 

of the gravitational field of the 1(0 with its structure fields ". Although substantially qualitative 

(lacking an established quantum mechanical treatment of gravity), the model indicated 

that such an identification, complemented with the notion of mutation here developed in more details, 
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can indeed account for a quantitative characterization of the exterior gravitational field of the 

1f O which is assumed as the hadronlc image of a massive object with the same characteristics 

(null total electromagnetic phenomenology, such as zero total charge, zero electric and 

magnetic moments, zero radiation1etc.). The extension of the model for the case of nonnull, total 

electromagnetic phenomenology was then trivial (via the simple increase of the number of 

charged constituents). 

From a different profile, the studies of ref.? O were intented to attempt the shift 

from the search for a unified theory (which, in any case has resiste the efforts of 

more then one generation of fully qualified scientists) to the study of the "origin" of the gravi­

tational field, of course, at the level of the structure of the lighest known hadron, the 'i1' �

The result of this study is that, pending the verification by interested researchers, there 

is no need of interpreting the gravitational field as physically distinct from other fields 

because Einstein's equations for the exterior problem can be quantitatively reproduced 
via the sole use of the electromagnetic and short range structure forces provided that 

(a) the constituents are very light massive and charged particles in a high dynamical 
I 

o conditions (which lead to the hypothesis that the constituents 'lf the '1f' are the 

ordinary electrons and positrons); 

(b) the use of mass terms In the interior problem is abandoned and the problem of 

structure is instead confronted; 

(c) the constituents and their fields are subjected to a mutation due to the very small 
2.2,2.� 

distances (which has been then elaborated in this paper and In refs. ). 

In this way, rather than being physically superimposed, the gravitational field emerged as 

a direct consequence of the structure of the 'iT 
O , by remouving the very 

existence of the problem of unification. 

"origin of the gravitational field". 

This is the intended meaning of the terms 

The point which we intended to make in relation to the weak interactions is that the 

conceptual, technical and methodological implications of the final solution of the problem 

of the hadronic structure are expected to be so deep, to likely call for the same reinspection 

of the terms "strong Interactions", let alone those of ''weak interact! ons ". 

There is one aspect of the problem of gauge symmetries which should be clearly stated. 

Permit me to reinstate that the physical effectiveness of the unified gauge theories of weak 

and strong interactions is unquestionable, Instead, we would like here to consider the recent 

proliferations of attempts of constructing a unified gau!l(! theory of weal:, electromagnetic 
and strong interactions. Our studies cast shadows on these latter attempts J'irst of all, there 
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simply is no experimental or theoretical evidence available at !his time that the gauge 

symmetry is verified at the level of the hadronic constituents. Secondly, if our argument 

wHl eventually prove to be consistent with physical reality, the gauge symmetry must be 

necessarily abandoned to adequately differentiate the electromagnetic and the strong inte­

ractions, In conclusion, studies on the preservation of the gauge symmetry in strong interactions 

should continue, But jointly, fundamentally different approaches should be initiated in order 

to achieve a treatment of the problem which is commensurate to its physical relevance, 

By combining all these aspects (including that of weak interactions), one of the objectives 

of this paper was to indicate that, despite valuable progresses, the crucial decay chain 

+ 

is still fundamentally unsolved as of now• . Our contention is that it will remain fundamentally 

unsolved until the problem of the identification of the constituents of these particles is not 

solved in an incont rovertible form. In the final analysis, chain (5,3. 'f ) may well result 

to hold the secret of all interactions and the disciplines which will eventually emerge as 

applicable, with particular reference to the strong, but also to the weak and gravitational 

interactions. 

* This is the reason why chain (5,3, 4- ) has been selected for the front page of this Journal. 
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TABLE 5, 4: THE COMPATIBILITY OF THE PROPOSED STRUCTURE MODEL OF HADRONS 

IN GENERALIZED FORMULATIONS WITH THE ESTABLISHED UNITARY MODELS OF 

HADRONIC CLASSIFICATION AND RELATED CONVENTIONAL FORMULATIONS. 

The model of hadron structure proposed in this paper appears to be fully compatible 

with the established unitary models of classification. The first reason is that of methodological 

nature, As we all known, the established unitary models of classification hare based on the 

use of conventional relativity and quantum mechanical laws, Even though our structure model 

is based on general!zed formulations for the description of the hadronic constituents, the 

methodological compatibility is provided by the fact that conventional formulations for the 

behaviour of a hadron as a whole are recovered by construction in our model. The second 

reason of compatibility is due to the fact that, once all the intrinsic characteristics of each 

individual hadron are recovered, the use of "chemical numbers" for a Mendele'yev-type 

classification of hadrons (lsospin, hypercharge, etc,) is recovered in its entirety. For instance, 

even though the 1f O 
and the 1f' ;t particles have a different structure in our model, the 

notion of isotopic triplet of pions is recovered in its entirety at the level of classification, 

But perhaps the most important reason of compatibility is that which motivated this study: 

the possible emergence of two different but compatible approaches to hadrons, one for the 

classification and one for the structure, in exactly the same way as it occurred at the atomic 

level, Indeed, the established unitary models of hadronlc classificati on in which a group of 

physically different hadrons is combined into a unitary multiplet, by no means, prohibit the 

possible existence of a compatible model of structure in which each individual hadron of the 

multiplet ls treated as an individual entity. This is precisely the objective which has been 

attempted in this paper. 

