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THE NOMINATION

Physics is a discipline that will never admit Anz/ theories . No matter how
authoritative current theories are, their generalization is only a matter of time.

Physics is also a discipline centrally dependent oi mathematical elaborations of
the physical reality in a gquantitative form suitable for experimental verification.

The contemporary relativities, Gzli/ers, Einsteins special and Finstein’s general
refativities and related physical theories, are based on an articulated body of
mathematical methods comprising:

1) Afgebras , eg., Lie's theory in its various branches such as enveloping
algebras, Lie algebras, Lie groups, representation theory, etc.;

i) Geometries , eg., the Euclidean, symplectic, and Riemannian geometries;
and

111} Meckhamics, e.g., conventional nonrelativistic and relativistic Lagrangian and
Hamiltonian mechanics;

and others.

Professor Ruggero Maria Santilli, while working first at the /s&itvte of Fisica
Teorica of the Umiversita degli Studi, Torino, Italy (where he obtained his PhD in
Physics), then at the Dgpartwent or Mathematics of Harvard Umversity, Cambridge,
MA, USA, and more recently at the /mierwational Centre rfor Theoretical Pivsics of
Trieste, Italy, has achieved an unprecedented series of discoveries consisting, first, of
the identification of new mathematical methods, including:

1) Cervain generalizations of Lie afgebras called or isotopic type,

1) /sotopic generalizations of the Euclidean, symplectic and Riemannian
geomelrres;, and

V) [sotopic generalizations or conventional nonrelativistic and refativistic,
classical and quaniuin mechanics .

Then, via the use of these broader mathematical tools, Santilli succeeded in
constructing certain generalizations-coverings or Galilers refatrvity, Elnstein’s
special relativity, and Einstein’s general theory of refativity for novel physical
conditions in which the conventional relativities are inapplicable.

As well known, the conventional relativities describe particles which can be
approximated as being point-like while moving in vacuum under action-at-a—distance,
potential forces (historically called exrerior dynamical problew, see Sect. I).

Santilli’s new relativities describe instead the most general kmown
physical systems, namely, extended and therefore deformable particles while
moving within generally inhomogeneous and anisotropic physical media, resulting in
equations of moticn that are nonlinear, nonlocal, as well as not representable via the



usval Lagrangian or Hamiltonian (historically referred to as Jwterior dynamical
problem, see Sect. I).

Also, SRmIIIFs mew relativities are a covering of the conventionz]
omes in the sense that: 1) they are based on more general mathematical methods; 2)
they represent structurally more general physical conditions; and 3) they admit the
conventional relativities as particular cases.

There is little doubt that Saptiliiy discoveries are among Lhe most
fmporiant ones whick can be brought lo the attention of the NOBEL
COMMITTEE . In actuality, it appears that Santilli's discoveries are unprecedented
in physics as an achievement by one single individual. In fact, virtually all discoveries
made by physicists until now were based on mathematical tools previously established
by mathematicians. The unprecedented aspect of Santilli's discoveries is that, before
being in a position to generalize conventional relativities, he had to discover all
needed new mathematical methods because unavailable in the mathematical literature
for the needed application: the treatment of nonlinear, nonlocal-integral,
nonlagrangian and nonhamiltonian systems of the interior dynamical problem.

The purpose of this presentation, specifically written for the NOBEL COMMITTEE,
is multifold. First, we would like to indicate the fundamental novelty, comprehensive
character, and historical dimension of the discoveries.

Second, Santilli has written in the topic some seven monographs and over 100
articles in numerous international Journals. By adding the contributions of other
independent scientists, we are dealing with a field that has surpassed the mark of ten
thousand pages of published research. The second objective of this presentation is,
therefore, that of identifying for the NOBEL COMMITTEE the most salient aspects of
the discoveries and their original reference among such a disparate literature.

Third, the novel scientific edifice emerging from Santilli's discoveries implies a
generalization of the entirety of contemporary physics, including generalizations of:
classical nonrelativistic and relativistic mechanics, nonrelativistic and relativistic
guantum mechanics, quantum field theory, gravitation, classical and quantum statistics,
etc. It is easily predictable that in & scientific scene of this dimension, we have a
spectrum of conditions, including: discoveries which can be safely considered as
established at this writing; discoveries in need of additional theoretical and
experimental studies; and others only at their initiation.

This Nomination of FProfessor RUGGERO MARIA SANTILLI ror the
NOBEL PRIZE N PHYSICS FOR 1992 is solely based on those
discoveries which are ruolly estabiished ar this writing on bolh
Lrounds of mathemalical consistency and physical validity, and
which, as ouwtlined in this Part 7, consists of Santilli’s classical
generalization of Galilei'’s refativity rfor popiinesr, nonrfocal and
nonhamiltenian dynamical sypstems of the interior probien.

according to the following primary publications:
1) The discovery originally appeared in the memoir (Santilli {1978a); see Document

A for . its front page); and was then subjected to a variety of specialized studies in a
number of papers identified in this Part [;



2) The discovery was then presented in all the necessary details in the four
monographs:
R. M. Santilli, Feundgtions or Theoretical Mechanics,
Volume . F#e [fnverse Problem in Newtonizn Mechamics (197351
Volume 11: ABirkhofifan Generalization of Hamiftonizn Mechanics
79824}, and
printed by Springer-Fer/gg of Heidelberg, Germany,

R. M. Santilli, ZLie-admissibie Approach te the Hadronic Structure

Volume . Nomapplicability of Galilel’s and FEinsteins Relativities 7
{978c/,

Yolume II: Gewneralizations of Galiler’s and Einstein’s Relativities 7
19515} :

published by Hadrowic Press fic, Palm Harbor, FL 34682-1577 USA, and

3) The discovery was then finalized in the memoir (Santilli (1988a)). Its novel
mathematical structures were studied in detail, first, in the memoir (Santilli (1988h)), and
then in the two memoirs appeared in 2 mathematical Journal (Santilli (1991a, b). The
discovery was then finalized in its physical contents in the two additional monographs:

R.M.Santilll, fsofopic Generalizations of Galiler’s and Einstein’s

Relativities
Volume [: Marhematical Foundations (199/c/
volume 11: Clzssical /sotepies {199/d)

in our opinion, the content of the two monographs published by Springer-Verlag
in 1978 and 1982 is sufficient to warrant, alone, a NOBEL PRIZE IN PHYSICS. In fact, the
title of Volume 11 reads “Birkboffian Genreralization of Hamiftonian
Mechanics™ and does indeed present a completely new physical discipline {see
Section IV for a brief outline). Similarly, the title of Chapter 6, p. 199, Volume II, reads
“Generalization of Galilers Relativicy™ and presents a generalization that
appears in print for the first time after about four centuries from the original Galilean
conception.

As a result of this occurrence, copies of Prof. Santilli'’s two monographs
published by Springer—-Verfsg are enclosed as an integral part of Lhis
Nomination . The more recent monographs 3) will be separately mailed to the NOBEL
COMMITTEE as addenda.

Part 11, which is under preparation for the NOBEL COMMITTEE, outlines
Santilli’s Isotapic generalization of Finstein’s special relativity ror fHght ands/or
relativistic systems of extended-deformable particles moving within infiomogeneous
and zmisotrapic phivsical mediz , and it is scheduled for submission sometime in 1992,
This latter new relativity is mathematically consistent but, unlike the Galilean case, its
novel predictions {e.g., that for a redshift of light propagating within inhomogeneous
and anisotropic transparent media, and others] needs specific experimnental
verifications.

Part IlI, also in preparation for the NOBEL COMMITTEE for delivery sometime in
1992, outlines SzuLiis isotaplic generalization of Eiusteins gravitation ror the most
general fnown noplinear, noplocal and nRonfagrangian interior gravitalional
condilions, as expected, say, for 4 star yndergoing gravitational collapse or for any
interfor gravitation st farge This third new relativity is also mathematically



consistent at this writing but its physical consistency, in addition to the experimental
verifications for the local relativistic interior behavior indicated above, requires
additional studies connected to the numerous and now vexing problematic aspects of
Einsteins gravitation.

Part 1V, also in preparation for the NOBEL COMMITTEE, outlines the aperator
formulation of Santilis caoverings of Galilers and Einstein’s special relativities ror
elewentary particles with extended wavepackels when i conditions of total mutval
peneiration, as corcelvabie for the lRadronic structure which resuil in expected,
shore range, nonlipear, ronlecal and nonhamiftonian Internal errects witfout any
visthle effect in the exterior dynamics . These studies, which have resulted in a
generalization of quantum mechanics called #adronic mechanics , are also
mathematically consistent at this writing, but in need of a number of additional
theoretical elaborations and experimental verifications.

A final Part V may be prepared for the NOBEL COMMITTEE at some future time
on certain ongoing efforts to achieve an isotopic generalization of unified gauge
theories for the possible inclusion of gravitaticnal and strong interactions, Known
under the name of [So-grand-vniication .

This Nomination for the NOBEL PRIZE IN PHYSICS OF 1992 is solely referred to this
Part 1. Nevertheless, the NOBEL COMMITTEE should be aware of the additional
discoveries outlined in the remaining parts, because important to reach a mature
judgment on their dimension, depth, implications and interrelations.

It may be appropriate here to recall that Santilli’s discoveries were called

Truly epoc making by Prof. H.P.Leipholz, Univ. of Waterloo, Canada
(official reviewer for Springer-Verlag, see enclosed Document B).

In recognition of his discoveries, Santilli received rwo Gold Medszls, one from
the city of Orléans, France, and another from the city of Campobasso, Italy, in
conjunctions with international Conferences in which he presented his discoveries (see
Document C).

But the biggest honor was granted until now by the Estonian Academy of Science
in Tartu which, in the occasion of an International Conference in algebras of 1989,
prepared two official charts on the most historical contributions in physics and
mathematics from 1800 till today (Document D} which were presented at the Conference
during the opening talk of the organizers and subsequently printed in 1990 (ISSN0184~
627X). As the NOBEL COMMITTEE can see, the nhame RUGGERQO SANTILLI is listed with
the year 1967 of initiation of the discoveries that lead to this Nomination, jointly with
the best names in the history of physics and mathematics, such as GAUSS (1820), CAUCHY
{1847), HAMILTON (1843}, CAYLEY {(1854), LIE (1880), POINCARE  (1884), CARTAN (1894),
NOETHER (1929), EDDINGTON (1928), WEYL (1926), DIRAC (1928), JORDAN (1932), VON
NEUMANN (1934), WIGNER (1934), ALBERT (1948), and others.



SECTION I: INTRODUCTION.

I.1: THE FIELD OF UNEQUIVOCAL VALIDITY OF CONVENTIONAL

RELATIVITIES.

Galileis relativity (see Galilei (1638), Newton (1687) and, for a contemporary account,
Sudarshan and Mukunda (974)), ELimsreins special relativity (see Lorentz (1904),
Poincaré (1905), Einstein {1905), Minkowki (1913} and, for a historical review, Pauli (1921))
and Zinstein's general relativity (see Riemann (1868}, Einstein (1916} and, for a
historical account, Pauli (loc. cit)) were conceived for physical conditions referred to
by Lagrange (1788), Hamilton (I834), Jacobi {1837) and other Founders of contemponary
physics, as those of the exlerior dynamical problem , that is, the study of particles
which can be well approximated as being point-like, while moving within the
(homogeneous and isotropic) vacuum, under action-at-a-distance interactions
derivable from a potential energy.

The point-like character of the particles implies the exact validity of
conventional local-differential geometries, such as the symplectic, affine or
Riemannian geometries. The action-at-a-distance, potential nature of the interactions
then implies the exact validity of all conventional Lagrangian-Hamiltonian disciplines,
such as the conventional nonrelativistic and relativistic, discrete or continuous,
classical or quantum mechanics.

An overwhelming amount of experimental evidence has nowadays established the
validity of the conventional relativities in the arena considered beyond any possible
doubt. It is here appropriate to recall, as a classical illustration, the majestic
successes of the NASA missions throughout our Solar system and, as a gquantum
mechanical illustration, the equally majestic successes in the description of the atomic
structure.

The exzct validity or conventional! relativities, within the above fdentiried
conditions, Is asspmed by Santilflis as the sound roundations of his research . The
NOBEL COMMITTEE should therefore expect ne comrtfict whatever between
conventional relativities and Santilli's generalizations, but only a continuity of
mathematical and physical thought, as we shall see.

1.2: THE DIFFERENT FIELD OF VALIDITY OF SANTILLI'S COVERING
RELATIVITIES.

Santilli has devoted his research life to the study of physical conditions fundamentally
different and substantially more complex than the above. In particular, he has studied
conditions which were historically referred to by Lagrange (loc. cit.), Hamilton (loc. cit),
Jacobi (loc. cit} and other Founders, as those of the Zrterior dymamical problem, that
is, the study of extended particles which cannot be approximated as being point-like,
while moving within generally nbomagencous and arisotrapic physical media under
action—-at—-a—distance, potential forces, as well the additional contact forces with the
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physical media for which the notion of potential has no meaning.

Lagrange and Hamilton kunew well that the contact forces between extended
objects and the physical media in which they move are outside the representational
capabilities of their functions and, for this reason, they formulated their historical
equations with external terms. In fact, for a system of N particles represented by the
index a = 1, 2, ..., N, in three-dimensional Euclidean space with local coordinates r =
(rka}, k =1,2 3 (= x, v, Z1, the historical Lagrangian and Hamilton's equations are zoz
those given in the contemporary texbooks of physics and mathematics, but instead by
the forms

d aLtr,i) aL(t. 1, T}

— : - = Fi,lt. 1,1, (1.1a)
dt by, yeq
aH(t, r, p) aHt, r, p}
fg = —» Pa = ——— + Fp,flt.ri,.) (I.1b)
Pka ga
k = 1,2,3(=x,y,%, a=1,2 ...N,

where the external terms Fy, represent precisely the contact,

nonlagrangian/nonhamiltonian forces of our physical reality. Similarly, Jacobi
formulated his historical theorem, not for the “contemporary Lagrange's and Hamilton's
equations”, those wi#ikour external terms, but for the original ones wi# external
terms.

With the passing of time, the external terms were removed as a result of a
historical process still ignored by historians until now, such as: the advent of Lie’s
theory (1983), the classical and quantum mechanical successes for the description of
exterior planetary and atomic systems, respectively, and other reasons. In this way,
Lagranges and Hamilton’s equation acquired the contemporary “truncated form”
without external terms.

As a result of this process, the original, historical distinction between the
exterior and interior dynamical problem was progressively lost, up to the
contemporary scientific scene which is virtually without any remnant of the historical
distinction.

Santilli essentially dedicated his research life to a comprehensive classical and
quantum mechanical study of historical equations (I.1) #7¢# external terms. In fact, he
first identified their algebraic character as being that of a generalization of Lie
algebra called Lie-admissible algebras (Sect. 11.3) and discovered their underlying
new geometry, which he called spamplectic-admissible geomelry (Appendix A}, Santili
then succeeded in identifying their operator image (see the forthcoming Part I1V). This
first group of methods, now known as Szuiillis Lie-admissible rormulations (Sect. 1113
and Appendix A), is particularly suited for the direct study of Lagrange’s and Hamilton's
interior problem in its original conception, that is, under open-nonconservative
conditions.

Santilli then identified a second group of methods, now known as Santdirs Lie-

1 For simplicity, we shail ignore any disctinction between covariant and contravariant indeces for
coordinates r = {ry,) and momenta p = {py,), but introduce the dictinction later on for the unified

notation in phase space a = {a®) = fr, p), i =1, 2, ..., 6N



isoropic rormulations , which essentially consist of an alternative approach in which
the external terms are removed, and replaced by a generalized unit of the theory, by
resulting in a structural generalization of Lie algebras, symplectic geometry and
Hamiltonian mechanics, called by Santilli Lie-isotopic algebras, svuplectic-isotapic
geometry and Birkhorr mechanics , as outlined in Sect. 1V. Santilli also
succeeded in identifying the operator countepart of these alternative formulations,
which is outlined in the forthcoming Part IV. These latter formulations are particularly
suited for “closing” Eq.s (I.1) via the addition of the external media, thus resulting in
isolated systems verifying all conventional total conservation laws, while the internal
forces are nonlinear, nonlocal and nonhamiltonian (Sect. 11).

The technical foundations of all these studies are provided by the so-called
conditions of variational selfadjolntness , which are presented in details in the
enciosed first monograph by Santilli under the title Foumdations of Theoretical
Mechanics, Fol [f The Inverse Problem in Newtonian Mechanics
published by Springer-Ver/ag , Heidelberg (1978b). As the NOBEL COMMITTEE can see,
this is a very scholarly work providing the first comprehensive presentation of the
necessary and sarficient conditions rfor given forces o admit a potentizl or, more
generally, for given equations of wolion (o adumit & Lagrangian or 8 Hamiftonian .

The NOBEL COMMITTEE should also be aware of the historical search conducted
by Santilli in the scientific libraries of Cambridge, Massachusetts as an essential part of
this moncgraph. In fact, the paternity of the integrability conditions for the existence
of a Lagrangian were essentially unknown in the 70’s, with contrasting gquotations
generally existing in advanced mathematical papers. In his comprehensive library
search, which lasted from 1975 to 1978, Santilli succeeded in establishing that Helmholtz
{1887) had been the originator of the conditions of variational selfadjointness, and then
identified all subsequent contributions (see Vol. I of the enclosed monographs, pages 12,
13).

The conditions of variational selfadjointness are the true technical foundations
for both the Lie—admissible and the Lie-isotopic formulations, inasmuch as they
provide all the necessary quantitative means for studying the structure of any given
force, the conditions when it is reducible to the Lie-isotopic formulations, and the
conditions under which the more general Lie-admissible methods are requested.

The NOBEL COMMITTEE can find in Document E the outline of a post-graduate
course Santilli taught in 1978 in the field at the Zpman Laboratory of Physics of
Harvard Lmiversity .