For the sake of clarity, permit me to stress that we consider this compatibility truly 

crucial. As a matter of fact, such compatibility can be also interpreted as a necessary 

condition for physical consistency for any new model of structure. This is due to the fact 

that the physical effectiveness of the established unitary models of hadr.,a classification 

is simply unequivocal. No structure model of hadrons can achieve a meaningful degree of 

plausibility unless the unitary classification is recovered in its entirety. Therefore, the 

objective of this paper was that of attempting the identification of the arena of physical relevance 

of unitary models and, under no circumstance, should be interpreted as suggesting the 

removal of unitary Lie groups in hadron physics. 
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An intriguing question is whether there exists a degree of compatibility between our 

model and the quark models also at the structure level. A study of this issue suggests its 

t,:eatment according to the following distinct layers of hadronic reality. 

(A) The case of light hadrons. , such as the so -called "stable" mesons. It appears that 

our structure model and the quark models are fundamentally incompatible at this 

level. It is sufficient in this respect to note that our model calls for an essential 

increase in the number of constituents in going from 1'( to 'Ii' :I: and to o ther 

mesons, while for the quark models all these particles necessarily have the 

same number of constituents, a quark and an antiquark (we here Ignore the sea 

of gluons). 
(B) The case of heavy hadrons, such as the charmed particles. At this level the 

situation ls different and not readily solvable in terms of simple argu mffits. f.s 

such1it demands a specific study. In essence, the conce{}t of quark constitutes 

a generalization of that of physically detected particles in the sense that it Implies 

the transition from an integrally charged to a fractionally charged state. 

Our concept of eleton constitutes a further generalization to an arbitrary, nonconserved 

value of the charge as well as of all other intrinsic characteristics. Now, by its 

very conception, our hadronic mechanics has been proposed to produce arbitrarily 

assigned physical characteristics of a bound state of these particles. The aspect 

which is here pertinent is whether a bound state of eletons can also prod nee a fractionally 

charged state. The answer is that, if this state is a physical particle as experimentally 

detected under electromagnetic interactions, such fractional total charge is prohibited. 
However, if we consider a cluster of eleton within hadronic matter, a fractional value 

of the charge becomes fully admissible. The net effect is that a hadronic bound state 

of eletons can literally construct a quark while within a hadron. This would be in line 

with the idea that quarks are composite states, which is appearing with more frequency 
{0 

in recent literature. Such a view has some intriguing features. First of all it remouves 

the very existence of the problem of confinement because our e letons, by construction, 

do not exist under electromagnetic interactions only. Thus, when a cluster of eletons 

with fractional charge leaves the hadronic medium it recovers conventionally quantized 

integrally charged particles. Secondly, the regularities of the charmonium spectrum 

are Impressive. lt may well be that the constituents of the charmonium cluster into 

states with fractional charge and, in any case, this possibility cannot be excluded 
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until the contrary is experlmentally proved. In conclusion, the possibility that 

our model can be used to construct a quark model for the charmed particles 

cannot be excluded at this tlme. As a matter of fact, studies to this effect are 

encouraged because such an approach would allow the identification of the 

constituents of charmed particles with physical particles, only in a different dynamical 

state, by therefore removing the very existence of the problem of confinement. 
A few aspects, however, deserve an elaboration. 

�) Chromodynamics is fundamentally dependent on established physical laws. 

An eletonic construction of a quark model for charmed particles would imply 

the restriction of th,� physical relevance of the charmed models to that of 

only a first approximation of physical reality in which the constituents are 
treated as point-like. The eletonic approach and related generalized formulations 

would therefore constitute a sublayer of the conventional charmed structure 

in which the constituents are considered as physical extended particles, with 

consequential Implementation of our line of study (nonselfadjoint forces and 

related generalized formulations). 

(b) A central difference between an eleton and a quark is not given by the 

charge (because an eleton can have an arbitrary charge, including a fractional 

value as a particular case). It is given instead by the fact that an eleton is 

fundamentally independent, by construction, on unitary quantum number s, 

while a quark is centrally dependent on these numbers. Thus, an eletonic 

sublayer of a charmed structure can be achieved, provided that the eletons 

cluster into state,with the necessary regularities to apply unitary quantum numbers 

in much of the lines according to which a'I'\ isotopic triplet is recovered by 

our eletonic model. 

(c) It is often believed that heavier particles, and the charmed particles in parti­

cular, have a slmpler structure than that of light particles, such as mesons. 

We disagree. The occurrences at the atomic and nuclear level have indicated 

a substantial increase of the complexity of these structure,with mass, without 

however prohibiting the existence of certain regularities beyond a mass value. 

There is no a priori reason why exactly the same situation will not eventually 

result also for the hadronic structure. The contrary argument presented by 

charmed models is inconclusive and will remain inconclusive until 

an incontrovertible solution of the problem of the constituents or of confinement 
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is achieved. This is a crucial point for researchers interested in 

attempting the construction of a sublayer of charmed models. According to 

our model, the sole physical constituents of hadrons are the electrons and 

positrons, even though appearing in a direct way for light hadrons and in 

an indirect way (that is
1 
via eletonlc bound states of the same) in heavier 

hadrons. The net effect is that the number of physical constituents 

generally demands an increase with mass in our modeL If this number is 

small (as for mesons), there simply is no way to cluster these constituents 

for the objective of "constructing" a quark within hadronic matter, We therefore 

recover in this way the irreconciliable incompatibility between our eletonic 

model and the quark models for light hadrons indicated earlier, It is only 

when the number of constituents is sufficiently high that our methods permit 

a possible attempt of reaching compatibility according to points (a) and (b) 

above, In conclusion, the possible construction of a sublayer of the charmed 

models is centrally dependent on a sufficiently high number of eletonic 

constituents and on a structure whose complexity is not even remotely 

reminiscent of the simplicity of the proposed structure of the 1( "'. 

There is one crucial implication which emerges from these remarks which should be 

clearly stated, The possible experimental detection of isolated, fractionally charg ed particles 

under no circumstance should be interpreted as the final evidence of the validity of the quark 

models, The reason is due to the fact that fractional charges can be admitted also by 

structure models which are fundamentally different than the quark models, beginning at 

the level of the applicable laws. For instance, in our model based on covering relativity 

and quantum mechanical laws, clusters of eletons, as pointed out in this table, can have an 

arbitrary charge, including a fractional charge. 
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� 5.5: CONCLUDING REMARKS ON THE FUTURE ORIENTATION OF EXPERIMENTAL 

HIGH ENERGY PHYSICS WHICH IS NEEDED TO PROVIDE A PHYSICALLY EFFECTIVE 

SELECTION AMONG AN EVER INCREASING NUMBER OF HADRONIC MODELS. 

This paper can also be considered as a manifestation of the considerable uneasiness 

experienced by a segment of our community of basic studies in regard to the current status 

of hadron physics. The reason is due to the ever increasing proliferation of models combined 

with our inability to perform a clear selection on clear physical grounds. 

The only way to fullfill the increasing need for such a physically effective selection 

is the experimental way. We therefore believe that it is time to conduct an assessement of 

current experimental trends in hadron physics and an identification of the future orientation 

which is needed to achieve the objective considered. 

As we all know, experimental hadron physics has been dominated until now by 

the search for new particles and the identification of their physical characteristics. Our 

contention is that, until this trend is continued, the problem of the hadronic structure will likely 

remain fundamentally unresolved, 

In the simplest possible form, our argument is the following. An anamnesis of 

the last decade of experiments in hadron physics and of their relationship with theoretical 

studies along unitary models indicates a symbiotic condition of research between these 

two profiles with initial achievements of unequivocal physical relevance, such as the 

prediction and discovery of the S7..- particle, Subsequent experimental discoveries 

have indicated the inabil ity of the originally conceived SU(3) model to comply with physical 

reality. As a result, the model was subjected to Initial implementations. Still subsequent 

experimental data indicated the need of additional implementations of the original SU(3) model 

most notably, that via color, and related increase in the assumption of different quarks. 

The most recent experimental data indicate the possible need of further implementations 

with new degrees of .freedom and new quarks, as indicated in Section 2. ,n conclusion, 

the quarks models have virtually proved their capabilities to accomodate new particles via 

suitable implementations. The crucial point is that in doing so the basic problematic aspects 

of the quark models increase, rather than decrease, and the problem of the hadronic structure 

remains fundamentally unsolved, This is due, in our view, to the fact that these trends have been 
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unable to resolve until now the truly fundamental aspect of hadron physics; the unequivocal 

identification of the hadronic constituents with physical particles, and the related issues, 

such as the nature of the forces and the applicable laws. We then argue that an increase in 

the number of different quarks without direct experimental support constitutes an increase 

in the problematic aspects which confirms the fundamentally unsolved nature of the problem. 

A most significative case is that of the more recent discovery of the J" / 'f particle. 

There is do doubt that this discovery constitutes a substantial contribution to human knowledge. 

However, this discovery, jointly with the preceding and subsequent discoveries of new particles 
1 

has not produced the final solution of the problem of hadron structure. 

We here submit that experimental efforts toward the identification of new particles 

and their properties should indeed continue, because of selfevident physical values. But jointly, 

new experimental trends should be initiated aming at physical data which have a more direct 

significance for the problem of structure. 

This paper will achieved its objective if it succeeds in pointing out the possible 

dichotomy of classification and structure of hadrons, and in presenting an initial identification 

of the aspects which appear to be crucial from a structure viewpoint. According to this view, 

the sole identification of a new particle is a sole contribution for the classification. The 

expe:rimental profile which is needed for the structure problem is fundamentally different 

than that.Some of the most relevant aspects have been studied during the course of our 

analysis and they essentially are the following. 