1.3: INEQUIVALENCE OF THE INTERIOR AND EXTERIOR PROBLEMS.
One of the first introductory points the NOBEL COMMITTEE can find in Santilli's
writings is the proof of the inequivalence of the interior and exterior problems {Santilli
{1978a, c}, (1982a), (1985c), (1988a), (1991c)).

In fact, the exterior problem is based on the point-like abstraction of particles
under interactions derivable from a potential V and are representable in their first-
order form via the familiar Hamiltonian vector-fields

10



fka pka/ma
¢ = (@Ma) = (1.2)
av

0
1]
=
=
1l
i

Pka -
arka
a = (ap-) = (ra p): {rkas pka}s ll = 15 2! wiey 3N5 k= 1a 23 3s (= X7 y, Z)

and, as such, it implies the exact validity of conventional local-differential geometries,
such as the symplectic, affine and Riemaunian geometries.

On the contrary, interior dynamical problems describe, say, a satellite during re-
entry in Earth’s atmosphere, where, in addition to the conventional local-differential
forces derivable from a potential V, experimental evidence establishes the existence
of the contact interaction with the medium which can be reduced to local-differential
nonlinear and nonhamiltonian forces Fk(t, r, p...), plus additional nonlocal-integral

forces also evidently not derivable from a Hamiltonian (see, e.g., Hofstadter et al {1970),
Fijimura et al. (1971), and quoted papers)

Txa Pia/Ma
a= (@M= = T = ¥ta.) =
av \
Pxa . + Fr (tr,p,.) + I SA0F Lt p, )

RS

Thus, interior dynamical systems are characterized by the most general knovcfn )
systems of differential equations which are: 1} nonlinear and nonlocal in all variables;
2) nonlagrangian and nonhamiltonian, in the sense that the conventional functions L{t, r,
t) or H(t, r, p} are insufficient to represent the system; and 3) nonnewtonian in the sense
that the acting forces generally dependent on the accelerations.

As the NOBEL COMMITTEE can see, systems ([.3) can be readily represented by
the original equations (1.1), where L or H represent the kKinetic energy T as well as the
potential energy V,L =T - ¥V or H= T + V, while the external terms Fy, represent all
the nonpotential forces.

The inequivalence of the interior and exterior problems is then established at all
levels of studies. In fact:

A) Topolagicallv, the nonlocal character of systems () imply the inapplicability
of all basic geometries of contemporary physics, the symplectic, affine and Riemannian
geometries because of their strict local-differential nature;

B) Algebraically , the nonlinear, nonlocal and nonhamiltonian character of the

systems imply the inapplicability of the conventional canonical formulation of Lie's
theory;

C) Amafytically , the nonlagrangian and nonhamiltonian character implies the
inapplicability of current analytic mechanics;

11



etc.

Even by approximating the nonlocal-integral forces with local-differential
expressions {which are usually done via power series expansions in the velocities
truncated to a sufficiently high power), the nonlagrangian and nonhamiltonian
character of the systems persists. In fact, it is well known in engineering circles (but
not yet in physical circles) that the computerized guidance systems of missiles in
atmophere may require contact forces up fo e lenth power in the velocity and mwore
, thus being strictly nonlagrangian and nonhamiltonian.

GALILEI'S AND NEWTON'S CONCEPT
OF MASSIVE POINT MOVING IN VACUUM

SANTILLI'S CONCEPT OF EXTENDED-DEFORMABLE
BODY MOVING WITHIN PHYSICAL MEDIA

FIGURE I.1: A schematic view of the funndamental concepts in conventional and Santilli's
relativities. Consider an object moving in empty space, such as a satellite in a stationary orbit
around our Earth. Since motion occurs in vacuum, the extended character of the object and its
actual shape do not affect its dynamical evolution. One recovers in this way fhe Bistorical
notion of “massive point” by Galiler (1638) and Newton (1687) namely, the
satellite can be assumed to be a massive point concentrated in its center of gravity without any
consequential approximation in the dynamics. This centuries hold concept has profound,
contemporary, topological implications. In fact, it implies the exact validity of the local-
differential geometries of contemporary mathematics, such as the differential, affine and
Riemannian geottieiries. The Newtonian equations of motion are then given by Eqs (1.2). The
exact validity of Galilei's relativity, Einstein’s special relativity and Einstein's gravitation for the
satellite in exterior conditions is then consequential.

Consider now the satellite during re-entry in Earth’s atmosphere. The dynamical conditions are

12



then profoundly altered. In fact, the aciual shape of the satellite now directly affects its
dynamical evolutiorr’ (e.g., spherical and nonspherical satellites of equal mass have essentially
different trajectories in atmosphere). As a result, the extended character of the satellite must be
represented in the equations of motion. Moreover, perfectly rigid objects do not exist in Nature.
One therefore has deformations of the shape of the satellite which must also be taken into
consideration. We reach in this way Ssofflliy comcept of cxiended and rherefore
deformable object moving within gesnerally iabomogensous and anisotropic
physical media of equally historical character which is at the foundation of this
Nomination. The mathematical implications of the latter concept are far reaching. In fact, the
representation of the shape in the dynamical evolution requires forces of integral type as in Eg.s
(1.3) where & now represents the surface of the satellite. In turn, this implies the irreconcilable
inapplicability of conventional geometries, such as the symplectic, affine and Riemannian
geometries, because of their strictly local-differential topology. The inapplicability of
conventional relativities is then consequential, as outlined in the text.

While a member of the Jepariment of Mathematics of Harvard Unpiversiy in the late 703,
Prof. Santilli studied all available efforts by pure mathematicians in the construction of the so-
called “integral topologies” and “integral geometries” for the purpose of ascertaining their
effectiveness in the treatment of systems ([.3). He found none available in the pure
mathematical literature which would verify all his requirements, including the conditions of: a)
admiiting nonlocal-integral forces of nonlagrangian and nonhamiltonian character; b) being
simple in use and effective in physical applications; and, last but not least, ¢} permitting the
constructions of covering relativities. He therefore constructed novel geometries and
mathematical tools for the needed quantitative treatment of ‘extemded” and ‘Veformable”
objects moving within “izhomagencous” and “zufoiropic” physical media (see Sect.s I and
IV). The construction of generalized relativities was then consequential (Sect. V).

These experimental facts establish that interior trajectories are structurally
beyond the representational capabilities of the symplectic and Riemannian gecmetries
(a property also known as the Cartans Jfegacy ) , thus establishing the need for
suitable generalizations.

1.4: IRREDUCIBILITY OF THE INTERIOR TO THE EXTERIOR DYNAMICAL

PROBLEM.

When exposed to interior systems (I.3), contemporary physicists generally provide all
conceivable efforts in reducing them to the simpler form (1.2). Santilli (1985c) has proved
that such a reduction is inconsistent and not realizable in technical terms.

First, when exposed to systems of type (L.3), physicists tend to perform their
transformation, from the original coordinate system r of their experimental detection,
into an imaginary frame r” in which the systems become Hamiltonian. Under a number of
approximations and conditions (locality, regularity and analyticity in a star-shaped
region), the existence of such a transformation is ensured by the ZLie-Kocring
Theorem (Santilli (1982a)). However, it is a mere mathematical curiosity, because the
original system is nonhamiltonian as well as nonlinear. Thus, the transformation r = ¢’
must necessarily be wowcanonica/, as well as highly wzomfirear . This renders
inapplicable all conventicnal relativities to the hypothetical, transformed system,
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evidently because the transformed frame r° is highly noninertial, as well as
nonrealizable in experiments {eg., " =a exp(b sinh{cr) },a,b,c e ® ).

Santilli (loc. cit) therefore insists that spstems (1.3 must be represented in
the physical coordinates r of their experimental detection (which he calls
“direct representation”). Besides, systems (I.3) are nonlocal-integral, in which case the
Lie-Koening Theorem is known to be /zgpplicable and the reduction to a Hamiltonian
form impossible.

After recognizing the impossibility of effectively reducing systems (1.3} to the
simpler form (1.2) treatable via current relativities, contemparary physicists claim that
their differences are 7/usory~ (sic) because, when a macroscopic body of the
interior dynamical problem, such as a satellite during re-entry, is reduced to its
elementary particle constituents, one recovers point-like particles in stable orbits
under potential interactions, with the consequential validity of conventional
geometries, disciplines and relativities.

In an invited talk at an International Conference held in Calcutta in 1985, Santilli
(1985c) presented a series of Ao Reduction Theorems™ which establish the
impossibility of any consistent reduction of a classical, nonconservative and
nonlagrangian-nonhamiltonian system to a collection of conservative, Lagrangian-
Hamiltonian particies. Viceversa, he proved that a (finite) collection of elementary
particies in stable orbits and in unitary time evolution simply cannot reproduce a
mascroscopic system which is in highly nonconservative conditions and not
representable by a Hamiltonian.

When the impossibility of a consistent elimination of the interior nonlocality is
finally acknowledged, contemporary physicists still attempt other mechanisms in the
hope of salvaging established doctrines for interior conditions.

One of them is the addition of an “integral potential” to conventional Lagrangians
and Hamiltonians. The simplistic argument is that the salvaging of the canonical
formalism implies the preservation of conventional relativity. Santilli (1978c) has proved
the inconsistency of these latter attempts oh numerous mathematical and physical

grounds reviewed in Sect. 112 {see Footnote? in particular), such as the invalidation of
the conventional local-differential topology with consequential loss of topological
symmetries, as well as the necessary impact on the evzesvor trajectory caused by the
internal effects (pbecause of its “potential” interpretation), which is against clear
physical evidence,

The mathematical roots of Santilli's “No Reduction Theorems” is the evidence
that the unstable orbit, say, of a satellite during re-entry with monotonically decaying
angular momentum, simply cannot be decomposed into a collection of stable orbits,
each one with conserved angular momentum. Viceversa, a collection of stable orbits
each with conserved angular momentum simply cannot reproduce a macroscopic body
with monotonically decaying angular momentum.

The physical roots are given by the Jlegscy of Fermi (1949 Bogofiubov
7964), and other Founders of particle pliysics on the ultimate non-
focality ar ifhie structvre of stromgly Intcracting particles . In fact, while
the atomic constituents are at large mutual distances when compared to their
wavelength, the hadronic constituents must necessarily be in conditions of total mutual
penetration and overlapping because their wavelength is precisely of the order of

magnitude of the size of all hadrons {about 1 F = 10713 cm). Thus the atomic structure is
a typical example of extzeror guantum mechahical problems , while the hadronic
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structure is expected to be a typical case of Mwterior quantum mechanical problens .

As well known, current theories on the structure of hadrons are dominated by the
hypothesis that the constituents of hadrons are the guasés (see the reprints of the
original contributions edited by Lichtenberg et al. (1980)). Now, even though there is
experimental evidence (Bloom et al (1969)) that the hadronic constituents have a point-
like charge structure (for which NOBEL PRIZES were recently granted), “point-like
wave packets” do not exist in Nature. Quarks, to be physical particles, must therefore
have extended wavepackets with the dimension of the entire hadron. The historical
legacy on the ultimate nonlocality of strong interactions then follows.

One may argue from the clear successes of the quark theories that such nonlocal
effects could be small. Nevertheless, if one passes to more limiting conditions, they
simply are not ignorable. The NOBEL COMMITTEE can consider in this respect the core
of a collapsing star, in which we have not only total mutval penetration of the
wavepackets of the particles constituents, but also their compression in very large
numbers in an extremely small region of space. Under these conditions, the validity of
the historical legacy on the ultimate nonlocality of the structure of matter becomes
beyond any credible scientific doubt.

This illustrates the wecessity of studying the interior dynamical
problem atr all its fevels, monrelativistic, relativistic, gravitational,
cfassical and quantum mechanically , precisely as done by Santilli.

Moreover, despite their successes, quark theories are still afflicted by
fundamental, how vexing, open problems. As an example, all nonrelativistic' quark
theories have a finite nonnull probability of tunnel effects for free quarks when near
the infinite potential barrier (Chattarjee et al. (1986)), which is contrary to experimental
evidence. This occurrence is a necessary consequence,the assumption of quantum
mechanics in general, and Heisennberg’s uncertainty principle in particular, in the
interior and in the exterior problems of hadrons. The same nonnull probability of
tunnel effects is expected to persist at all subsequent levels of treatment, such as that
of QCD, because inherent in Heisenberg's uncertainty principle.

Explicitly stated, Heisenberg’s uncertainty principle implies the consequence,
beyond any reasonable doubt, that cwrrent guark rtheories have a fiaite
nonnull probabifity that the ordinary protons and nmeutrons should
Spontsneously emit free gquarks, which is evideatly contrary to
experimental evidence .

In Part IV of this Nomination we shall review for the NOBEL COMMITTEE the fact
that this (and other) vexing open problems of current quark theories may be due
precisely to their lack of treatment of the historical legacy on the ultimate nonlocality
of the hadronic structure. In fact, short range, nonlocal effects can be admitted only in
the interior problem, and are definitely null in the large mutual distances of the
exterior problem.

This results into a structural difference between the interior and the exterior
problem under which the probability of tunnel effects of free quarks can indeed be
made identically null, e.g., by rendering incoherent the interior and exterior Hilbert
spaces and other means.

Besides, the isotopic generalization of the SU(3) symmetry is locally isomorphic to
the conventional symmetry (Mignani {1984)). As a result, the representation of the
historical legagy of the ultimate nonlocality of the strong interactions via Santilli's
isotopic techniques offers the possibility of genuine advances in quark theories, while
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leaving the unitary symmetries essentially unchanged.

The NOBEL COMMITTEE is warned against high ranking “false experts”, and
encouraged to dismiss superficial opinions expressed by individuals without an
established record of expertise on the methods necessary for an ethically and
scientifically sound judgment: the conditions of variational selfadjoininess (see the
encloseed Vol. I of Santilli's Ffowndations or Theoretical Mechanics).

[.5: INAPPLICABILITY OF CONVENTIONAL RELATIVITIES FOR THE
INTERIOR DYNAMICAL PROBLEM.

The conventional relativities of contemporary physics are Zizappficable (rather than

“violated”) for an effective characterization of interior dynamical systems (1.3} beyond

any scientific doubt, for a variety of independent mathematical and physical reasons,
such as:

i} The fundamental transformations of contemporary relativities, Galilei’s,
Lorentz’s and Poincare’s transformations, are fwezr and Joca/, as well known, while
systems (L3} are strictly nonlinear and nomlocal,

2) Contemporary relativities are centered on the capowical/-Hamiltonian
formalism, while systems (1.3} are strictly wowhzmiftonizz in the frame of their
experimental detection;

3) Contemparary relativity are based on Zje’ spmuwetrfes in their canonical
realization, while the conveniional Lies theory Is fundamentally inapplicable for
systems (1.3),

4) Conventional relativities are centered on a Joca/-ditferential topology (e.g.,
the Zeeman topology), while systems (I.3) require an essential romloca/-integral
Lopology

5} Conventional relativities are centrally dependent on the Zomogenuity and
Isotropy of space , while interior physical media are manifestly rhomagenecus and
anisotropic,

and numerous other independent technical reasons worked out by Santilli in all
necessary details. In particular, the breakings of conventional symmetries for interior
systems {1.3) were classified by Santilli (1978e), Sect. A.12, pp. 344-348) into: Jsolgpic,
Selfadjoint, semicanonical, canonical and essenlially nonseliadioint breakings

These studies estaplislh beyond any credibde scientific doubr the
Inapplicabifity for mterior systems (1.3 of the mathematical roundations of
Galilers relativity, EINsteins special refativity and Linsteins general relalivity,
let glone the imappficability or the relativities themselves, by therefore
establishing the need to identity rew mathematcal melthods and consiruct new
coverinly relativities.

As an illustration, ke imsistence in the exact validity ror interior
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dymamical preblems of the relativities for the exterior problem [rterally
ifmplies the acceptance of the perperual molion in a physical
enviropmen? | trivially, from the necessarily exact validity of their local rotational
symmetry, with consequential necessary conservation of the angular momentum,
without any possibility of escaping from these nonscientific conclusions because of the

“No Reduction Theorems” recalled earlier.
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SECTION II: CONCEPTUAL OVERVIEW OF
SANTILLI'S DISCOVERIES

II.1: COMPREHENSIVE CHARACTER OF SANTILLI'S RESEARCH.

Santilli has conducted a truly vast study of the interior dynamical problem at the
nonrelativistic, relativistic and gravitational [evels, from a discrete and continuous
viewpoint, as well as for classical and quantum mechanical treatments, all this
repeated twice, one for the study of interior systems as closed-isolated (thus
verifying conventional total conservation laws), and one for their open-
nonconservative treatment (as conceived by Lagrange and Hamilton).

Moreover, in each of the above two main lines, Santilli constructed suitable
generalizations of conventional mechanics, algebras and geometries, by resulting in
this way in a novel scientific edifice of truly unique dimension, diversifications and
interrelations, which is rather remarkable as the achievement by one single individual.

In a scientific edifice of this type, it appears recommendable to point out first the
main conceptual lines, and then pass to a technical review.

I1.2: SANTILLI'S CLOSED NONHAMILTONIAN SYSTEMS.
It is generally believed that the global stability of a system is due to the stability of the
orbits of each constituent, as it is the case for the planetary and atomic structures.

Santilli {1978d) proved that, by no means, these systems exhaust all possible
systems of the Universe. In fact, he identified " aclass of systems, at both
classical and quantum mechanical levels, which he called “closed romfamilfionizn”
sypstems” . These are systems whose total physical quantities are conventionally
conserved (closure), but the internal orbits of the constituents are generally unstable
because of contact interactions with the physical medium (nonhamiltonian character).
In these broader systems we merely have JZmrersz/ exchanges of energy, angular
momentum and other physical quantities, but in a way compatible with total
conservations.