(A) The experimental finalization of the problem whether the hadronic constituents 

are point-like or. extended particles; 

(B) The experimental finalization of the problem whether the forces between the 

hadronic constituents are derivable from a potential or not; and,last but not least, 

(C) The experimental finalization of the problem whether the relativity and quantum 

mechanical laws which have proved so effective for the atomic structure are 

valid or invalid for the hadronic structure. 

In conclusion, our contention is that, until the problem of the physical nature of the 

constituents, the analytic character of their forces and the applicable laws have not been 

experimentally resolved, the problem of the hadronic structure will remain unresolved. 

The direct relevance of problems (A), (B) and (C) for the structure of hadrons is selfevident. 

In simplistic terms, if the hadronic constituents will result to be point-like, with selfadjoint 

forces and obeying established laws, the quark models on the hadronic structure are likely to 
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emerge as the only models which are conceivable on grounds of our current knowledge. 

On the contrary, if the hadronic constituents will emerge as being extended particles, 

with nonselfadjoint forces and obeying covering laws, the concept of quark as the constituent 

of hadronic matter is likely to be ruled out in a final form. 

Int riguingly, our studies suggest the beginning of experiments at the nuclear level, 

with a reinspection of the nuclear forces to see whether very small contributions from 

nonselfadjoint forces are admitted,and with the finalization of the issue whether very small 

deviations from Pauli's exclusion princi ple can be experimentally established or this 

principle is exactly valid in nuclear physics. • 

In the transition to the hadronic level the technical difficulties are expected to increase 

considerably, to 1Ihe point of rendering premature even the proposal of specific experiments 

for the central issues, that is, validity or invalidity of Einstein's special relativity and 

Pauli's exclusion principle . After all1we are here referring to the transition from the 

experimental detection of a hadron as a whole to that of its constituents, which i s clearly 

no easy experimental task. The final element, however, remains of human rather than 

technical nature: the decision whether the complexity of the technological problems to be 

confronted is reason for withdrewal or not. 

Ir.respective of any technical consideration, there is an ae stetical aspect which 

should not be overlooked, which goes beyond the mere identification of the hadronic constituents 

with physical particles, and which stresses the need of conducting in due time the experiments 

along the indicated lines. Our Lie-admissible approach to hadron structure indicates a possible 

:reduction 

neutrinos. 

of the physical universe to only three stable particles: electrons, photons and 

* Pauli.' s exclusion principle can be t=-xperimenta11y tested. in a variety of ways in nuclear 
physics along the lines indicated in this paper. On purely indicative grourn<s

1 
one can 

for instance either reinspect available <lata or conc!uct specific exper!mPnts with 7 N
16 

to see whether the last four nucleons admit only configuration (a\ below or the presence 
of configuration (b\ with a very small statistical WPight is admitted 

l"-) :i_, 9), (b) � •' # 
The f'XOerimenter should however kf'(jl in mind that the latter occurrPnc-e is not Ilf'C'f'SsarPy 
exoectec to be universal I anc might instead occur only in sped fie cases, Thus I thP stui;ly 
of a number of sufficiently diversified nuclei appears recommPndable .. 
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THEOREM I: A necessary and sufficient condition for the Newtonian system 
c• 

L 9 k .f I< ( t, 1 1 4 )j::::; 0 I I<-= 11 z, ... '�HI Llt\\/"1..) 

( 1..) 
to be selfadjoint in a region R of points (t,q,q) is that all acting forces are 

linear in the velocities, i.e., the system is of the form 
, •,: JC z 

L9 1< -(\,(b19)'l -G"j,(t,ci) =o, 
and all the following conditions of selfadjointness 

• NOTE ADDED IN PROOF: See Cl. GEORGE, F. HENIN, F. MAYNE and I. PRJGOGINE, 

Hadronic Journal!_, 520 (1978), in this issue. 

f\: -t \•K 

(;) 'l {<, 

.;-� 
tu 1 i 

� � i;-� 

'(} q ). 0b 

- 886 

are identically verified int he subregion R' (. R of points (t, q). 

When the forces are variationally selfadjoint �nd well defined in a star-shaped region 

of the variables) they are derivable from a potential, that is,Lagrangian representation 

(4.3. 4a) exists and a Lagrangian can be computed via the techniques of the Inverse Problem. 

For a new method for the construction of a Lagrangian see E. ENGELS, Hadronic Journal 

_!, 465 (1978), in this issue. The Lorentz force does satisfy Theorem I . In particular, 

and most significantly, the Lorentz force is linear in the velocities. However, this class 
of force is highly restrict! ve In Newtonian mechanics, This leads to the following 

.21-I,22-'JI,.2� 
THEOREM 2: A necessary and sufficient condition for the Newtonian system 

L fl 1<- �lb 1 91 4) q� + B 1<
Lt·1911)] c�'.;o U�J 

to be selfadjoint in a region R of points (t,q ,g) is that all the following 

are identically verified. 

The above conditions do not imply linearily of the A· and B-terms of the equations of motion 

in the velocities (as well as in the coordinates) and, thus, this broader approach allows 

the analytic representation of broader forces. 