At the classical level, Santilli represented these novel systems with the equations

Pa Pka/Ma
@M = =T =M a,.) =
av
, o NSA NSA
] pk ar + Fka (r'a r, p1 '--) + J‘Gdaﬂ:ka (t': r, P, ---)
‘ (i.1a)
R = @Xp 7alalt + axp /80 =0, k=1,2..,10 (11.1b)
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where: the (ordered set of) ten conserved guantities X, represent the conventional
Galilean conservation laws of the energy, H = 0, total linear momentum, P = 0, total

JUPITERS STRUCTURE

CONVENTIONAL RELATIVITIES FOR
_THE EXTERIOR CENTER-OF-MASS BEHAVIOUR

) SANTILLI'S RELATIVITIES FOR
THE INTERIOR DYNAMICAL PROBLEM

FIGURE IL1: A conceptual view often presented in Santilli's publications (1978c, d).
(1981a), (1982a), etc.). The origin of all current relativities can be identified with the first
visual observation of the Jovian system by Galileo Galilei back in 1609. Santilli's

generalizations of Galilei’s and Einstein’s relativities can also be identified with a
direct visual inspection of the Jovian systrem. The recent NASA missions to Jupiter

clearly reveal a dichotomy of historical character: the exact wafoldZy of the
conventional relativities for Jupiter's center-of-mass, EXTERIOR dynamics in the
Solar system, jointly with the manifest Jfrappfcadiizy (and not “violation”) of the
same relativities for Jupiter's INTERIOR structural problem, as established by vortices
with continuously varying angular momenta, etc Also, when considered as isolated
from the rest of the universe, Jupiter’s is a majestic illustration of Santilli's “closed

nonhamiltonian systems”, because of its clear global stability and verification of
conventional total conservation laws, while its interior dynamics is structurally
nonconservative, nonlinear, nonlocal and nonhamiltonian. The above view has

particularly concepiual value, because Santilli's generalized relativities provide a

form-invariant description of Jupiter’s structure conceived as aclosed nonhamiltonian
system at the various Newtonian (Part I), relativistic (Part II) and gravitationzl {Part 11}
levels. As we shall see in Part 1V, the operator counterpart of Jupiter's leads to a conceptually
similar structure of hadrons, namely, an operator bound system whose center-of-mass
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EXTERIOR dynamics (e.g., in a particle accelerator), verifies all conventional relativities,
nevertheless, the INTERIOR structural problem is nonhamiltonian to acccount for the historical
nonlocality of matter, This is the reason why Santilli repeats in his writings that the structure
of hadrons may well be analytically equivalent to the structure of Jupiter.

angular momentum J = 0, and uniform, motion of the center of mass, G = 0, and NSA
stands for variational nonselfadjointness, namely, for the violation of the integrability
conditions for the existence of a Hamiltonian (see the enclosed Vol. i of Santilli's
Foundations of Theoretical Mechanics).

Systems (I1.1) constitute underdetermined systems of 6N differential equations
with ten subsidiary constraints given by the total conservation laws, which are
reducible for certain technical reasons to seven independent constraints. As such, the
systems are consistent under sufficient continuity conditions generally verified in the
physical reality.

In particular, Santilli proved that wrcossirained solutions in the nonselfadjoint
forces always exist for given potential forces.

In essence, Santilli's systems {I1.1) establish that, in “closing” the satellite of Fig. 1.1
with the surrounding atmosphere (or, equivalently, by “closing”Lagrange’s and
Hamilton's historical equations (I.1) via the inclusion of the medium in which motion
occur), by no means, the contact, nonlocal, nonlagrangian or hamiltonian forces Fka

“disappear” according to a rather widespread but erroneous belief. On the contrary,
Lagrange’s and Hamilton’s exterior forces Fy, persist in their entirety because

variationally nonselfadjoint.

Closed nonhamiltonian systems for N = 2 were studied in detail in the original
proposal (Santilli (1978d)). Their general theory was then studied in the enclesed Vol. 11
of Santilli's Foundations of Theoretical Mechanics (1932a). Additional basic advances
were made in the memoir (Santiili (1988a)). Examples for N = 2 and 3 were worked out in
details by Jannussis, Mijatovic and Veljanoski (1991} as the first examples of Santilli's
generalization of Galilei's relativity (see Sect. V.7). Systems (iI.1) were alsc studied from
a statistical viewpoint by Fronteau et al. (1982), Tellez-arenas et al. {1982}, and others.

Systems (lI.1) are expected to have an intriguing connection with Frigagine
statistics  (see Prigogine (1962), (1968), (1990) and quoted references), which is currently
under study by Jannussis et al. In fact, the systems recover the conventional time
reversal symmetry for the exterior center-of-mass behavior, while admitting an
intrinsically irreversible interior dynamics. The operator counterpart of the above
results is presented in Part IV.

In summary, the central requirements for the closed-isolated approach (o
interior dynamical systems are the following:

I} All total, conventional, Galilean, Lorentzian or Riemannian conservations are
verified.

1) The particles considered are extended-deformable while moving within a
generally inhomogeneous and anisotropic medium; and

11} The forces are a combination of conventional local-potential, as well as
nonlinerar, nonlocal and nonhamiltonian forces.



Note that, by conception and practical realization, no generalized interior
dynamics can be detected from the outside, trivially, because of the exact validity of
conventionbal relativities {Figure 11.1).

This is nothing but a consequence of the fact that internal contact interactions
for which the notion of potential energy has no meaning, canhot possibly have an
impact on the exterior dynamical behaviour, as majestically established at the
nonrelativistic level by Jupiter (Fig. I1.1)

In Part 11 the NOBEL COMMITTEE will see the relativistic counterpart of the
above setting. in fact, the historical legacy on the nonlocality of the hadronic
structure can at best deal with Zwternal short range effects alsoc of nonpotential
type2 which, as such, cannot possibly affect the exterior dviamical behaviovr This
leads to a dichotomy fully analogous of that of Jupiter, whereby the center—of-mass
trajectory of a hadron in a particle accelerator strictly obeys Einstein’s special
relativity in a way fully compatible with the possible validity of Santilli's covering
relativity for its interior structural problem.

As well known, “tlosed Hamiltomian svstems™(i.e., isolated sysiems of point-like
particles with only potential internal forces) constitute the physical foundations of
contemporary relativities. Santilli's more general closed nonhamiltonian systems then
constitute the physical foundations of his covering relativities. The main sections of
this Nomination are therefore devoted to a review of the mathematical methods and
relativities for closed nonhamiltonian systems

I1.3: LAGRANGE'S AND HAMILTON'S OPEN SYSTEMS.
The second complementary approach identified by Santilli is the study of
systems (1.3) as originally conceived by Lagrange’s and Hamilton's, namely, with a
total energy H = T + V which is NONCONSERYED because of exchanges with the
physical medium which is considered as external.

This alternative conception is a necesary complement of the preceding one
on numerous counts indicated later on in this presentation, including the proper
definition of ONE individual “particle” in interior conditions.

2 A fundamental point for the consistency of this dichotomy is the Jzci of potential character of the
contact internal forces, as conceived by Santilli and quantitatively treated via the coaditions of
Honselfadipintiress . In fact, internal forces with a poleplial woold directly affect the
exterior dynamical belisvivar, contrary lo experimental evidence (Fig. 11.1). This point
is important for the NOBEL COMMITTEE to separate “true experts” from “false experts” (Sect.4). When
exposed to interior nonlocal dynamical problems, the formers use the conditions of selfadjointness or
other means to treat forces are they are in the physical reality, and proceeds to the consequential
necessary geperalization of current doctrines, By contrast, the latters merely add “nonlocal potentials”
to their trivial Lagranmgian or Hamiltonians, for the intent of preserving conventional relativities for
the interior dynamics. This latter approach is however inconsistent on numerous mathematical and
physical counts identified by Santilli (1981c) in details. In fact, the latter approach implies the
invalidation of the Zeeman topology (evidently because strictly local-differential and therefore
incompatible with "nonlocal potentials’, with the consequential loss of the integrability to the finite
Galilei's or Lorentz's symmetries. Physically, the addition of a “nonlocal potential® to a Lagrangian or a
Hamiltonian implies the necessary alteration of the exterior trajectory (e.g., Jupiter’s center-of-mass
motion would be in part dependent on internal nonconservative effects), which is manifestly against
clear experimental evidence.



Therefore, the contemporary study of the historical interior problem can
be reinterpreted today as the study of ane paryicle i the wost coumplex
pessible physical conditions , e.g., a proton in the core of a star undergoing
gravitational collapse. The complementarity of this open—nonconservative
notion with that of the closed-isolated system as a whole is then evident, and
equally evident is the need to identify the most effective means to treat each
approach.

To clarify the above setting, recall that only one approach is needed for
the characterization of a closed Hamiltonian system as a whole as well as for
the characterization of one of its constituent. This is due to the fact that é&oi#,
e sysiem as & whole ahd Jis Individnual consiituenis are I stable orbits A
theory characterizing conservation laws is therefore sufficient for both profiles
{see next section).

In the transition to closed nonhamiltonian systems the situation is, again,
fundamentally different. In fact, in this case z&e system as a whole Is stable,
LUs requiring theorfes witlh the emphasis on conservation (aws, while individual
CONSLLUents are i generally vnsiable conditions, thus requiring more general
thearies which put the emphasis on (Hme-rate-of-variations of physical
quantities (see next sectiolr |

This complementary open-nonconservative approach is outlined in
Appendix A of this Nomination.



SECTION III: MATHEMATICAL OVERVIEW OF
SANTILLI'S DISCOVERIES

IT1.1: STATEMENT OF THE PROBLEM.

As recalled in the foreword, the mathematical foundations of contemporary

theoretical physics at large and, in particular, of the conventicnal Galilei’s and

Einstein’s spacial relativities for the exterior problem, are given by ZJfe

agehras , the spmplectic geawetry, and conventional A@miltonian wechanics
The central equations for an exterior system of N particles in phase space are

Hamilton’s equations in their contemporary “truncated” form without external terms,

which can be written in the local coordinates a = (aM) of Eq.s (IL1)

dH(a)
= bV

Hla) = Hep) = T + vlr), o = 1,2,..,6N  (IIL1)
gaY

where the tensor oV, called the canamical Lie tensor; is given by

(V) = OsnxaN  Lanxan (11L.2)

-1
3Nx3N 03NX3N

The underlying brackets are the familiar Foisson brackels

3A 9B A aB 3B BA
[AB] = — oV = - . {1L3

v
da da Mg My, My, Py,
k =123, a=12,.,N

Their most salient feature is that they characterize a Lie algebra, i.e.,. they
verify the axioms

[AB] +[BA] = 0, [A[BC] + [BICADl + [c]aB] = o {(111.4)

from which the symplectic geometry and Hamiltonian mechanics follow, as well
known (see, e.g., Abraham and Marsden {1967)).

But, the systems represented by these mathematical methods are local-
differential and potential-Hamiltonian, while no effective mathematical method
existed, at the time of initiation of Santilli's studies, for the treatment of interior,
nonlinear, nonlocal and nonhamiltonian systems.

Thus, in order to be able to study of the generalization of current
relativities, Santilli was forced to construct, first, suitable generalizations of
their mathematical foundations, and then construct the covering relativities
themselves.



Moreover, the novel mathematical methods had to be of dual character, a
first class for the characterization of interior systems as closed-conservative
(e.g., Jupiter's structure of Fig. IL.1), and a second class for their open-—
nenconservative version (e.g., the satellite in Jupiter’s atmosphere considered as
external of Fig. L1}

II1.2: SANTILLI'S LIE-ISOTOPIC FORMULATIONS.
The formulations needed for the characterization of closed nonhamiltonian
systems ([1.1) must verify the following conditions:

1) Their algebra must possess a totally antisymmetric product, say [A [B] =
-[B ,"A] (or, equivalently, the underlying exterior calculus must be totally
antisymmetric) as a necessary condition to represent the conservation of the
total energy, H= [H H]=0.

2) The formulations must be able to represent consistently nonlinear,
nonlecal and nonhamiltonian forces, and must therefore have in particular a
suitable nonlocal topology; and

3) All conventional formulations and disciplines must be contained as a
particular case, and recovered identically when the nonhamiltonian forces are
null. .

The first identification of the above generalized methods was made by
Santilli in his memoir (1978a) written at the Zpman Laboratory of PRvSics of
Harvard University under contract from the U. 8. Department of Energy No.
ER-78-8-02-4742.A000 {see Docunment A), and then subsequently presented in
the enclosed Vol. Il of Foundations or Theoretical fechanics (1982a). It consists
of the discovery of a generalization of Lie's theory verifying conditions 1), 2) and
3) above, which he called Z/e-isotopic theory™, and which has been called in
the literature the Lie-Szntilli theory (see, Kadeisvili (1991), Aringazin et al. {1992},
and others).

In the subsequent vears, he worked out the necessary details for the
construction of the foundations of the various branches of his generalized
theory, including the compatible formulation of fields, vector spaces,
transformations, representations, analytic mechanics, symplectic and
Riemannian geometries, ect. , as reviewed in the memoirs Santilli {1988a, b) and
{19912, b) {see the outline of Sect. IV below).

The central analytic equations are a generalization of the “truncated”
Hamilton's equations (I11.1) of the form, now called Azumilton-Santitli equaltrons

) dH(a)
at = ol %e) —., H@) = Hep) = T+V, wy,=1,2,..N, (UL
da

where 1 is the generalized unit of the theory (see next section), with generalized
brackets
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A °F] JA ey v dB
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dA dB oB dA
= lij - Iij , (1116}
aria apja Bria ﬂpja

verifying the axioms
[A Bl+[B Al=0, [A B Cl+[B [c,All+[c A B] = o, (1L7)

The terms Zie-Santili rarmulaiions™ today encompass a generalization of
the virtual entirety of the mathematical foundations of contemporary classical
(and quantum} mechanics, as we shall outline in the next section.

One of the objectives of this Nomination is to indicate that the
generalization of contemporary relativities were achieved by Santilli only
AFTER discovering these generalized new mathematical tools.

111.3: SANTILLI'S LIE-ADMISSIBLE FORMULATIONS.

Quite significantly, the listing by the Estonian Academy of Science of Santilli's
name among the most illustrious names in the history of physics and
mathematics (Document D) was zor done for the Lie-Santilli formulations, but
for yet more general formulations which include the preceding ones as
particular case.

They treat the more general class of open nonconservative systems as
originally conceived by Lagrange (1788) and Hamilton (1834), those via the original
equations (I.1). At the time of Santilli's PhD studies at the /[stfwio oF Fisica of
the dwversita” of Torimo , 1taly, the algebraic character of Eq.s (L1) was
entirely unknown.

In three historical papers (1967), (1968} and (1969} (see also the enclosed
monograph of (1982a), p. 90 and ff.) Santilli first proved that the brackets of the
original Hamilton’s equations,

aA
AXB =[AB] + ——— Fy,, (11L3)
Wpa

not only violate the Lie algebra axioms (111.4) or (111.7), but zzey viclate the conditions
rar the validhity of any afgebra a5 cowmonly widerstood i Contemporary mathemaics
(see, e.g., Schafer (1966), because they verify the left scalar and distributive laws, but
viclate the corresponding right laws
ax(BxC) = Ax(oxB) = (exA)xB, (A + BjxC = AxC + BxC, (111.9a)
(AxBjxa # Ax(Bxa) # (Axa)XB, Ax(B + C} # AXB + AXC, (119w

Santilli then reformulated Hamiltons equations {1.1) in the form



aH(a) v \ |
: : (5” )= (”’Pj'f“""‘&(o'ﬁ), s = F/(H/op)  (111.10)

ak = s, a)
da

where the F's are the external forces, whose brackets are how given by

aA dB

Vv
sV, a)
aaMt aa¥

{AB) = {I1L11)

He then showed that the brackets {AB) of modified Equations {111.10) do indeed
characterize a consistent algebra, because they do verify the Jesr and right scalar
and distributive laws. Santilli also showed that the consistent algebras characterized
by brackets {A,B} admit the Lie algebras as a particular case evidently when all
external forces are null and, in this sense, they are “coverings” of Lie algebras.

Prior to publishing his first paper, Santilli (I967) then conducted an extensive
search in the mathematical libraries of the Universita’ di Torino, Italy, which lasted
well in excess of one full year, and finally succeeeded in identifying the algebras with
brackets (AB) as being the (nonassociative) algebras introduced by Albert {1948) under
the name of Lie-gonissible aleebras .

The NOBEL COMMITTEE should note that, as today knowh {see the extensive
mathematical bibliography by Balzer et al. {1984) in nonassociative algebras), prior to
the paper (Santilli (1967)], only two other papers had appeared in the specialized
mathematical literature besides the original paper by Albert, and given by a paper by
Weiner (1957) published in a little known Journal {#ev. Ly, Tucuman) and a paper by
Laufer et al (1962) appeared in Cam ./ M=zs Despite that, Santilli did succeed in
identifying prior contributions, as a necessary pre-requisite for truly scolarly work.

In fact, the NOBEL COMMITTEE can see the quotation of the mathematical article
by Albert (1948) published by 7rams Amer. Math Soc ,in the physics article by Santilli
(1967) published by # Auove Chwento, at the bottom of the first page 570. Santilli then
cantinued his laborious library search in 1967-1968, this time, at the la/versity of Miamrs
, Coral Gables, Florida, and did indeed succeed in identifying the remaining two articles
by Weiner (1957) and Laufer et al. {1962) which he quoted in the subsequent paper
(Santilli (1968), p. 1243 and 1244, respectively.

Albert had introduced the abstract definition of Lie-admissible algebras as
nonassociative algebras U with elements a, b, ... and abstract product ab over a field F

which are such that the attached algebra U, which is the same vector space U
{namely, the elements of U and U™ coincide} is Lie, that is, the product [ab]; = ab - ba is

Lie. Weiner {loc. cit) and Laufer et al. {loc. cit) had studied some preliminary properties
of these algebras, but always at the abstract mathematical level, while none of these
authors had identified specific cases of Lie-admissible algebras.