The aspect which is relevant for the analysis of this paper is that the conditions of 
variational selfadjointness are the integrability conditions for the existence of a Lagrangian 
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.11.1,2� 
representation (after a nwnber of technical aspects are taken into account ). 

The transition of the variational approach to a relativistic equation in Minkowski space 

is expressed by the following 
22-I 

THEOREM 3: A necessary and sufficient condition for the system 
L- ·• I< ( ·)]c" . elx •· ell.< 1,.-0 1,2,?>, 

l'(noX.
f'

- I'- 5, X, 'l< =:o, x= fl.s' >< =«s21/- ,
(.

6) 

to be selfadjoint in a region R of points ( S , X , X ) is that the Minkowski 

force is linear in the velocity, i.e. 1 

and all the following conditions of variational selfadjointness 

are identically verified in a subregion R' C. R with points (S X), 

The interested reader is uged to verify that the relativistic formulation of the Lorentz 

force 

X 

does indeed verify the conditions of Theorem 3, Within the context of currently used 

relativistic models Theorem 3 is fully sufficient, Within the context of this paper· 

(1) 

Theorem 3 is highly insufficient, because we are primarily interested in studying forces 

which are nonlinear in the velocity to attempt a nontrivial departure from the electromagnetic 

interactions. 

This situation suggests the study of broader systems in Minkowski space according to 

the following relativistic extension of Theorem 2. 
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22-t 

THEOREM 4: A necessary and sufficient condition for the system 
c

2.
� 

B
1
_._Ct, ><, *� � o (_1.o) 

to be selfadjoint in the region R with points ( S , XI X ) is that all the 

following conditions 

are identically verified in R. 

The transition from Eqs. ( 6 ) to Eqs. ( /0) removes the restriction of linearity in the 

velocity, but does not guarantee the existence of a Lagrangian or a Hamiltonian . It merely 

identify the simplest possible generalizations of the Lorentz force which still allow the 

use of the canonical formal ism via the identification of a l;lamiltonlan. 

The reader should be aware that the analysis of this paper is particularly devoted to 

generalizations of the Lorentz force which violate the integrability conditions for the 

existence of a Lagrangian ( or an action functional) in the coordinate frame of their experimental 

identification. It is only when the study of the forces considered is brought up to this level 

that the problematic aspects of Einstein's special relativity become conspicuous (Table 4.20). 

For compliteness, let me recall the field theoretical versions of the above theorems for the 

case of second-order partial differential equations (either in Minkowski or in Euclidean space) 

,2.1-TLL, 2..2.-r 
THEOREM 5: A necessary and sufficient condition for the semilinear 

system of second-order partial differential equations 

[ 

.; . . 11 c.
2 

.-1J; <£ (__ti) 
(□ -+ ,u-,;) er� - f l<(x, f 1 'f

J
�)

j
.::; O / I tx .::- 't)){" /-

to be selfadjoint in a region R of the variables (X� f � 'f �) is that the 



couplings are linear in the partial derivatives, i.e., 

and all the following conditions 

}, ' p, I, :::: OJ 
\ I I<- I 

/ I< 
J 
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(/4-) 

pr_;_� 
I I<•) ' (j)t' I

are Identically verified in the subregion R with poin ts ( x � cf'). 

The interested reader is urged to verify that not only the electromagnetic couplings of 

conventional use, but all couplings of the (Abellan or non-Abelian) gauge theories verify 

the conditions of Theorem 5 when the field equations (rather than the Lagrange's equations) 

are properly written, e,g., in the form for the external field case�l-'JIC 

(e'ArA"-e:- 2. te. A/-'��t) 
J

=D

-e. i
A,. 

8,.... e .,_ �.· e � e;f S(-l Sf! 

(15) 

In conclusion, the statement that all couplings of gauge theories are variationally selfadjolnt 

is the technical language of the Inverse Problem for the representation of the known property 

that all these theories admit a Lagrangian density and such density has the trivial structure 
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Again, in this paper we are Interested In couplings which are nonselfadjolnt , to attempt 

an analytical differentiation between the electromagnetic and the stron� Interactions, as 

a conceivable prerequisite to achieve a genuine dynamical differentiation between these 

interactions. As a result, we are solely interested in couplings which break the selfadjolntness 

property of the electromagnetic couplings as well as, more generally, of all 

Abellan and non-Abelian gauge <:ouy11ro1�>. This calls for a generalization of Theorem 5 

which can be fonnul ated as follows. 
:z.1-JJ£ /21-r 

THEOREM 6: A necessary and sufficient condition for the quasilinear second-

order system of parti,u differential equations C. 2 t'<

Bk(><� ff� 1;�� _;o 

(nJ 
to be selfadjoint In a region of the variables ( X � f �• <f J� ) � 
the following conditions 

8 if", k. A., 

I 



A o< �i�i" 
/U l e., 

"'"' ;iJ. 
+- � 

I 

J 

A-rif ;? 
Ki i 

A"',( iv
+ lei' j' 

e...h .. 