Santilli was unequivocally the first to identify a rather fundamental realization of
Lie-admissible algebras and their application as providing the algebraic
characterization of the historical Hamilton’s equations with external terms, when
written in the modified form (I11.10). In fact, the algrebra characterized by brackets
(AB) is Lie-admissible because that characterized by the attached brackets (AB} - (B,A)
is Lie,

(AB) is LIE-ADMISSIBLE because (AB) - (B,A) = 2lAB]is LIE (111.12)
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Subsequently, Santilli extended his studies of Lie—admissible algebras in memoir
(1973a} at the abstract level as well as in their classical realization. In the subsequent
memoir (1978d) also written at Harvard University under contract with the U.S.
Department of Energy, Santilli succeeded in introducing an opersztor realization
af the Lie—adwmissible algebras, rthal Is, an operator couwnrerpart of e
historical Hamilton's eguations with externzl terms which signaled the birth
of a generalization of quantum mechanics as outlined for the NOBEL COMMITTEE in
the forthcoming Part IV, Finally he expanded his Lie-admissible studies in the
monographs Santilli (1978c) and (1981a).

By recalling that Lie algebras constituite the ultimate mathematical structure of
both classical and quantum mechanics, the fisting by the Estonian Academy of
Science of Rugpero Santilli in their chart of famed mathemalicians and
Physicists since 1800 (Document D} for his first article of 1967 was very
appropriate indeed, because rhar particolar article can be historically
referred te as signaling the birth of the Lie-admissible generalizations
er both classical and guantpm mechanics for oper inlerior trajectories,
the complementary classical ([9784] and quantum mechanics (1978d) Lie—
Isotopic generafization for closed nonhamiitonian spstems being 2 wmere
particelar case

Nowadays, the terms “Samilis Lie-aduissible roraufalions”™ are referred to a
rather vast body of methodological tools encompassing Lie—admissible generalizations
of classical and operator Hamiltonian mechanics, as well as symplectic and Riemannian
geometries, which we cannot possibly review in this Nomination in detail, but merely
indicate in the appendices of: this Part I for the classical Galilean profile, of Part 1I for
the relativistic profile, of Part III for the gravitational profile, of Part 1V for the
operator profile, and of Part V for the unified theories.

When inspecting the rather vast body of novel mathematical and physical
knowledge of this Nomination, the NOBEL COMMITTEE should therefore Keep in
mind the following chain of mathematical formulations of increasing complexity
and methodological need

LIE LIE-ISOTOPIC LIE-ADMISSIBLE
C C (111.13)
FORMULATIONS | FORMULATIONS FORMULATIONS

which represent systems of corresponding, progressively more complex
physical conditions

CLOSED CLOSED CPEN
LOCAL C NONLOCAL C NONLOCAL 111.14}
HAMILTONIAN NONHAMILTONIAN NONHAMILTONIA

with related, progressively more general relativities

CONVENTIONAL SANTILLI'S SANTILLI'S
LIE C LIE-ISOTOPIC C LIE-ADMISSIBLE | (I11.15)
RELATVITIES RELATIVITIES RELATIVITIES



SECTION IV: OUTLINE OF SANTILLI'S LIE-
ISOTOPIC FORMULATIONS

1¥:1: THE CENTRAL MATHEMATICAL IDEA.

The fundamental mathematical notion introduced by Santilli in his memoir (1978a)
is the generalization of the conventional trivial unit I of contemporary Lie's
formulations into a quantity 1, called Zsozopic-unit (or iscusit for short),
which, besides being nonsingular and Hermitean, has an arbitrary, nonlinear and
noniocal dependence on all possible guantities and their derivatives (see, later
oh, the examples of Sect. V.8),

1 =1, p.p, ... (Iv.1)

Since Lie’s theory is insensitive to the topology of its unit, the above
generalization ensures the possibility of representing nonlocal interactions,
while achieving the desired mathematically simple and physically effective
nonlocal topology.

The generalization of the unit evidently requires a corresponding,
compatible generalization of the entire Lie’s theory, including: the universal
enveloping associative algebras;, the theory of Lie algebras; the theory of Lie
groups; the representation theory; etc.. In turn, such a generalized theory
requires a corresponding generalization of virtually all mathematical structures
of current use in physics, such as fields, vector spaces, metric spaces,
transformations, representations, geometries, etc., as established in the recent
comprehensive presentation for mathematicians (Santilli {1991a, b). No appraisal
of Santilli's physical discoveries is possible, without a knowledge of these novel
mathematical structures outlined below in this section.

The mathematical method underlying the generalization 1 = 1 is an Zsetopy
in the Greek meaning of “preserving the configuration”, namely, a generalization
of a given mathematical structure which preserves the basic axioms. In fact, the
axioms of the trivial unit I of Lie’s theory are nonsingularity, Hermiticity and
positive-definiteness, which are preserved by the generalized unit 1.

Prior to releasing the memoir (1978a), Santilli therefore embarked in his
third® and perhaps most time consuming search in the Cantabridgean libraries

3The first extensive library search was that recalled in Sect.llL.3 from 1966 to 1968 to identify prior
references on the Lie-admissible algebras, and lead to the establishment of Albert {1948) as the first
contribution in the field (Santilli (1967), (1968)). The second extemsive library search was that recalled in
Sect. [.2 from 1975 to 1978 to identify all the historical contributions on the integrability conditions for
the existence of a Lagrangian or a Hamiltonian, and lead to the establishing of Helmholtz {1887) as the
originator of the studies. We are here referring to the third extensive library search on prior
contributions on Santilli's isotopic generalization of Lie's theory wich resulted to be fruitless because,
as today well known (see the comprehensive bibliography on ntonassociative algebras by Balzer et al.
1994)), Santilli was the originator of this new mathematical theory. Numerous, additional, extensive
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for prior references on the isotopic generalization of Lie’s theory. This search
lasted from 1975 to 1978 and essentially resuited to be fruitless.

The or{imathematical book that Santilli could identify at that time with a
mention of the notion of isotopy, was Bruck {1958}, who points out that the notion
of isotopy dates back to the early stages of ser theary. Still as of today, we are
aware of no mathematical texbook (let alone physics textbook) that reviews the
notion of isotopy.

In regards to articles, the so/e use of the isotopy Santilli could identify
was in regard to certain nonassociative algebras (the so-called ceommutative
and nancommpilative Jordal algebras), as subsequently confirmed by the
comprehensive bibliography in nonassociative algebras by Baltzer et al. (1984).

These historical notes are here presented to the NOBEL COMMITTEE to
illustrate the fact that the name “Z/je-Szati/lf theory™ in Kadeisvili {1991),
Aringazin et al (1992} and othersis fully sound indeed.

IV.2: SANTILLI’S ISOFIELDS.
Let F be a field of current use in physics, such as the field of real numbers R or
of complex numbers C, with elements @, B, ..., conventional sum, ¢ + B, product ap,
and multiplicative unit given by the trivial element 1, la&a = ol = a for ¥ ¢ <F.

At his invited speech at the 1980 Cowference on Differential Geometric
Methods in Mathematical Prysics , held in Clhaustal, Germany, Santilli {(1980,
{1981}, (1983a), {1985a)) introduced the nation of Zsef7e/d F as the structure

F={alg=al aer, 1T=1T1, (1v.2)

equipped with the conventional sum & + g = {&¢ + p} T and the isotopic product a+f

= &TP = (o) 1, where T is a fixed quantity (generally outside the original field),
called the isotopic efement. Then 1 is the correct right and left multiplicative
unit of the isofield F because

"

@l = T*xa = @, v @ ef (1v.3)

Santilli then proved that the abstract notion of Zserea/s (that is, the
isotope & = R1 of the field of real number ®) includes as particular cases all
fields used in physics, such as the reals, complex numbers and quaternions. In
fact, the field of complex numbers C with structure ¢ = ¢l + i, {a, p ek and 1y =

i), and the field of quaternions with structure Q = Al + 1, + y1, + 81, (where «, B,
Y, 8 €® and the 1, k = 1, 2, 3 are Pauli’s matrices), are isotopes of the field of real

library searches, that indivigually lasted for years, were also conducted by Santilli, such as: the fourth
extensive library search that lead to the establishiment of Birkhoff {1927) as the discoverer of the
analytic equations underlying generalized Poisson brackets (Sect. 1V.8); the fifth extensive library search
to identify any preceding true generalization of Einstein's special relativity indicated in the forthcoming
Part II; and a number of additional extensive searches outlited in the subsequent parts of this
Nonimation. It is a pleasure for these authors to bring to the attention of the NOBEL COMMITTEE the
beautiful historical value of these very time consuming searches conceived and conducted by Santilli
alone,
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numbers with isounits 1 =1 x 1, and T=1x 1, x 1, 1, respectively.

To begin the illustration of the uvnifying power of Santilli's isofields, the
NOBEL COMMITTEE should be aware that e Lwowrn gquaternionic
generalization of Quantiun Mechanics is an isotapy of quantum wechanics (see
Part IV).

It should be indicated from the outset that e Zrtings # =4 ¢ = ¢ etc,
fmply no afteration of the physical numbers of isotoprc theories, botlh classically
gnd guantiy wectanically . This is due to the fact that the isomultiplication of
an isonumber & by any physical quantity Q coincides with the conventional
multiplication by an ordinary number, ie, axQ = aQ. As a result classical and
quantum “isoeigenvalues” coincide with ordinary eigenvalues.

IV.3: SANTILLI'S ISOSPACES.
Let M(x.gF) be an n~dimensional metric or pseudo-metric space of current use

in physics with local coordinates x, netric g, and composition x2 = xigij x, Li=
1, 2, ..., b, over the field F . Well known examples of spaces used in physics are:

1) The 3-dimensional Fuclidean space E(rSR) with metric § = diag. (1,1,1)
over the reals ®;

2} The (3+1)-dimensional Adinkowski space M(xnR) with the metric 1 =
diag. (1,1,1,-1); and

3) The (3+1)-dimensional Aremannian space R(xgR) with symmetric
metric g = glx);

which are the fundamental carrier spaces of Galilei’s relativity, Einstein’s
special relativity and Einstein’s general relativity, respectively.

In one of his most important papers written on the isotopic generalization
of Einstein’s special relativity (see Part Ii), Santilli (1983a) discovered the notion
of isaspaces as the generalized spaces M(x.gF) which have the same
coordinates x of the original space M{xgF), but are equipped with the
generalized metric § = Tg called Zsometric , and are defined over the isofields

F=F1 = T} with composition

-

x¢ = (¥ gt %%, ) xd)1 ef, (1V.4)

called Isocamposition .

The fundamental meaning of isospaces is to provide a geowerrization of
fnrerior physical mediz , via the direct representation of their
inhomogenenuity, anisotropy and other physical characteristics. In fact, as we
shall see in the physical review of Sect. ¥V, Zhe Lransition rrom a4 conventicnz/
space to Iis Isotapic extension is a direct represemtziive ar the lransition from
morion In vavcuun to modon within piysical media .
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Santilli ((1983a), (1985a), {1991a)} therefore studied in details the isotopes of
spaces E(r8R), Mx,nR) and RixgR) given by:

1) The iseevciidesn spaces B3R, R=9%1T=T1 &§=7@, 8% .08, ™ =17
> 0, which are the carrier spaces of Szmzi/irs Isaeafilean refatrvities
{(Sect.v),

2) The isomnkowsks spaces MxAR), & =#1,1=T1 § = Tl %, %, ., =T
> 0, which are the carrier spaces of Santillis special refztivities (Part
11); and

3) The [oriemanmian spaces RxgH), & = 11, 1=T1, § = T(x, %, ¥, ..)gx), T'=
T > 0, which are the carrier spaces of Sy isogravitation (see Part
111}

The NOBEL COMMITTEE should be aware of the unifying power of Santilli's
isospaces. In fact, by Keeping the nonsingularity and Hermiticity of the isounit,
and by relaxing the condition T > 0, the isoriemannian and isominkowski spaces
are particular cases of the isoeuclidean spaces of the same dimension.

This permitted Santilli to achieve a remarkable geowesric umitication of all
refativities ror the mnterior and the exterior prebfem which will be outlined in
Part 11l via the reduction of all conceivable interior and exterior, linear and
nonlinear, local and nonlocal, Lagrangian and nonlagrangian, relativistic and
gravitational systems to only one abstract symmetry: S2miflis Polncare-
isotopic symmetry . In this Part 1 we can only outline the first step of this chain
of unified relativities.

In the same paper (1983a) Santilli showed that the isospaces are useful also
for conventional theories. In fact, the Minkowski space M(x,n.®) can be
interpreted as the isotope of the 4-dimensional Euclidean space M{xy#) =

ExSH), & = 81,1 = 171, § = 5. Similarly, the Riemannian space Rixg®) can be

interpreted as the isotope of the Euclidean space B3}, A =R, 1=g71 § =
g(x)s, or as the isotope of the Minkowski space M@, #), g) = T(xn, T > 0.

These novel mathematical methods permitted ke interpretation of
£insteln’s exterior gravitation as an isetope ar the special refativity as well as
the discovery of the global symmetry of gravitational theories which was only
locally known prior to Santilli's research (see Part 111}

Finally, the NOBEL COMMITTEE should keep in mind the fundamental role
of the isofields in the very definition of isospaces.

IV 4. SANTILLI'S ISOTRASFORMATIONS.
Conventional relativities are fundamentally dependent on the notion of Arear
and Jocal transformations x° = A(w)x on a manifold M{xF). In fact, Galileis,
Lorentz’'s and Poincaré’s transformations are strictly linear and local
transformations, as well known.

Another fundamental discovery by Santilli in the original, memoir (1978a) is
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that of Jfsefransformaiions

¥ = Alwhx = AW} Tx, T = fixed, (1v.5)

subsequently formulated on an isomanifold MGF), £ =Fl, 1= T Y{Santilli (1980),
{1983a), (1985a), (1991a)}. The relevance of the above transformations is that they
verify all the conditions of linearity and locality in M F), called isolinezrizy
and /sofocality . Nevertheless, when projected in the original manifold M(x,F),
they are intrinsically nonlinear and nonlocal, because of the nonlinear and
nonlocal dependence of the isotopic element T on all variables and their
derivatives

X = Alw) T, x, %, ) x, (1v.6)

In turn, this notion is at the foundations of Santilli's construction of
nonlinear and nonlocal generalizations of conventional relativities for the
characterization of the most general known interior systems (I1.1).

The discovery of isolinearity and isolocaiity has far reaching mathematical
and physical implications which will predictably require considerable time for
their full development. Mathematically, the discovery implies that

Al nonlinear and nanlocal spstems can always be written in an equivalent
isofinear and isalocal roym

In fact, given a nonlinear transformation X° = A(w, X) x, there always exists an
isotopic element T(x) and a linear transformation B, such that

X = AW, X)X = NONLINEAR = BWwpx = BWIT{X) X = ISOLINEAR (IV.7)

and the same evidently occurs for isolocality.

But at the abstract level, isotransformations A*¥x and AX coincide. Thus, the
notions of isolinearity and isolocality have permitted a new horizon for the
mathematical treatment of nonlinear and nonlocal systems via an isotopy of
conventional methods for linear and local systems.

Physically, the implications are equally far reaching in all branches of
physics, classically and quantum mechanically. In fact, classically, the discovery
implies that

The Isotapies of a given finear and local theory characterize all iis
passiafe nonlinear and nonlocal genecrakizaiions.

To see the physical implications, we can note that zbhe ~Listarical open
legacy of the ultimate ﬁ'fajfﬁ}}ﬁ'zﬂ:ﬁ{y ard] nonlocality orf the strong fmteractions
(Sect {} becoues gquantitatively treatable via Santillis isotopres of gquantvi
mechanics . In fact, the classification of such isotopies implies the achievement
of all possible nonlinear and nonlocal genetralizations of guantum mechahnics
without altering its basic axioms (Part V).

In this Nomination we deal with classical systems. We can therefore say
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that zfe fransition from the rreatiment af cfased, focal-difterential Hamironian
spstems to their closed nonlecal and nonhamiftonian generalization (L) can be
quantitatively studied via Santiflis isotopies of classical Hamiftonian mechanics
and of its gnderfyving methodologies , as outlined in the remaining parts of this
section.

Almost needless to say, the generalization of the notion of transformation
implies that of representations, which we regrettably cannot review here for
brevity. We merely point out that in conventional Lie’s theory the underlying
vector space of a Lie algebra is a owe-sided moduvie of the algebra, with the
action to the right being equivalent to that to the left from the antisymmetry of
the Lie product (see, e.g., Schafer (1966)).

In the transition to the covering Lie-isotopic theory, the above structure is
axiomatically preserved as it is the case for all isotopies, but it is nevertheless
realized in its most general possible, isolinear and isolocal form. This lead
Santilli's {1979) to the further discovery of the Jsorepresentations as
tharacterized by the most general possible modular-isctopic action to the
right or to the left, further developed and applied in Santilli (1982a), {1989c), and in
the ICTP preprint (199ig).

The physical implications of Santilli's isotopies then become visible. In fact,
the transition from conventional, linear and local representations of Lie
algebras to Bantilli's isolinear and isolocal isorepresentations of Lie-isotopic
algebras implies 2z necessary generalization of the notion of particle nto that
af isoparticle (Sect. v.8) 4

IV.5: LIE-SANTILLI THEORY IN ABSTRACT REALIZATION.
As well known, Lie’s theory characterizes all contemporary, classical and
quantum mechanical structures. In particular, Lie’s theory provides a direct
characterization of quantum mechanics when realized via matrices, and a direct
characterization of classical Hamiltonian mechanics when realized via functions
in phase space.

Santilli's original and most basic intuition during his graduate studies at the
tniversita” or Toring ltaly, was that

Any generalization of Lie algebras implies a consegquential

4 The non triviality of the covering Lie-admissible ;ﬂgebras over the Lie-isotopic and conventional
lie algebras can be seen at this point by noting that the Lie-admissible product is no longer totally
antisymmetric. This implies that the modular action to the right is no longer equivalent to that to the
left. This lead Santilli 1979) to the further discovery of the folirepreseptations, that is, the two-sided,
left and right, modular-isotopic representations of a Lie-admissible algebras, which is one of the most
complex concepts of contemporary mathematics whose technical development will require
mathematical studies well into the next century. Santilli (989a), (199la) conceived one open-
nonconservative particle of the interior system as an Fsofiparficle , that is, as an isoparticle in
irreversible conditions with inequivalent motions forward (modular action to the right) and backward in
time (modular action to the left). In this way, Santilli represenied a proton in the core of a star
undergoing gravitational collapse as an isobiparticle characterized by an isobirepresentation of a Lie-
admissible algebras, as one way to express the view that we are dealing with one of the most complex
physical conditions that can be conceived by our current knowledge.
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generafization or classical and quantum wmechanical
disciplires .

He therefore identified two sequential generalizations of Lie algebras, the
Lie-isotopic and Lie-admissible algebras, and showed that each of them admits
consistent generalizations of conventional classical and quantum mechanics
theoties.

In this section we shall outline the idea of the abstract (e.g., matrix)
formulation of the Lie-isotopic theory, today called Zie-Szaiilli theory (see,
e.g., Aringazin et al (1992)), which constitutes the algebraic foundation of the
isotopic generalization of quantum mechanics reviewed in Part 1V. The classical
realization of the Lie-Santilli theory will be outlined in the next section. The
more general classical realizations of the Lie—admissible theory will be outlined
later on in Appendix A.

The current formulation of Lie’s theory is centered in the trivial unit I =
diag.(i,1,...1). The generalization of the unit | into the nontrivial isounit 1 {Sect.
Iv.1) then implies a necessary, consequential generalization of the entire theory,
as indicated earlier.

Let (L) be the conventional wwiversal emveloping associalive algebra of a
Lie algebra L (see, e.g., Jacobson {1962)) with elements A, B, ..., trivial associative
product AB, and left and right unit I, IA = Al = A for ¥ A € E(L). Let L be an n-

dimensional Lie algebra with the (ordered) basis X = x'= Xphk=12.,n In

memoir (1978a) Santilli discovered a generalization of the envelope &1 into a
form E(L) admitting T as the generalized unit, which he called the wwversa/
enveloping assaciative-Isotopic for iscassociativel ajgebras , characterized by
the isotopic product

E AxB = ATB, T = fixed {(1v.8)

under which 1 is indeed the correct right and left unit of the new theory, 1*A =
A<l = A YV A e EL)

Moreover, Santilli proved, in the same memoir (loc. cit.), that the celebrated
Poincare-Birkhorr-witt Theorem (see, eg., Jacobson (loc. cit)) admits a
consistent isotopic generalization for E(L), resulting in the new infinite-
dimensional basis

EL X XpXj =) XpXpXy =)=k, (1v.9)

More recently, Santilli (1991a) proved that the notion of abstract isoenvelope
E(L) is capable of unifying the envelopes of all simple (honexceptional) Lie
algebras of the same dimension in Cartan’s classification (see, e.g., Gilmore {1974)).
In essence, the conventional envelope E(L) characterizes only one Lie algebra L.
On the contrary, the isoenvelope &(L) in the same original basis X but with
infinitely many possible isotopic elements T, can recover via the attached

algebras [E(L}] all possible Lie algebras of the same dimensional of L.
Note that [E{L)}]” # L, but that, in general, [E{L)]” = L # L, namaly, the Lie-
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isotopic algebra [ attached to the iscenvelope (L) is not necessarily isomorphic
to the original Lie algebra L.

The preservation of the original symbol L in the isocenvelope E(L) was
submitted since the original proposal (Santilli (1978a)} to stress the fact that the
original basis and parameters are preserved by the isotopies. This is the
technical foundation of the preservation of the conventional total conservation
laws for closed nonhamiitonian systems (IL.1).

Note also that the isotopy L) = E{i) implies a nonlinear and nonlocal
generalization of the original structure.

Contemporary mathematics and physics are based on the simplest
conceivable Lie product, the familiar Lie product [AB] = [A,B]g = AB - BA
attached to the envelope E(L). Another historical discovery made by Santilli in
the same memoir (loc. cit) was the Isoropic generafization of Lie ajgebras as

the algebras L » [E(L)]” now attached to the isoenvelopes E(L) which are
characterized by the new product

{: [A,B]eg- = A*B - B*A = ATB - BTA, (1v.10)

originally called Zrie-rseiopic product , and today called ZLie-$anrifli product
{see, e.g., Aringazin et al {loc. cit.).

It is easy to see that brackets (IV.10) do verify the Lie algebra axioms,
although in the generalized form

(ABlg + [BAl =0, [A[BCIl: + [BICAL]+ [CIABl: = o (1v.11)

in more recent studies, the notion of Lie-Santilli algebras was brought to its full
mathematical maturity, via its formulation on isofields F (Santilli (193%a), (1991a)).

In the original memcir (loc. cit), Santilli then proved the isotopic
generalizations of a number of conventional structural theorems of Lie's theory,
including the Zsolopic generalization of Lieks First, Second and Third Theorems .

One of the most intriguing applications of the Lie-isotopic algebra is the
unification of all possible compact and noncompact simple (nonexceptional} Lie
algebras of the same dimensioh in Cartan's classification into one single,
abstract, Lie-Santilli algebra.

This unification was first illustrated in Santilli (1978a) where one can see
that the abstract rotational-isotopic algebra O(3) (see Sect. V.3) unifies all simple
three-dimensional Lie algebras, the algebras 0(3) and 0(2.1). In Santilli {1983a) and
(1989b}, (1991d) one can see the unification of all simple six-dimensional Lie
algebras into the abstract isotope G(4), which includes as particular cases O(4),
the Lorentz algebra O(3.1), and 0(2.2), as well as all their infinitely possible
nonlinear and nonlocal realizations.

The underlying idea is so simple to appear trivial In conventional Lies
theory it is generally believed (in both mathematics and physics) that one given
basis uniquely identifies a Lie algebra {(up to local isomorphisms). Thus, the
transition from the compact O(3) algebra to the noncompact 0(2.1) algebra
requires a change of the basis. Santilli proved this belief to be erroneous
because based on the assomptionof the simplest conceivable Lie product “AB -
BA”. If, on the contrary, one assumes the more general praduct “ATB - BTA”,

35



then the same basis can evidently characterize nonisomorphic algebras.

In fact, the unification of 0O(3) and 0(2.1) was illustrated in Santilli (1978a)
{see also (1985b) for technical details) via the use of the generators of 0O(3), the
components of the conventional angular momentum, with two essential isounits 1
= diag. (1,1,1), and T = diag. (1,1-1), the former leading to 0O(3) and the latter
ieading to 0{2.1).

Moreover, Santilli introduced, also for the first time, the generalized notion
of Lie-isotopic groups G, today called Lie-Santitii groups (Aringazin et al
{1992)) Let G be a connected, linear, Lie group with Lie algebra L and envelope
E(L). As well known, G is characterized by exponentials in E(L), namely, by power
series expansions in the conventional associative envelope &, G = exp iwX), w ¢
F,X'= X,

Consider now a Lie-Santilli algebra L over an isofield F. The use of the
same exponential in &(L) is now prohibited because it would violate the
isolinearity condition. Santilli therefore introduced the realization of the
connected isotopic group G as the power series expansion, this time, in the
isoenvelope E{L), ie.,

G AW =1 + (wx)/ 1 + (iwXsliwX) /720 + ...

p iwTX
- e WK (e§XTW‘)1 = te,

The conventional group laws were then generalized into the Zie-Santily
2roup [2ws

) (1v.12)

Al = 1, AWwkAW) = AWwhAw) = Aw +w), AwhkAC-w) = 1. (Iv.19)

Always in the same memoir (loc. cit), Santilli proved that the basic
properties of Lie groups admit a consistent isotopic extension. As an illustration,
he proved that the celebrated Baker-Campbel/-Hausforst Theorem (see, eg.,
Gilmore (loc. cit)) admits a consistent isotopic image given by

X, . X X
(e 1)*(e:§ 3 = s

X = X+ Xy + [XyXolg 72+ 1% - Xz}»[xrlegg’ 12+ ... (1v.

In this way Santilli identified the foundations of a structural generalization
of every branch of Lie’s theory of fundamental mathematical and physical
relevance. In fact, all the generalized mathematical structures recalled earlier
now emerge as one single mathematical edifice (Santilli (1988b), (19912)). As an
example, Lie—Santilli transformation groups can only be consistently defined on
an isospace over an isofield.

Needless to say, the contemporary Lie’s theory has reached an outstanding
maturity and diversification, as a results of hundred of thousands of
contributions by mathematicians and physicists for over one century. By
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comparison, the Lie-Santilli theory, being the result of ouly one individuald, is
at its fist infancy at this writing. Despite that, the NOBEL COMMITTEE should be
reassured that all the most essential parts of the new theory needed for
physical applications are fully available.

Following the original proposal Santilli (1978a}, the generalized theory was
reviewed and expanded in the enclosed Yol. Il of Santilli's Foundations of
Theoretical Mechanics (1982a), see page 148 and ff., and then further
elaborated in the recent mathematical presentation (Santilli (1991a) and
monhograph (1991c).

Note that the Lie-Santilli groups are formally linear and local, but
structurally nonlinear and nonlocal as it is the case for the isotransformations
(Iv.5), and this illustrates the mathematical and physical nontriviality of the
generalized theory.

The above theory was constructed by Santilli as the foundations of a
generalization of quantum mechanics reviewed in Part 1V.

1¥.6: LIE-SANTILLI THEORY IN CLASSICAL REALIZATION.
Let E(r8,8) be a conventiochal Euclidean space and T*E(rSR) the corresponding

cotangent bundle (phase space} with local coordinates a = (al) = (v, p) = (ta.
Prah b = 1,2,..6N, k=1,23(=x,y,2),a =1,2,.., N The central algebraic tool for

the characterization of potential-Hamiltonian systems (1.2) is then given by the
the classical realization of the Lie algebras via the familiar Poisson brackets
(I11.3) among generic functions A(a) and Bfa} in phase space, i.e.,

aA aB AA B oB BA
faB] = i = - L (IV.14)

M aaV or, . 9Pka Oy, OPya

where oMV is the canonical Lie tensor (111.2) The exponentiated form of brackets
(1v.14), say, for the case of n generators X; and parameters wj, characterizes the

classical realizations of connected Lie groups

M) = (MR By (1v.15)

with the discrete part being characterized by zversions of the type Pr = - r.

In particular, the celebrated Lie’s (1893) First, Second and Third Theorems
provide a direct characterization of Lie algebras in their classical realization
{1v.14).

The NOBEL COMMITTEE should keep inh mind that all fundamental space-
time symmetries of contemporary physics, such as Galilei's symmetry G{3.1) and
Poincare’ symmetries P(3.1), have precisely a structure of type {IV.14) and {1V.15).

In his memoir (1978a), Santilli discovered the following classical realization

5 No contribution by mathematicians or physicists has appeared in print to this day in the specific
study of the Lie-~isotopic algebras, to our best knowledge.
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of the Lie-isotopic theory, that via the most general possible, classical and
regular, Lie product in phase space

) aA oB
[A’B] = — oPV(a) —, (1V.16)
aal aaV

where QW is the Zie-isotopic tensor , expressible, for certain analytic and
geometric reasons recalled below, via the form

ol = {|( dgRg ~ R ]1_1}[“’. (IvV.17)

Santilli then introduced the following classical realization of the cohnected
isotopic groups

w2 (a) 0% @

Afa) = (e w } Af

a). {1v.18)
with discrete components characterized by the Zseiversions pxr =Pr= -1, P =
Pl

Another fundamental resuit of the same memoir is the discovery of the
Isotopic generalization of Lies First, Second and Third Theorems, and the proof
that they provide a direct characterization of the isotopic algebras in
realization (IV.16), and not of the conventional canonical form (Iv.14).

The covering character of the Lie-Santilli theory over the canonical
formulation of Lie’s theory is evident. In fact, under the particular value Rla) =
R° = (pga. Oyy)). generalized Lies tensor (IV.17) reduces to the canonical tensor

(111.2), and all conventional canonical formulations are recovered identically.

The above generalized classical theory was then used by Santilli, always in
his memoir (1978a), to outline the foundations of a generalization of Hamiltonian
mechanics which he called, for certain historical reasons, Zirkhorfian
mechanics (see Sect. IV.8).

In 1979 Santilli became a member of the Department of AMathemarics of
Harvard Universityr as Coprincipal Investigator of the DOE contract ER-78—8-
02-4742.A000 with the Xknown mathematician S. Sternberg as Principal
Investigator.

In such a position, he studied his Birkhoffian mechanics in all the necessary
details and released his results in the enclosed monograph (1982a).

Significantly, Birkhoffian mechanics with its underlying Lie—Santilli theory
resulted to be "directly universal” for all possible nonlinear and nonhamiltonian
Newtonian systems, but on/y i focal-dirterebntizl approximation , owing to the
use of the conventional symplectic geometry as the background geometry (see
next section).

As a result of this limitation, and following the reiease of the monograph
{(1982a), Santilli continued at the Department of Mathematics of Harvard
Unfversity the search for a suitable generalization permitting the direct
treatment of nhonlocal-integral systems. The studies were then continued at the
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faternaional Celltre ror hecorelical Frysics of Trieste, Italy.

These studies were completed in the late 8('s, and first published in the
memoirs Santilli (1988a, b, ¢, d) resulting in a new formulation of the Lie-Santilli
theory as the true classical counterpart of the abstract formulation. The studies
were also release in a series of ICTP preprints (199]), and were finally presented
in a comprehensive way in the recent mathematical papers (199la, b) and
monograph {1991c).

The latter additional discovery was achieved via the formulation of the

theory on the isospace T*E(r,8.R), with 6N»6N isounit I =1{a, ..} = (1 Q,B) = (IBa ),

and classical Hamilton-Santilli brackets {II1.6) here expressed in the more
general Birkhoff-Santilli form (see Sect. 1V.8 for details)

[A 7B ” Mea) T V(a) ® ( )
A Bl=——80a)] @) ——, IV.19
aal a aaV

under certain integrability conditions indicated in the next section.

The exponentiation of structure {IV.19) follows the same pattern as above,
but it is now defined on an isospace and, as such, can only characterize
isotransformations, resulting in the classical realization of Lie-Santilli groups

pa .oy
wiQ (@)1, @) 0,%;) @,
i o Tas] N
Aa) ={le W11 peata), (1v.20)
whose transformations cah be explicitly computed in their finite form from the
sole knowkledge of the old generators and parameters, and of the new

quantities QP and 1.

The important point is the appearance, for the first time in mathematics
and physics, of the isounit 1 directly in the classical brackets of the theory. This
allowed the direct representation of »rowfocz/ , as well as nonlinear and
nonhamiltonian forces via their embeding precisely in the isounit, without
requesting a new complicated topology (see Sect. IV.8 for the computation of the
equations of motion).

it is evident that the Lie-isotopic groups are at the foundations of Santilli's
covering relativities in classical and quantum mechannics, of course, after their
formulation as symmetries of closed nonhamiltonian systems. But, before
reaching that stage, Santilli had to identify the underlying geometry and analytic
mechanics.

IV.7: SANTILLT'S SYMPLECTIC-ISOTOPIC GEOMETRY.

The symplectic geometry in canonical realization is the geometric structure of
Lie algebra in their classical realization. Consider again the cotangent hundle
T*E(r,8,%) with local coordinates in the unified notation a = (r, p) and the
canonical one-form
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0 =R dalt = py, drg,, R°=(p,0), (1v.21)
Then, the exact, symplectic, canonical two-form can be written
© =d8 = twy,, dat A da¥ = drp, A dpy,. (1v.22)

where wlw = auR“V - E)VR"Il is the covariant, canonical, symplectic tensor related

to the contravariant Lie tensor otV of Eq. (111.2) by the rules

Wyy = (| | _1);11) (1v.23)

As is well known, canonical two-form (1V.22) is exact because w = 40, and
symplectic because dw = d(d6} = 0. In turn, the exact symplectic character of
two-form (Iv.22) provides the necessary and sufficient conditions for the

corresponding Poisson brackets {Iv.14) to be Lie {see, e.g., Abraham and Marsden
{1967)).

Moreover, under sufficient topological conditions herein ignored

(regularity and analyticity or at least class C%), the local-differential, potential
system &, Eq.5 (1.2} is a Hawmiftoniar vector-fie/d , namely, there exists a
function Hla), the Hzmiltoniar, such that

&1 w=-dy, (Iv24

(see next section for the explicit form).

In his memoir {1978a), Santilli proved that the conventional symplectic
geometry in its most general possible exact form, is the geometry underlying the
classical, local-differential realizations of Lie-Santilli algebras. Consider the
most general possible one-form on T*E(r,5,R)

8= Rll(a} daM, (1v.25)
and introduce its exterior derivative

Q=de = muv(a) daMA daV, (1v.26)

which is therefore an exact two-form, where the tensor szm, is assumed to he
nowhere degenerate with explicit form

Qup = R, ~ 3Ry (1v.27)
Then, from the Poincaré Lemma, dQ = d{de) = 6, two—form (IV.25) becomes
the most general possible exact, symplectic two-form in local coordinates.
The symplectic character of two-form (IV.26) then provided the necessary

and sufficient conditions for the corresponding isotopic brackets (1v.16) to be
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Lie-Santilli (see the analytic, algebraic and geometric proofs in the enclosed Vol.
11 of Santilli's Foundations ofTheoretica! Mechanics (1982a).