• " A otr, iAI + I< e /e. 

are identically verified in R. 
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I 

" 
ere. I 

,; ) 

The above theorem does indeed achieve the desired result, the removal of the linearity 

in the partial derivative of the electromagnetic and, more generally, gauge couplings, 

by therefore allowing the construction of Lagrangian representatiol)Sof interactions which 

are genuinely more general than those interactions (here studied for the strong interactions). 

The crucial point is, again, that Theorem 6 Is still restrictive. It merely allows the 
identification of a class of generalization of gauge theories for which conventional analytic 

ft� techniques V still applicable. This paper is devoted instead to the most general class of 
• ,,. . . F. (: ,( .1-,,' ./,ll ) . local, class C and nonselfadjomt couplmgs I< ><, ,- / T -t • Such class violates Theorem 

6, by therefore rendering inapplicable the entire machinery of conventional analytic approaches 

to field theories. It is only when the analysis is brought up to this level that the problem of the 

relativiti laws which are applicable to the systems 

l�K i,� 

[0o xr

can be meaningfully treated. 

(19) 

Later on, we shall also be Involved in a generalization of Dirac's equation for nonselfadjoint 

coup Ii ngs. It is therefore of some slgnkficance to recall the corresponding setting for 

first-order field equations. 
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2.2,-'I 
THEOREM 7: A necessary and sufficient condition for the quasi-linear 

system of first order partial differential equations t �L ' ((

-+- Dk ( � � ¢ )J = 0 I 

to be selfadjoint in a region R of points ( X ,( ' ) is that the followin 

conditions 

if -t F. ·f" v, I -
J ,(, 

-F. d F. • fa
' .:: ) I 

) ) I, t A 

or their equivalent form� {Ct, )', - 0 
'T c .. -

(_2.2..; ,A.) J L 

C -:', 
fa ; ),< I � 01 

' 
I< -t- c/1'= -t C

J( ,' ) A) t 

ct 
. D.; . --- D. I 

/ - ,; I 
,'- } ,... 

L ) ) 

are all identically verified in R, 

Again, the reader is urged to verify that Theorem 7 is verified not only by Dirac's equations 

(in a trivial way), but more generally by the virtual totality of first 

order field equations currently available in the literature, including 00-dimensional 

equations. In conclusion, the variational selfadjointness of the forces or couplings of 

physi cal systems constitutes a property which is rather universally verified by the virtual 

entirety of available models , with only few exceptions known to me. This is trivially due to 

the fact that all physical models considered until now, with truly few exec ;1tioll$,admlt a 

Lagrangian . The realization of the strong interactions we are interested in, Is instead that 

for which a Lagrangian does not exist by assumption (in the assumed local coordinates). 

The extension of the above analysis to the case of systems in a Riemannian manifold is 

considerably more Involved on technical grounds, but entirely equivalent on conceptual grounds 

and, as such, its presentation is omitted. 
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In very slmplictic terms, when the strong interactions are implemented into a Riemannian 
manifold and asswned as being nonse!fadjoint to dynamically differentiate them from the 
selfadjoint electromagnetic interactions, they imply the lack of derivability of the system 
from a variational principle, as well as nwnerous incompatibilities with Einstein 15 
general theory for the interior problem only, such as the lack of a meaningful characteri -
zatlon of curvature as geodesic deviation, lack of conservation laws, etc� 
In conclusion, the methods of the Inverse Problem In Euclidean space, Minkowski space, 
field theory or R iemannlan manifolds ( of which we have here recalled only the very first 
step) constitute. effective methodological tools for the quantitative treatment of the 
central contention of this paper, that there exist forces or couplings which violate 
Galilei's, Einstein's special and Einstein's general relativity for the interior problem 

( only) . The objective of this paper Is to conduct an analysis of the dynamical effects 
of such powerful forces or couplings and assess the possibility whether they can be 
consistently interpreted as representative of the strong interactions. 
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systems via a nonlinear generalization of Schrodinger's equations of the type 

also for the case of linear velocity damping. In contrast, our representation of the 

same system is strictly linear . In the final analysis, this is allowed by the methods 

of the Inverse Problem 21 for the construction of a Hamiltonian representation for 
nonconservative systems .. 

There exists a distinction between nonconservative and nonselfadjoint force which is 

significant to indicate. In essence a nonconservative force may also be derivable from 

a potential. This is the case of the trivial force F = F(t) which can be formally derived 

from the potential V = F(t) r . A nonselfadjoint force, i-,,stead, is always nonderivable 

from a potential. 
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44 A digression of algebraic character is here in order, 

elements x, y, z, ... over a field F with elements ol, 

for a vector space with 

F- , r , .... equipped with 
a bilinear composition law xy to characterize a (nonassociative) algebra, It must 

verify the distributive and scalar rules, in which case a bilinear structure is truly ensured. 

If either the distributive (left or right or both) or the scalar rules are violated , we do not 
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have an "algebra" as commonly understood. Rules (4. 1+. 13) have the effect of guaranteing 

that the linear vector space U with elements A, B, c, ..... over a field F, when equipped 

with product (4.14.11) is indeed a.11 algebra. The Lie-admissible nature of such algebra 

Is a second property, The reason for this digression is that the distributive and scalar 

rules are often written in the form 

(X-t- ':,) "2.. .:::- X. 2. r J "2:. 

z C x. -t- ':J) -== '2. x. -t- c. '.:J

d ( X �) =- ( olx;) :j + X ('. o( �) I 

(_ 1..) 