It is significant to recall that, in the same memoir (1978a), Santilli called two—
form (I1V.26) an fserepe of the canonical two-form (1V.22), in the sense that the
former preserves the basic axioms of the latter (nowhere degeneracy, exact
and symplectic characters), although expressed in their most general possible
local form.

This terminology was introduced to parallel the corresponding terminology
for the algebraic brackets (IV.16) and (IV.14), the former being called an isorope
of the latter, again, because the former preserves the basic axioms of the latter
(nondegeneracy and Lie character).

The topology of the conventional symplectic geometry is however local in
- character. Santilli therefore considered the most general possible nonlinear and
nonhamiltonian systems I', Eq.s (L.3), in their local-differential approximation, and
achieved in the enclosed memoir (1982a) another remarkable result, tfe proos
Qr thedirect universality of e conventional symplectic geomelry ror the most
general possible local-differential, but nonlitiear and nonhamiftonian systens
7y .

In different terms, Santilli proved (under sufficient topological conditions)
that, whenever Hamiltonian condition (IV.24) is violated, there exXists a general
exact two-form Q (or, equivalently, 6N functions Ru(a)) and a function B(ta), he

called the Birkhorian (see next section), for any given nonhamiltonian system
I' of the class admitted, such that

rlae=-dB (1v.28)

("universality”), directly in the local a-frame of the experimenter (“direct
universality”). The nonhamiltonian vector-field h was then called by Santilli a
Birklortizn vector-rield .

The above direct universality of the conventional symplectic geomeiry in
Newtonian mechanics is an evident basic result of the enclosed monograph
(1982a), and illustrates the power of Santilli's isotopic techniques for specific
physical applications.

In order to achieve the “direct universality” for all possible systems (1.3) of
nonlocal-integral as well as nonhamiltonian type, Santilli discovered in memoir
{19882) (see also (1988b) and (199la, b)) a new geometry which he called the
syuplectic—isatopic geaokelry , and which is the full geometry underlying the
Lie-8antilli algebras (recall that the latter are naturally set for the
representation of nonlocal forces via their embedding in the isounit).

Evidently we cannot possibly review the new geometry here in the
necessary details. We merely indicate that it is formulated in the isocorangzent
pundies TErSR), & = 81,1 = T with Jsotransrormations X = Avx = ATX,
which require the necessary lifting of the conventional differentials da” and da
{those connected by the linear and local transformations da’ = Ada) into the

Isodifferentials da’ and da connected by the isolinear and isolocal
transformations

da’ = Axda = AT(t,a,a,..)0a. {1v.29)
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From the above notions he constructed the one-, twa—, and p—iSOfOl‘mS,
Y
= = L gaV = 1 A PY
$; = Axda Ay T p dav, &2 AuvT oT |56& AdaP, etc.  (IV.30)

and proved that the new geometry verifies a generalized version of the
celebrated Poircare Lemmsa , hamely, that a two-isoform <i>2 which is isoexact,

ie., admitting of a one-isoform &, such that &, = &, is isoclosed, dd, = 0.

He then proved in all the necessary technical details that the symplectic-
isotopic geometry is indeed the proper geometry underlying the classical Lie-
Santilli brackets (IV.20). We indicate here the main lines for the simpler case of
the Hamilton—-Santilli brackets (1116},

The starting point is the restriction of a general one—form to the structure

6 = R %, 8o =py, Bary,, R° = (p.0) Ty=ciag 6,8>0, (v.31)

where § is precisely the isometric of the isospace T*E{r,5R) for one-isoforms,
often denoted with T*E,{r8,8).

Santilli then restricted the two-isoform ©° = d@° characterized by one-
isoform (IV.31) to possess a structure in which the canonical two-form w is
factorizable, i.e., a structure of the type

Q= 46 = 4Ty, %a) wgy, dat A daY, (1v.32)
where
Oanixan Ganxan
@) = (T * ag) = (1V.33)
~ Ganxan O33N
and
a8k,
G = (81] * Pka )3N><3N (IV.34}
apja

Then, the following major features result:

1} The simplectic-isotopic character of rwo-rorm [TV.32/ provides the
necessary and sutficient conditions for the Hamilton-Santilli brackers (1it3) to
be Lie-isotopic, l.e., for brackets

oB

[A’B] = pey v
A.B w o
daM oa



0A JB aB dA .

lj - I . 1=6"1 (1V.35)
a[‘ia apja Bria ﬂpja
to verify the axioms

[A Bl+B Al=0, [A/B. ci+[B[C All+[c [a Bl = o, (1v.36)

1) 7he spmplectic-isotopic geomeiry can fully represent nonfocal-

integral rorces, provided hat they are rotally embedded in the Isoropic element
Tyor T,. In fact, the conventional local-differential topology of the symplectic

geometry remains fully valid, because of the factorization of the canonical two-
form w, while the geometry is insensitive to the topology of the isotopic element
because at the abstract, coordinate—free level all distinctions between the
conventional p—forms and p-isoforms (conventional symplectic and symplectic-
isotopic geometry) cease to exist by construction.

1) 7He fsomelrics of two-isolorms (it is, of the algebraic brackels of the
theoryl are different than the Isometrics of one-isororms (that is, of the
integrand of variational principles, see also next section) . In the conventional
case the metric is constant, § = diag. (1,1,1) and therefore applies for both one-
and two—forms. As a result, there is no change of metric in the transition from a
variational principle to the analytic equations and underiying algebraic
brackets.

In the Santilli’s covering geometry the situation is different. In fact, in the
transition from one-isoform (IV.31) to two-isoforms (IV.32), we have the
transition from the original isometric § of T*E({,3.R), to the new isometric G, Eq.5

(1V.34). The isocotangent bundle for two-isoforms is therefore different than
that of one iso—forms and denoted with T*E,{r 8#) = TE{,GA).

This implies that the isospaces for Lie-isotopic analytic equations and
symmetries are T*E(r,G,#) and not T*E{r.8,%). Needless to say, when the
iosometrics § are constants, 8 = G and T*Er 3 R) = T*ER.G.R).

The knowledge of the transition from the isometric of one-isoforms to that
of two-isoforms is a fundamental point for the understanding of Santilli's
generalized symmetries for nonlinear, nonlocal and nonhamiltonian systems (1.3)
or (I1.1).

Santilli also worked out the most general possible case of the symplectic-
isotopic geometry which is that characterized by the exact two-isoformb

Q=46 = é“l““zlla(a) Qqpla) daM A da¥, {1v.37)

namely, by two-isoform with the factorization of the most general possible
nowhere degenerate and exact symplectic tensor ﬂau(a)-

5 From now on, the symbols &° and §° shall denote one-and two-isoforms with the factorization of the
canonical forms, while the symbols © and ) shall denote the most general possible one- and two-
isoforms, respectively.
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To complete his geometrical studies, Santilli proved (1989a) that zZe
symplectic-isotopic geomety In the above general rorw, achieves “direct
ualversaity™ ror zl, most gepneral possible, nonfinear, nonfocal and
nonhamiftonian systems (3. In fact, he proved that, under the necessary
topological conditions indicated earlier, for any given nonhamiltonian and
nonlocal vector-field I' of Eq.s (L3} on T'E(r3®), there always exist: 1} 6N

functions Ru(a) {or a general symplectic tensor qu(a)), 2) a isounit 1 = giag. (¢71,

G1), and 9 a Birkhoffian function B(t, a), such that

rf o= -4p, (1v.38)

(see next section for explicit expressions).

These far reaching discoveries should constitute, per se, sufficient grounds
for the Nomination of Prof. Santilli for the NOBEL PRIZE IN PHYSICS OF 1992
Nevertheless, they constitute the mere geometric background of the true
reason for this Nomination, the classical generalizations of Galilei's relativity
(Sect. V).

IV.8: BIRKHOFF-SANTILLI AND HAMILTON-SANTILLI MECHANICS.

As clearly expressed in the original presentations (i978a) and (1988a), Santilli
addressed the physical issue of the analytic representation of local nonhhamiltonian,
and nonlocal nonhamiltonian systems, respectively, only a/fer having discovered
the underlying new algebras and geometries.

The same original approach to analytic mechanics, which is the sole capable of
ensuring mathematical consistency, has been followed in this presentation as close
as possible.

Reczll that conventional Hamiltonian mechanics is based on the canonical

variational principle in phase space T*E(r,5,®) with local coordinates a = a) = fr, p) =
(rka, Pya) (see, e.g., Sudarshan and Mukunda (1974)),

t £
sA = 8] 2[ppaty, - HELrplot = 8f 2[R,a* - HEaldr =0,  (1v.39)
Ly t s
where R® = (p, 0}, which characterizes the ceomventionzl, truncated fHamilton’s
egquations, without external terms in their covariant form

w,,a’ = aH/ sal, : {1v.40)

Ly

from which the contravariant form follow

ab = oMV gt/ 8a¥ (1v.41)

with Hzmilton~/acobi equations
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aA + H =0, A =R, (1v.42)

Hamiltonian vector—field (IV.24) can then be written explicitly (see, e.g., Abraham
and Marsden {1867))

T _ a " aH 38
wwcb da’ = -dH, or & = ¢ — = w — T (Tv.43)
aalt oaV aat

Another discovery made by Santilli in his memoir (1978a) is the construction of a
step-by-step generalization of Hamiltonian mechanics into a form which he called
Brrkfrorian wechanics for historical reasons indicated below. As a matter of fact,
he introduced the generalized, algebraic and geometric theories outlined in the
preceding sections precisely for the purpose of constructing the generalized
mechanics.

The mechanics was further studied in all the necessary details while at the
Depariment of Mathemalics of Harvard Dnfversity , and published in Volume II of
Santilli's Foundations af Theoretical Mechanics with the subtitle Birkkorfian
Genreralization of Hamiltonian AMechanics .

Again, as it had been the case for all other discoveries {such as those of the
Lie-admissible algebras, the conditions of variational selfadjointness, and the Lie-
isotopic algebras), Santilli first identified the generalization of Hamiltonian mechanics
needed for the interior problem, and then conducted his sowurt# extensive library

search fsee Footnotes, page 28) to identify preceding contributions. In this way, he
discovered that G.D.Birkhoff {1927)7 had previously identified the basic equations of
the mechanics, although without the identification of their algebraic and geometric
structures. Also, Birkhoff had applied his equations to typical aspects of the exterior
problem, such as the stability of the planetary orbits.

Birkhoff's (1927) studies went essentially un-noticed for over half a century,
until rediscovered by Santilii (1978a) who:

A} proved the “direct universality” of Birkhoff’s equations for all nonlinear and
nonhamiltonian interior systems in local approximation;

B) identified the algebraic and geometric siructures of the equations as being
those of his Lie-isotopic algebras and of the conventional symplectic geometry in its
most general possible exact formulation; and

C) used the equations for a step-by-step generalization of Hamiltonian
mechanics which had not beed considered by Birkhoff.

To outline the enclosed monograph in a few words, Birkhoffian mechanics can
be constructed from the most general possible, first-order, Pfaffian variational
principle

7 The initiator of “Birkhoffian mechanics”, G.D.Birkhoff, was the father of G.Birkhoff, the former
colleague of Santilli at Harvard and co-author of the Poincare-Birkhoff-Witt Theorem of Sect. I1V.5.
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t
§A = 8_|1t 2[Ru{a) ak - Bit,a)ldt = o, (1V.44}
L

{here presented for simplicity in the so-called sem/autonomous form with R = R(a)
and B = B{t,a)), where the function B was called by Santilli the Bired#heriian because
it does not necessarily represent the total energy H =T + V.

Principle (1V.44) characterizes the comiravariant Blrkhorf's equations

.V — —_ _
Qla)a¥ = Bt a} / sat Quu = 3Ry — Ry, (1v.45)

with contravariant form

at = o) aB(t, a) 7 82¥ o o= {| (szaB)|‘1 >, (1v.46)

while Hamilton—Jacobi equations (1V.42) assume the generalized expression

a,A + Blta) = 0, aufx = Ru(a). (1v.47)
The connection with the preceding algebraic and geometric studies is given by
the fact that the brackets of the time evolution characterized by Birkhoff’s equations

(1v.46) are given precisely by the Lie-isotopic brackets (1V.16), ie.,

) aA aB
[A.B] = — oWia) ——, {1v.48)
aal daV

while the underlying geometric structure is precisely the general, exact two form
{1v.26), i.e.,

Q=do = mw(a) dalt A daV, {1V.49)

which illustrates the algebraic and geometric characters of Birkhoff's equations
recalled earlier.

By using these techniques, he then proved the analytic counterpart of the "direct
universality of the symplectic geometry for local nonhamiltonian system.s indicated
earlier. in fact, he proved that, under sufficient topological conditions, for any
nonhamiltonian vector—field T, there always exist 6N functions Ru(a) and a Birkhoffian

Blt,a), such that the following equations

(@yRy ~ 8yRy) TVta) = oB{t,a)/ ek, or @) Hda¥=-aB  (1v.50)
hold identically.
Santilli then identified numerous methods for the construction of the above

Birkhoffian representation from given equations of motion (L3), and studied in detail
their degrees of freedom, e.g., the so-called Rirkhoffian gauge transformations

Ry () = R’u(a) = Ru(a} + 3G / aal, Bft,a)= B1t, a) = B{t, a) = 8G / at, (IV.51)
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which evidently leave invariant principle (1V.44).

A step-by-step generalization of Hamiltonian mechanics was then presented,
including a generalized transformation theory, generalized symmetries and
conservation laws, etc,

Note that the new mechanics is a “covering” of the Hamiltonian mechanics, in
the sense that:

1) The new mechanics is constructed via mathematical tools {Lie-Santilli theory)
structurally more general than those of the conventional mechanics (Lie's theory in
the simplest possible, canonical formulation);

2) The new mechanics represents physical systems {the local, but most general
possible nonlinear and nonhamiltonian systems) structuraily more general than those
of the conventional ones {conservative-potential systems); and

3) The new mechanics admits the old mechanics as a particular case. In fact, for
R = R® = (p, 0) all conventional Hamiltonian formulations are recovered identically.

Despite these achievements, Santilli remained unsatisfied and continued his
studies to reach a still more general formulation of Birkhoffian mechanics capable of
achieving “direct universality” for the most general systems known to mankind today,
the nonlocal, as well as nonlinear and nonhamiltonian interior systems.

This further advancement was reached for the first time in the memoir Santilli
{1989a); it was then reviewed and expanded for mathematicians in Santilli {1991a); and
finally presented in a comprehensive way in the monographs Santilli (199lc, d).

The central starting point is the reformulation of Birkhoffian mechanics in the
isophase space T*E(r,8R) with the local coordinates a = (r, p). This implies the
generalization of the trivial six—dimensional unit of the conventional phase space, | =
diag. (1, 1, ..., 1), into Santilli’s isounit T = I{t, a, 4, ...) which, in turn, implies the necessary
lifting of the conventicnal linear and local transformation theory into the isolinear
and isolocal form of Sect. V.4

The emerging generalization of the Birkhoffian mechanics was called by Santilli
the Birkhorfizn-iscropic mechanics , and it is now Known as Birdboff-Santilly
mechanics  (Aringazin et al (1992)) Its general form is rather complex for the
rudimentary nature of this review. We shall therefore outline here its simplest
possible realization, that called Azaiton-Sanlilli mechanics

The latter mechanics is based on the following form of Pfaffian variational
principle

t
A = sft 2[R°uT1“v a¥ - Hit,a)]dt = 0, {1v.52)
1

where the integrand characterizes a one-isoform (1v.31), i.e.,
&y = Rdab = v TH), 92", (1v.53)
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The above variational principle characterizes the following equations, called
the comvariznt Hamifton-saniilli equations

Top* wgy a¥ = 3 HIt a) 7 2aP, (1v.54)
with contravarizot Haulton-Santiifi form

a.
A = o Ip,Y @ Hlt, a) / 02, (1v.55)

where, from Eq.s {IV.33) and (iv.34)

V,

(6™) = axiy = iyx @) = @MY

Osnix6N Uodgnxgn

(1v.56)

“(denxen  OpnneN
\ :
and the quantities I, = ¢l are computed from the integrand of the variational

principie via rukles {IV.34).
Eq.s (1V.55) can be written in the disjoint r- and p-coordinates

_ aHit, r, p)

by = Iy i]-(r, pe) ——, (1V¥.57a)
_ aHlt, r, p)

pi = - 12 i]-(r, p,) T R (IV_57b)

1

The NOBEL COMMITTEE can see in this way that the Hamilton-Santilii
mechanics has indeed the structure of the symplectic-isotopic geometry.
The algebraic structure is evidently that of the Lie-isotopic brackets {(111.3), i.e.,

0A ey V aB
A B] = — %1, (@.) — {1v.58)
aat 20 9a’
which can also be written in the disjoint r— and p-form
[ } aA 0B 3B ( } A { )
AJBl = — Ltp.) — - — Lp.) — 1v.59
> 21] splu 213 E >

which exhibit rather clearly the generalized structure over the conventional Poisson
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brackets.

The analytic representation of nonlocal nonhamiltonian vectort-fields I' {1.9]
then follows according to the rules

'rmﬂI wgy V= 0H/a8a", or W = oM7Y aH/ 82V (1v.60}

One can now see the importance of the symplectic-isotopic geometry in the

representation of nonlocal systems (1.8). In fact, the Hamiltonian H = H(t, a) = Hit, r, p)
= T(p) + V() represent all conventional potential forces, while the isounit |
represents all nonlocal and nonhamiltonian forces (see Sect. V for examples).

In conclusion, the conventional Hamiltonian mechanics is based on the
knowledge of only one function, the Hamiltonian H = T + V, and can therefore
represent only local-potential forces {as well as a very limited class of local
nonpotential forces, see Santilli (1978b)).

The Hamilton-Santili mechanics is based instead on two quantities, the
conventional Hamiltonian H = T(p) + Vir), plus the isounit 1{t, r, p, ..} = diag. (Iy, 1p). As
such, it can represent not only all conventional potential forces, but also a large
class of nonlinear, nonlocal and nonhamiltonian forces.

The direct universality is achieved for the more general Birkhoff-Santilli case
in which, besides the Birkhoffian B(t, a} and the isounit I(t, a, 4, ...), one has available
the 6N additional functions Ru(a).

A few commentis on the operator counterpart of Santilli's Lie-isotopic
formulations are presented in Fig 1¥.1, as an advance outline of the more detailed
treatment scheduled for Part iV.

IV.9: SANTILLI'S ISOSYMMETRIES AND CONSERVATION LAWS.

In our outline of Santilli's journey of discoveries, we have reviewed until now the
background new tools, such as the notions of isofields, isospaces and
isotransformations, and then the isotopies of Lie’s theory, symplectic geometry and
analytic mechahnics.

All these discoveries were used by Santilli for a final central notion needed for
the construction of the generalized relativities, e spmmetries of interior
dpnanical spstems 4t large, and of closed nonhaniitonian systems, I particular
(Sect. 11.2), which he called Jsoswuwmetries to stress the point that they must be
defined on an isospace and possess an isotopic algebraic structure,

Santilli’s contributions in this field are rather numerous {see his curriculum). We
can therefore indicate here only the most salient ones.

The generalization of the conventional Noether's theorem was first achieved in
the enclosed monograph (Santiilli (1982a)) for the case of the most general possible
nonlinear and nonhamiltonian interior systems, although in local approximation.

The generalized symmetries for nonlinear, nonlocal and nonhamiltonian systems
were achieved in the subsequent paper Santilli (1985a), then applied to the
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construction of the generalized rotational symmetry (1985k), the generalized Lorentz

HAMILTONIAN HAMILTON-SANTILLI
isotopy >
MECHANICS MECHANICS
quantization hadronization
QUANTUM | HADRONIC
isotopy
MECHANICS > MECHANICS

FIGURE 1V.1: A schematic view of the deep inter-relation between BSantilli's classical and
operator formulations, the latter being outlined in more details in the forthcoming Part 1V. The
advance information that iay be useful to the NOBEL COMMITTEE is that ske rery existence
of the Hamilton-Santilli generalization of Hamiltonizn mechanivs fmplies the existence of a
corresponding operator geperalization of guanfum mechanics of which it is the classical
limit. Also, the methods wsed for the constraction of the classical generalization can also be
used for the cousiroction of fhe operator fmage . In essence, the Hamilton-Santilli mechanics
is constructed via the isotopies of the conventional analytic, algebraic and geometric
structures. In particular, the isotopies are such that all distinctions between Hamiltonian and
Hamilton-Santilli mechanics cease to exist at the abstract realization-free level. The first
aspect the NOBEL COMMITTEE should know for an appraisal of the classical profile is that a
fully similar occurrence emerges at the operator level. In fact, in another pioneering memoir
(1978d) (see also the comprehensive presentations (198%a, b, ¢, d))) Santilli proposed the
construction of the “hadronic geweralization of gquantum mechanics’, or ‘hadronic
mechkanics” for short, as an isotope of quantum: mechanics, and provided the fundamental
Lie-igsotopic generalization of Heisenberg's equations (see below in this footnote).

In essence, quantum mechanics is characterized by

1) The enveloping associative operator algebra ! with elements A, B, ..and trivial associative
product AB (say, of matrices} and unit I

2) The field F of real numbers R or of complex numbers C; and

3) The Hilbert space J¢ with states | § > and inner product <¢ | §> € F,

from which the entire theory follows, such as Heisenberg’s equations ik = [A‘H]f =AH-HA, b=
1, Schrédinger's equation id)| ¢ > = H ¢ > = Kj$ >, K ¢ F, the linear (and local) operations on i,
the unitary transformatio theory, etc.

Thanks to the contributions of several independent scientists besides Santilli's origination {see
Part IV for their full identification and bibliography), in today's language we can say that
hadronic mechanics is based on the isotopy of the above structures, that is:

1) The isoassociative operator algebra { of Sect. I¥.5 with isounit T and isotopic product A+B =
ATB,i=1t= T 10,

3) The isofield ¥ of isoreals numbers R or of isocomplex numbers C; and
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3} The isohilbert space 3 with isoinner product <¢p [$>=<o|[T|¢>1 e Fy

from which the entire new operator mechanics can be built, including Santilli's ischeisenberg's
equations iA = [A’H]% = A»H - H*A = ATH - HTA, the isoschridinger's equation iatl > =Hd g >
=RJy>=K ¢ > R eF, KePF (derived by Mignani, Myung and Santilli} the isolinear and
isolocal operations on I, the isounitary transformation theory, etc. (see Part 1V for details). In
particular, the isohermiciticy coincides with the conventional Hermicicity, as a result of which
observables H = HY of quantum mechanics remain observable for hadronic mechanics. Note
that hadronic and quantuti mechanics coincide at the abstract, realization-free level by
construction, exactly as it occurs at the classical level. In fact, under the assumed positive
definiteness T > 0, the isotopes { remain associative, the isotopes F remain fields and the
isotopes 1 remain Hilbert spaces.

Moreover, hadronic mechanics cap be obtained via an isotopy of the conventionial methods of
quantization called Aadromizafion . In fact, under the (naive) quantization of the canonical
action A = i I logy, where I is the trivial unit, the Hamilton-Jacobi equations 3;A + H = 0
becomes i b+ Hp =0, which is precisely Schridinger's equation. Along exactly the same

lines, under the hadronization of Santilli's isotopic action & = 11 logys, where 1 = T™1 is now the
isounit, the equation of the Hamilton-Santilli mechanics 3tﬁ + H =0 become 18y + Hep = idd
+ HTY = 0, which is precisely the isoschridinger's equation of hadronic mechanics. Thus,
hadronic mechanics is indeed the operator image of the Hamilton-Santilli ciassical mechanics
and, viceversa, the latter is the classical limit of the former.

In summary:

a} Quantum mechanics can only represent particles as being point-like with action-at-a-
distance, potential forces, as well known from its mathematical structure. On the contrary,
hadronic mechanics can directly represent all conventional potential forces via the
Hamiltoniar H plus nonlinerar and nonlocal forces in all variables as well weavefunctions
AND their derivatives via the appropriate selection of the isotopic element, T = Tt = T {r, p, $,
i, &, abt, )

b) Hadronic mechanics is fully consistent on mathematical grounds at this writing, although in
need of experimental verification;

c} The additionnal nonlinear, nonlocal and nonhamiltonian interactions represented by hadronic
mechnics are strictly short range and internal, as expected fronm the overlapping of their
wavepackets (Sect. I) and, as such, not detectable from the outside. Thus, to our best
knowledge, no experimental information is currently available to disprove hadronic mechanics,
and the isswe of its validity or invalidity must bhe resolved via direct experimental
verificvations of its novel predictions in particle physics, such as that of the deformability of
the extended charge distributions of hadrons, with their consequentjal alteration of their
intrinsic magnetic moment, and others intriguing predictions (see again Part 1V).

In conclusion, the operator image of the entire content of this Part 1 has already been identified
in the Hterature, and will be outlined in Part IV, including the operator image of: closed
nonhamiltonian systems, isosymmetries and conservation laws, isogalilean symmetries,
Santilli's isogalilean relativity, etc.

symmetry (1983a) . A comprehensive study of the nonlocal case first appeared in

8 The papers Santilli (1985a, b) on the general methodology for isosymmetries and its application to
isorotations were evidently written prior to paper (1983a) on the isotopic generalization of the Lorentz
symmetry, but they appeared in print two years later because of truly increedible difficultiers in their
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the memoirs {1989a); it was rewritten for mathematicians in the recent paper Santilli
(1991a); and finally presented for the physical audience in monograph (1991c).

Again, we cannot possibly review this extensive reseach, but only indicate a
few salient aspects. The first result to bring to the attention of the NOBEL
COMMITTEE is the followinhg

THEOREN TEBY (SANTILLIS FUNPAMENTAL THEOREM ON ISOSVMMETRIES
7es5a)t  Let Gj.. be an r-dimensional Lie pgroup of isowetries of an H-

dimensions! metric or pseudometric space MixgF) over the field of real
nURBers B complex numbers O or qualeriiols

Gy : x' = X?Af(w), X = AW x, {1vV.61a)

e - 9)' ATl g [AW) (k- )] = G- 9) g x - 9. (1V.61b)
Alga = agal = g {1v.61c)

det A = *1. {(1V.51d)

Then, the nfinitely possible Isotopes Gz of &, characterized by lhe sawe
parameters and geperators of Gl and rhe jnrinitely possible, nowhere

sfngular, Heripitean and Surficrentiy smoollt ISouiits ! = 7‘"], leave nvariant

Lhe Isocomposition ﬁfngz'}f“ of the Isotopic spaces Mgl & = T8 F = L7
=74

6, = x' = x'Aw) = KT A'W), x = AW = AWITY, (1V.62a)

[x-y)A & Axx-9)1 = - ex-y, - (1v.62b)

Al a=4agal =gl (1V.62¢)

Det (Ag} = detB = =1, (1v.62d)

The following comments are in order:

1) Each given isometry Gr admits an infinite number of different isotopes Gr

characterized by infinitely possible, different isounits which, from a physical
viewpoint, represent infinitely possible interior physical media.

2) Each of the infinite isotopes can be explicitly computed, from expansions
{1v.20), via the knowledge of the old isometry G{m) and of the isotopic element T.

publication, Santilli felt obliged to formally report in paper ({985a), p. 26.
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3) Even though the mathematical formulation can be unified for all possible
isotopes G(m), the explicit form of the isotransformations is different for different
isounits 1 {see later on).

4) As indicated earlier, the isotransformations are generally nonlinear and
nonlocal, because of the dependence of T.

6) All isotopes Gr are coverilgs giroups of the original isometry G, under the

sole condition that the old metric g is admitted as a particular case (or the isotopic
element T admits the trivial unit I as a particular case).

7) All Lie algebras admit the following z7via/ isotapy X = X = X1, under
which
- " ~ B _ s t n"o_ to
G [I»c][.,xs]rg = XKy - Kg Ky = [xr,xslgl = [Cpg X1 = Cpg™ X,
{1v.638)

The above isotopies are erc/uded from the above theorem because they do not
produce the invariance of the new isoseparation;

8) The dimension m of the original isometries G, is preserved by all infinitely
pessible isotopic isometries Gr. In particular, the condition for closure of G’r are
reducible to those for Gi.

9) The isotopic isometries Gr are generally nonisomorphic to the original
symmetry G,. However, as we shall see in the subsequent section, all infinitely
possible isotopes Gr can be restricted to be locally isomorphic to the original

isometry G(m} under the sole condition of positive- {or negative-) definiteness of the
isotopic element T.

To understand the physical relevance of Theorem IV.9.1, one should be aware
that all isotopic generalizations of Galilei's relativity, of Einstein’s special relativity
and of Einstein’s general relativity are particular applications of Theorem IV.9.1

Next, we indicate the following

THEOREM V.32 (BIRKHOFFIAN NOETHER'S THEOREM (Santilli (1952af If

Birkfrolfs equations admit 2 symmetry under an r-dimensional, connected Lie
group Cr}. of rinitesimal transrormaions

s b =2 b =Db+sb=m"+ wdhb)
t o+ Wipi(t, a)

= (1v.64)
at + wlghidt, a)
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then there exist I first integrals Fy B or the egquations of motion which are
conserved along an actual path £

d

—F;b) . =0, [V.65
— 5 (1V.65)

namely, there exist r ffpear combinations of Bir&hofr's eguations which are
exvact differentials along F, ie,

d
- T Eb) = G b Y ey, (1v.66)
dt
Ziven explicitly by
Fib) = R,ah;
= Ryft.a) 1t a} - Blt,a) plt,a) + G, a). (1v.67)

Note that the "new time” t" in Birkhoffian mechanics is a function of the old time
t as well as of the coordinates r and momenta p, t = t' (t, r, p). This property is
important to understand the isotranslations in time of the new relativities presented
in the next csection.

Intriguingly, this property is typical of relativistic formulations. The Birkhoffian
mechanics then achieves a form of symmetric behaviour of time for both
nonrelativistic and relativistic formulations.

Note that the symmetry Gy of Theovem 1V.9.2 is a cownveniional Lie Syumety
defined on a convertiona! space

Considers the Birkhoff-Santilli representation of systems (L3} on a on isospace
T*E(r G, %) from the preceding section, ie.,

o ” OBlt, a)
T2|1 @) @, @) TVta) = o (1v.68)

where @, is the symplectic tensor and T, = diag. (G, G) isthe isotopic element of
T*E(r,G.®).

An r-dimensional symmetry of Birkhoff-isotopic equations (iV.68) is an
“Zsosymmetry Gy when it is defined on isospaces T*E{r,GR) and admits infinitesimal
transformations of the Lie-isotopic type

ax;

a™ = ah + wlghlp) 12av —_, (1v.69)
aaV

where 15 = Ty™! is the isounit of the isospace, the W’'s are the parameter and the X's

are the generators of Gy, with [Socommutation rules

54



" axr N aXS
[X. %] = e ¥ pY —= = Gy} X, (1v.70)
a da

where the (s are the so—called structure functions of the Lie-Santilli algebra (Santilli
1978a), (1982a))

It is easy to see that a #secessary condition for transformations a = a’to be a
symmetry of Birkhoff-Santilli equations is that they have a isotopic structure. This
renders wecessary the use of the Lie—Santilli theory for the study of isosymmetries
and their first integrals.

THEORERS F¥V.8.3 UNTEGRABILITY CONDITIONMS FOR THE EXISTENCE OF AN
ISOSYMMETRY (Santilii (1952z), (/95858) (199/a)) Necessary and sufficient
COnOILIons for 2 Smootiness and regularity presclving ransformalion 649 to
be an isosymmelry of the Birkhiolf-isotopic equations (V.68 Is that they leave
e Birkorian mvariant, 1e,

B(@) = Bla) + w;[X; B] = Bla), (8.86)
WaIch can hold T the Birkhoftian B isocommutes with alf generators Xy ie,

X.Bl =0, i=12.,r (8.87)

The Hamilton-Santilli subcase is simpler and readily usable in practical cases.
Consider a closed Hamiltonian system of N particles and let G, be its symmetry with

generato.rs X, and parameters wy

r Afa) = {e } Ala). (Iv.88)

Suppose now that the system is generalized into a closed nonhamiltonian form (11.2).
The construction of the isotope Gr of G, leaving invariant the new system can be

achieved via the following steps (Santilli (198%a), (1991d)):

1) Construct an analytic representation of the system in terms of the Pfaffian
principle {1V.52) on T*E(r.8.8) via the use of any of the techniques of the enclosed Vol
Il of Santilli's Fowndations of Theoretical Mechanics (1982a);

2) Construct the contravariant Hamilton-Santilli equations (1V.55) from principle
(Iv.52), by making sure that the isounit 1y {or isotopic element T,) verifies the

conditions for the underlying brackets to be Lie-isotopic (the underlying two-
isoform to be simpletic-isotopic). This essentially implies that the symmetries of the
system are now studied in the new isospace T*E {84} = T*w.GH) , where G is given

by Eq.s {IV.34};
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3) The isotope G of G, is given by structure

6wy = (1o 9P 120 @ 60 @)
-

11xaa)

i M
_ (e wh® Tpo" @) (o ) ®,) } A (17.89)

and it is an invariant of system (11.2} when H is an isoscalar on T*E(r.G#), i.e., has the
form

H = piaGij(r,p, p, ..} pja/ZmEt + Ve, {IV.90a)

= e | PR |
ab ](ria rip G (r]a r]b)| \ (1v.90b)

{see next section for examples).

We have completed in this way our review of the network of Santilli's
discoveries which do indeed provide the methodological tools for constructing the
most general possible nonlinear and nonlocal space-time symmetries for the interior
dynamical problem and, therefore, for constructing new relativities.
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SECTION V:SANTILLI'S LIE-ISOTOPIC GENERA-
LIZATIONS OF GALILET'S RELATI-
VITY IN CLASSICAL MECHANICS

V.1: STATEMENT OF THE PROBLEM.

The exact validity of the conventional Galilei's relativity for the exterior dynamical
problem, such as for the form-invariant characterization of the stability of the
planetary orbits, has been recalled in the introductory words as being assumed at
the foundations of Santilli's studies.

However, the insistence in the exact validity of the same relativity for the
interior dynamical problem implies a number of inconsistencies of mathematical,
physical and <pistemological nature also recalled in Sect. I, including the direct
acceptance of the perpetual motion in a physical environment, without any possibility
of compromise because of the Theorems preventing the reduction of actual interior
systems to idealistic exterior conditions (Sect. 1).

Santilli therefore embarked in his most demanding and successful task: use the
generalized mathematical structures outlined in the preceding section for the
construction of suitable generalizations of Galilei’s relativity for the interior
dynamical problem which:

a} are “directly universal” for closed, nonlinear, nonlocal and nonhamiltonian
interior systems ([1.1), that is, capable of providing the form-invariant description of
all systems considered (universality), directly in the frame of the experimenter
{direct universality);

b) the generalized isotransformations and isosymmetries can be explicitly
constructed from each given equations of motion, resulting in this way in an infinite
number of generalized relativities (infinite number of different isounits), one per each
given closed nonhamilionian system; and, last but hot least,

c) all possible generalized relativities admit the conventional Galilei's relativity
identically when all nonhamiltonian forces are null

Santilli's successful achievement of the above generalizations is a historical
event, because it deals with the very first comprehensive generalizations of Galilei’s
relativity in all its mathematical foundations, physical applications and
epistemological profiles, after some four centuries from its inception by Galileo
Galilei in the early 1600's.
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¥.2: PHYSICAL MEANING OF SANTILLI'S ISOSPACES.
We now coutline the physical applications of the novel mathematical tools of the
preceding section, beginning with the physical meaning of the isospaces of Sect. IV.3.