See, for instance, R,D.SCHAFER, An Introduction to Nonassociative Algebras, Academic 

Press, N.Y, (1966). Now, the scalar rules as given above, when written in terms of 

our product (A, B), is violated , i.e., 

while the form (4.t4.13c) of the scalar rule Is indeed verified, The point which we would 

like to make is that rules (4.14.13) are sufficient to render a vector space U with 

product ( 4, 14, II) an algebra, that is, they are sufficient to ensure bilinearity, I would 

like to express my appreciation to H, C. MYUNG for invaluable assistance on this point. 

The violation of the scalar rule in the form ( 2. ) above has however intriguing algebraic 

properties, as pointed out to me by Professor Myung, If Jt is an associative algebra 

with elements A, B, C, , . , and product AB, and U is the new algebra in terms of the same 

elements of Jl but now characterized by the product (4.14.11), the violation of the 

scalar rule ( 2. ) above implies that, when ft has an identiti:, this identity is 

no tonger in the center of its extension U, 

As additional remarks, it is here appropriate to indicate that product (4.14.11) violates 

the differential rules 1 

as well as the power-associative rules 

� A , A\ ft) /: ( r:+ , ( R /1) L

(( (i I fr) I ( R I �)) -f ((l (i I �) I ft ) I (-t ) 
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These occurrences have no algebraic implications (in the sense of prohibiting a consistent 

algebraic treatment of our general Lie-admissible algebras), However, they do have 

physical implications which will be pointed out at some later time. By recalling that 

the Lie algebras satisfy the differential rule and are power-associative (we are here 

interested only to the case of algebras and fields of characteristic zero), these latter 

properties can be considered as algebraic characterization of nonselfadjoint forces. 

Almost needless to say, we are here referring to product (4.14 .11) in the given general 

form. When some of its numerous subcases are considered ( see later on the content of 
\� Section 3), the differential rule and the power-associativity V-verffied. Thus, product 

(4, 14 .11) appears to be one of the most truly general producti of a Lie-admissible algebra 

which is inclusive as a particular case of all other physically significant �onassociative 

and associative)Lie-admissible algebras (product (4.14.11) trivially recovers the conventional 

associative product of quantum mechanics for R = I and S = 0). This is here pointed out 

so that the reader will expect the selection of simper1particularize')forms of product 

(4. 14. II) for initial practical applications. 

As a last remark and somewhat intriguing the loss of the differential rule appears to 

be a pure'quantum mechanical"effect in the sense that the classical form of the most 

general Lie-admissible product (Table 4 .':,) 

does indeed satisfy the scalar rule 

45. R.M.SANTILLI and G,SOLIANI, "Statistics and Parastatistics Formal Unification", 

University of Torino internal note (1967), unp ublished. 

46. See, for instance, N, JACOBSON, Lie algebras , Interscience Publishers, N. Y. (1962). 

47. C, N. KTORIDES, ]our. Math. Phys.� 2130(1975), 

48. H.C.MYUNG, Canad. Jour. Math.� 270(1971); Proc. Amer. Math. Soc,l!, 95 (1972); 

Trans. Amer. Math. Soc.� 79 (1972); Canad. ]our. Math,� 1192 (1974); Proc. 

Amer. Math. Soc.� 6 (1976); and Hadronic]ournal_!, 169 (1978), 
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49. R.]. DUFFIN, Arch. Rational Mech. Anal. 2_, 309 (1962). 

50, It should be here indicated that in the following diagram of Aspect I we have implemented 

a broader notion of genotopy and lsotopy in the sense that we also admit a change in the 

realization of the elements of the algebra (these notions, as introduced in the simplest 

possible form in Table 4 .14, implies the preservation of the underlyi�\ vector space). 

51. W.S.HELLMAN and C.G.HOOD, Phys. Rev.�. 1552 (1972) and C.G.HOOD, 

"On the quantization of a class of nonlinear Lagrangians", Thesis, Department of 

Physics, Boston University, Boston, Ma (1971). 
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Z. Phys. 80 , 285 (1933). 

54. P. JORDAN,]. von NEUMAN N and E. WIGNER, Ann. Math.�, 29(1934). 

55. It is significant at this point to recall that the validity of quantum mechanics beyond 

the originally conceived physical context, the atomic structure, was questioned by 

numerous authoritative physicists during the first part of this century. It has been only 

lately that this speculative analysis, which, after all, is at the foundation of genuine 

physical progress, has been abandoned and quantum mechanics has reached the 

currently assumed'universal applicability" in the miscroscopic word. Besides the 

statement by P. JORDAN, J. von NEUMANN and E. WIGNER, it is here appropriate 

also to quote ENRICO FERMI when, in relation to strong interactions and their short 

range, \'I� states 

there are some doubts as to whether the usual concepts of 

geometry hold for such small region of space." 

ENRICO FERMI, Nuclear Physic� The University of Chicago Press, 

Chicago, (1949), page Ill. 

Intriguingly, it has been indicated to me that ENRICO FERMI suggested the main line 

of study of this paper, realization of strong interactions via forces non-derivable from 

a potential, before l was born. Regrettably, I have been unable to identify a specific 

source confirming this proposal. Any communication by collegues who are aware of 

a reference to this proposal by ENRICO FERMI would be greatly appreciated. Equally 
appreciated would be the indication of similar proposals by physicists during the first 

part of this century, 
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Englewood Cliff, N.J. (1963); H. BROWN and M. KOECHER, Jo�oan·Algebren, Springer· 

Verlag, Berlin (1966); and N. JACOBSON, Structure and Represe- Yltation of Jordan Algebras, 

·Amer. Math. Soc., Provi dence, R.I. (1968). 
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58, H.H.GOLDISTINE and L.P. HORWITZ, Proc. Nat. Acad. � l W. 34 (1962) and Ann. Math. 

� I (1964). 

59. A.GAMBA, in High Energy Physics and Elementary Particles , �. SALAM, Editor, 

IAEA, Vienna (1965), 

60. L.P.HORWITZ and L.C. BIEDENHARN, Helv. Phys. Acta 38, :35 (1965), 

61. M. GUNAYDIN andF. GURSEY, Jour. Math. Phys.�. 1651(19:::;:;;,-3). 

62. M.GUNAYDIN, "Moufan plane and octonionic quantum mechanic= s", Univ. of Geneva 

preprint UGVA·DPT/12·154 (1978). 

63. R. M. SANTILLI, "On a possible Lie-admissible covering of E in= tein's special relativity 

for strong interactions as not derivable from a potential", in pr� paration for the 

Hadronic Journal. 

64. If the nonselfadjolnt field equations (4.20. 3) verify a Lie-admis """3ible relativity, the

familiar Lorentz covariance rule (4.20.4) is prohibited becausea,,, linear. See In this 
respect footnote33. We hope to study this aspect in more detai_ Is in the forthcoming 

63 paper 

65. We have stressed in footnote 55 that a critical attitude toward e:>e::perimentally unverified 

knowledge is a vital prerequisite for genuine progress in basic cresearch. We can also 

express the spirit of Table 4. 20 by conducting a critical inspect= i.on of the following 

statement by C.W. MISNER, K. S. THORNE and J. A. WHEEL :::ER in their excellent 

treatese on gravitation (ref. 34, page 304): 

"Of all the foundations of physics, none Is more f-"'i1. nnly established than 

special relativity; and of all the lessons of specia W. relativity none stand out 

with greater force than these. (l) Spacetime, far ::lll!l:crom being stratified, is 
homogeneous and isotropic throughout any region small enough ("local region") 

that gravitational tide-producing effects ("spaceti crne curvature") are negligible. 

(2) No local experiment whatsoever can distinguis bone local inertial frame 
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from another, (3) The speed of light is the same in every local inertial 

frame. (4) It is not possible to give frame-independent meaning to the 

separation in time ("no Newtonian stratification"). (5) Between every event 

and every nearby event there exists a frame ·independent, coordinate 

independent spacetime interval ("Riemannian geometry")'. (6) Spacetime 

is always and everywhere locally Lorentz in character ( "local Lorentz 

character of this Riemannian geometry")." 

I here humbly submit that the above statement be complemented With the following 

(7) The problem of the validity within a hadron of properties (I) through (6) 

recalled by Misner, Thorne and Wheeler is open at this time on both 

theoretical and experimental grounds. 

66. w. PAULI, Z. Phys.!!!._, 765 (1925), See also Science� 213 (1946). 

67. As indicated earlier, we contemplate to study the quantum field theoretical profile 

of nonselfadjoint systems In a separate paper. Neverthless, it is of some significance 
to indicate that the spin-statistics theorem can be expected to be generally inapplicable 

from purely classical considerations. Indeed, if the systems considered generally violate 

the Lorentz covariance/ there is no a priory reason to suspect that such 

covariance is regained upon quantization. The expectation then follows from the 

role of Lorentz covariance in the proof of the spin-statistics theorem. Almost needless 

to say, the inapplicability of Lorentz covariance implies that of the Wightman axioms. 

All these departures from familiar approaches may appear disturbing to some reader. 

I personally consider them most significant to stimulate the search of 

broader approaches. In few words, the methods of the Inverse Problem identify one arena 

of unequivocal applicability of conventional classical, quantum mechanical and quantum 

field theoretical disciplines, that of essentially selfadjoint systems. This includes not 

only electromagnetic interactions, but also the recent unified gauge theories of weak 

and electromagnetic interactions, as well as the systems which have been proved by the 

constructive field theory as verifying the Wightman axioms, The point is that it is

extremely unlike that the physical universe can be entirely described by local, essentially 

selfadjoint forces. In any case, it is our duty to identify broader forces and the methods 

for their treatment. Only in this case we will be in a position to produce a quantitative 
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