The conventional Euclidean space E(r.5%) essentially provides a geometrization
of the homogeneous and isotropic vacuum (empty space}.

The first meaning of Santilli's isospaces Er.G 5 % is that of providing a
geometrization of the interior physical media. Thus, the differences between E(r38.R)
and Efr,G.#) are representative of the transition from motion of an extended object in
vacuum to motion of the same object within a physical medium.

Suppose that the interior problem is characterized by a surface S, of local

radius R, encompassing zll matter of the body considered, including its atmosphere.

Then, the first fundamental condition of Santilli’s refativities is that all isometrics G =
T§, recover the conventional metric 8§, or, equivalently, all isotopic elements T
acquire their conventional value | at distances r > R, i.e.,

:1_’

Il £k, TI 1R L (Iv.1)
This ensures the full compatibility of the generalized relativities with the
conventional one, as well as the capability of the former to admit the latter 4s a
particular case (Condition c above). Conditions a) and b) are ensured by the Lie-
Santilli formulations.
Because of the assumed nonsingularity and Hermiticity, all isometrics G can
always be diagonalized into the forms

G = diag. (8,2 B,2 B4 (v.2)

where the B's are called characteristic functions or e interior plhysical mediumw
and depend on all possible variables and their derivatives, such as: coordinates r,
their derivatives F, ¥, .., the local density p(r), the local temperature T(r), the local
index of refraction nfr) {if any), etc.,

By = Bylt,r, b, %, 0, 7.m,..) >0 (v.3)

where the positive-definite value is assumed to ensure the isomorphism of the
generalized and conventional symmetries {see bellow).

Next, a central physical difference between empty space and physical media is
that the latter are generally wfomogenecus (e.g., because of the local variation of
the density) as well as amisotropic (e.g., hecause of an intrinsic angular momentum
which creates a preferred direction in the medium). A typical physical example is
given by our Earth’s atmosphere, which is exactly inhomogeneous and anisotropic.

Another important application of the isotopic element T is therefore that of

? Santilli (1988a), (1991a, d) considers the isospace Bfr$,%) when dealing with variational principles
(IV.52) and the more general isospaces E{r,8,%) when dealing with Hamilton-Santilli equations (IV.55) or,
equivalently, with the isosymmetries of the equations of motion. In fact, the latter are characterized by
the brackets of the analytic equations and not by the metric of the variational principle. When G is
constant, then the two spaces coincide, BE(r 8.%) = Eir 6.R).

58



representing the inhomogenuity of the physical media, e.g., via the values B{ # B, ~
By, as well as its possible anisotropy, e.g., via the factorization G = Fir) §, where r

represents a preferred direction.

The NOBEL COMMITTEE should be aware that, in Santilli's writings, e above
fafiomogenwty and anisotropy Is solely rererred to the experimental evidence
periaining to merior pRysical media, while the underlyving space Isell remains
exactly homogeneous and /sotropic . '

This is the reason for the factorization of the isometrics used throughout
Santilli's writings, G = T8, where the conventional metric § represents the
homogenuity and isotropy of (empty) space, and the isotopic element T represents
the "mutations™ caused by physical media.

A further important distinction is the global effect of interior media (e.g., for
light propagating through the entire Farth’s atmosphere}, as compared to the local
interior behavior (say, the motion of a satellite during re-entry in Earth’s
atmosphere). The explicit functional dependence (V.3) is essential for the latter case,
but for the former case, the characteristic B-functions can be averaged into
constants via any averaging process,

<|Bg|> = by = constants >0. (v.4)

In turn, the regaining of the costant value of the isometrics has important
epistemological implications. For instance, it implies the return to a linear and local
transformation theory with v = Asr = ATr, T = constant. Still in turn, this implies
the possibility of preserving the srers/z/ approximation of the observer as currently
used in physics.10

Another meaning of the conventional metric § = diag. (1,1,1) is that of
representing the perfect sphere,

r2 = Xy sl Ty = 1yl + r(fy * Igtg = CONSL {1v.5)

A further meaning of Santilli's isometric § is, first, that of representing the actual
shape desired, say an oblate spheroidal ellipsoid

1 = riGij r]-=r11312r1 + r21322r2 + r3B32r3 = const. (v.6)

and then all possible deformations of the original shape, e.g., via a dependence of the
characteristic B-functions on the external pressure or other physical causes.

A number of additional physical interpretations and applications of Santilli's
isospaces have been identified in the specialized literature and they will be pointed
out later on (the most intriguing ones are of operator nature and, as such, are
indicated in Part Iil).

Finally, the NOBEL COMMITTEE should note that the above applications are a
mere classical limit of the applications in particle physics to represent the historical
legacy on interior, short range, noniocal and nonhamiltonian effects {Part IV.).

10 pecall from Sect. IV.3 that the isotransformations are nonlinear and nonlogal only for a nontrivial
functional dependence of the isometric, while they return to be linear and local for constant isometrics
(or constant isotopic elemts),
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¥. 3: SANTILLI'S ISOROTATIONAL SYMMETRIES.
The pillar of contemporary theoretical physics is the rotational symmetry 0(3),
classically and quantum mechanically.

The first generalized symmetry discovered by Santilli for nonlinear, nonlocal
and nonhamiltonian systems was the generalization of the rotational symmetry into a
form he called rotational-isotopic symmetry, or Isorotational symmetry 0(3).

The noticn of “isorotaticnal group” first appeared with examples in memoir
Santilli (1978a), and was then expanded in the enclosed Yol. 11 of Santilli's Foundations
of Theoretical Mechamics (1982a) for the nonlinear and nonhamiltonian but local
case. The theory was then formulated for the most general possible abstract
nonlocal case in Santilli (1985a). The first classical, nonlinear, nonlocal and
nonhamiltonian realizations of O(3) appeared in Santilli (1988a), and reached their final
form in the monograph Santilli (1991d).

The NOBEL COMMITTEE should be aware that Samiil7 Is, not onfly the
ariginator, but alse the sofe contriburar in the meld vpid now , that is, we are aware
of no independent study by other mathematicians or physicists on the realization of
the rotational symmetry with g strvcturally generafized Lie product other than the
Poisson brackets (111.3} or the simplest possible Lie product [A,B]§ = AB - BA.

In essence, the conventional theory of rotations provides the symmetry only of
perrect spheres (V.5), and can only characterize r7g7d bodles, as well known. But
perfectly spherical and/or perfectly rigid bodies do not exist in the physical reality.
Santilli's theory of isotopic rotations O(3) provide the symmetries, first, of any given
nonspherical shape (V.6) and, second, of the infinitely—possible deformations of that
original shape.

Santilli therefore discovered a generalized theory of rotations which is a
theory of extended and therefore deformable badies.

The “rotational Isotopic groips”™ O(8), or “isarotational groups™ , are the
largest possible isolinear and isolocal groups of isometries of the infinitely possible
isotopes E(rG#) of the three-dimensional Euclidean space E(r8®), ie,

E(l‘,S,ER) = E(r,G,?ﬁ], 8§ = sts = G = T(r, l-.'., r,} S, (V?a)
det.T#6, T =T, #® =& =x1, 1=T11=¢"1 (V.7b)
frx) =r; gl Iy = {1 =61 = [riGiJ(r, I, ¥ rj]i, {v.7¢)

characterized by: the right, modular-isotopic transformations

= Rieyr = RE}Gr, G = fixed, (v.8)

where the 8's are the conventional Euler’s angles, whose elements R(8) verify the
properties
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st =R =1 = ¢71, (v.9)

or, equivalently, Rt = R and form Lie-Santilli groups, ie., verify the group-isotopic
rules

Py

RO} = 1, Rep:R(E) = RE)R{E) = R+ 0), RiokR(-8) = 1. (v.10)

Finally the isogroups 0G(3), like the conventional group 0(8), are simple, three-
dimensional, and admit a decomposition into connected isosubgroups 80(3) occurring,
from Eq.5 (V.9), for

det (RG) = +1, v.11)
and a discrete component #(3) characterized by the isoinversions
Psr = Pr = -r, P =7l {v.12)

Let us briefly outline the classical realization of Santilli's {((1985a), (1988a), (19919))
isorotations, owing to its truly fundamental character. For simplicity, but without lack
of generality, we shall assume diagonalized isometrics with elements by independent

from the local coordinates and momenta (but depending on all other quantities of
interior media)

A

ErGH) = EcSR), § = diag. (0,2 b2 bgd, by > 0, (v.13a)

1'2 = ri Slj rj = r1b12r1 + r2b22r2 + r3b32r3 = isoinv. (V.lgb)

The Lie-Santilli brackets (1V.35) then assume the simpler form

. 3A oB 9B aA
a8 = by 2 - by 2 : (V.19
ya Pya ya Pia

By central condition of the Lie-Santilli theory, the original generators and
parameters do not changell. The generators of S0(3) are then given by the
conventional generatars of (3 .Jk = ekij L, pj. The isocommutation rules of the
{compact, connected) isoratational algebra SG(3) are then given by (loc. cit.)

11 Technically, this originates from the PROPOSITION: 7#e basis of a2 vector space is left unchanged
B isotopres (Santilli 1991a), which then propagates to Lie algebras, Lie groups, etc. This so simple a
mathematical property has funbdamental physical implications. The basis of a Lie algebra in physics,
say, that of the Galilei algebra G(3.1), is given by the conventional total conserved quantities. The
above Proposition then provides a gepmefrization of closed nonkamiltonisn systems , that is, the
conservation of conventional total physical quantities (the basis of the old symmetry) under additional
nonhamiitonian forces. Equivalently, the Proposition confirm the purely fferior character of Saulillls
morlocsf effects , not only at this introductory classical level, but much so at the level of the structure
of hadrons (Part I¥).
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SO(3): by 3] = Ci.kJ = 2 (V.15)

i Yk TSPk
The proof of the local isomorphisms SO(3) # $0{3) was then done via the redefinition

Jk = Ekij bir; bjpj., {v.18)
for which

Dis 3] = s (v.17)

which recovers the structure constants Sijk of the original symmetry. However, the
physical generators remain Jj and the physical isocommutation rules remain rules
{v.15).

The /isocasizir (the invariant quantity) is given by the "square” of J, but
properly computed in the isospace E{t88), ie, the isosquare

F=g=g 8 =0, bk2 e (v.18))
while the conventional Hamiltonian guantity
- ij =

72 =8l = (v.19)

is no longer invariant as one can easily prove via ruoles (V.15).
The classical realization of the Lie-Santilli group $0(3) is then given by ((loc. cit)

0y 0%,V (a) (@7, /0aY) (3/2M)

S6(3): R = [nk=1,2,3e|§

JTo= 8301, (v.20)

where the exponentials are expanded in the conventional associative envelope £.
Note the true realization of Santilli's notion of isotopic lifting of a Lie symmetry,

i.e., the preservation of the original generators and parameters of the symmetry, and

the isotopic generalization of the szzuciure of the Lie group via the liftings 1 = “12.

Note also the existence of infinitely many different isorotational symmetries 0(3),
which are however all locally isomorphic among themselves and to the conventional
symmetry O(3).

The isorotational transformations can be explicitly computed from expansion
{v.20) via the sole knowledge of the new metric 3, and their convergence into a finite
form is ensured by the original convergence (under the assumed topological
restrictions of the isounit). For instance a (classical) Zsaroration around the third
axis is given by (loc. cit.)

' = R@ghr = Sglog)r = (v.21)
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b

I"l FICOS(Bsblbz} - r2 “l;’g'" Sln(esblbz)
1
b
1 .
= r’z = rk“‘_ Sln(eablbz) + r2COS(93b1b2)
” 2
3 3

The invariance of isoseparation (v.13b) under the above transformation then
follows.

Santilli ((1982a), (1985b), (1988a)) therefore introduced the notion of Jsorozztional
spanpelry (at times also called rofational ssosymmertry, depending on the desired
emphasis) which is verified by systems (II.1) when they are: 1) properly written in
T*E{r,8.8); 2) represented by Hamilton-Santilli equations (IV.55) via the identification
of the Hamiltonian H and of the isounit 1; and 3) the Hamiltonian H is isorotationally
invariant, i.e.,

-88 nAJ
H(r,p) = Hir+ 89 nAJ,p+ 80 nAJ) = {elé A } Blr, p). {v.22)

which can hold iff {Jk . Bl = 0, k=1,2 3, as expected. The above conditions were

proved to be verified when the Hamiltonian has the structure in E(r.5.8)

,
Pig 87 Pja

H = Tp) + V@) = £V, v o= i, )t (v.23)

2m,

Moreover, Santilli {loc. cit) worked out numerours additional developments and
classical applications also of fundamental character, such as:

1) the most general poassible nonlinear, nonloca! and nonhamiltonian
isorotational symmetries 0(3), including isoinversions, whuich are essentially given by
structures (V.15), (v.20) and (V.21) with the b-quantities replaced by the characteristic
B-functions, while isocasimir (V.18) assumes a local meaning;

2) the proof of the local isomorphisms O(3) # O{3) for the above most general
possible case under the conditions of positive-definiteness of the B-functions,

3) the proof of the O3} invariance for all possible extended, nonspherical
shapes;

4) the application for the direct representation of all infinitely possible
deformations of a given shape;

5) the establishing of the isorotational symmetries O(3) as the fundamental
isosymmetries of the theory of elasticity;

6) the isotopic generalization of the historical Euler's theorem, according to
which the general displacement of an elastic body with one point fixed is a (compact)
isorotation around an axis through that point;

7) the construction of the isorepresentation theory of the covering, isotopic
SU{2) symmetries, including the constructioon of the iso-Clebsh-Gordon coefficients,
elc.;
and numerous other advances we cannot possibly review here.
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FIGURE 111.3.2: An illustration of the possibilities of Santillis (1978a), (1982a), (1985b), (1985a),
(1991d) discovery of the classical isorotations: the direct representation, first, of the actual
shape of a given body via the isometric 8 (in the figure, an oblate spheroidal ellispoid), and
then the direct representation of all its infinitely possible deformations under sufficiently
intense external forces, collisions or other causes, all this already at a semiclassical level,
By comparison, contemporary theories can indeed reach a representation of the extended
character of particles via form factors, but, as well known: 1} the representation occurs only
after the rather complex second quantization; 2) the form factors provide only a remnant of
the actual shape and cannot characterize the actual shape itself (at any rate, the
representation of non-spherical shapes would imply the breaking of the conventional
rotational symmetry); and 3) the representation cannot possibly characterize the
deformations of said original shape (because, again, the conventional rotational symmetry
refers strictly to rigid bodies and it is broken under the deformations of the physical reality).
The advantages of Santilli's covering isorotational symmetries over the conventional
rotational symmetry is then multiple, diversified, and beyond any scientific doubt. But, the
most far reaching implications of Santilli’s isorotations occurs in particle physics (Part I11),
where they directly imply a generalization of the very notion of particle.

A central discovery the NOBEL COMMITTEE should keep in mind is the
following. /¢ is generally believed, in both the mathematical and pliysical literatures,
thar all deformations (V130 of the perfect sphere (V.5 violate tie rotatioinal
symmeiry. Santilli proved this beller to be erroneous. i 1act, siice his Isorotational
spmmetries ) are Jocally Isomorphic lo the conventional rolational syummetry o3
Santilli reconstructed as exact the rotational symmetry ror all possible elljpsoloical
derormations of e sphere, of course, at the cavering isotopic leverl .

The same reconstruction of the exact character at the isotopic level also exists
for all remaining space-time symmetries when believed to be broken in conventional
formulations, including the Galilei symmetry, the Lorentz symmetry, and the Poincare
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symmetry.

As a matter of fact, one of the reasons for which Santilli constructed the
isotopies of conventional space-time symmetries is precisely to prove that the claim
of their being violated is erroneous and due to insufficient mathematical knowlede
because, when the same symmetry is realized ih a sufficiently more general way, it
returns to be exact.l2

The NOBEL COMMITTEE should he aware that, &y rar the most fundamental
applications of Saniillis isorotational symmelries exist i particie phyvsics. As an
iliustration, let us recall that, after over half a century, nuclear physics has been
unable to explain the total magnetic moment of nuclei. Santilli's isorotational
symmetry predicts that, under the “contact” conditions of the nuclear structure, the
extended charge distribution of protons and neutrons experiences a small
deformation of shape, e.g., into the oblate form of Fig. V.1. Such a deformation of the
charge distribution then implies a necessary alteration of the intrinsic magnetic
moment of the necleons as requested by (classical and quantum} Maxwell's
electrodynamics, which is finally capable of representing the total magnetic monment
of nuclei {for details, see Part V).

An important aspect of these latter advances in particle physics is that the
deformation of the charge distribution of protons and neutrons and related
phenomenology are represented by preserving the exact character of the rotational
symmetry, of course, at the isotopic level '

V.4: SANTILLYI'S ISOEUCLIDEAN SYMMETRIES.

The conventional Euclidean symmetry for the exterior problem on T*E(r,$%) is given
by E(B) = 0(3) x T3}, where O(3) is the group of rotations and T(3) represents the
translations. The Euclidean transformations are given by the familiar expressions

' = R{@r, ro=r -+ r° (v.24)

and leave invariant the composition in E(r,5.8) for the relative distances among any
pair of particles
2 = - ij _
(rq rb) = (ria rib) sy (rja r]-b). (v.25)

The next space-time isosymmetries discovered by Santilli was the
generalization of the above Euclidean symmetry for the most general possible,
nonlinear, nonlocal and nonhamiltonian conditions, called Euclidesn-isotopic
Symmetries , or Isceuclidesnr syumetries E(3).

The discovery was first made as implicitly contained in the more general Galilei

12 This recomstruction of the exact space-time symmetries when believed to be broken at the
sinplest possible level of Lie's theory is fully established at the classical level, but not vet at the
operator level. In fact, in Part 111 we indicate Santilli (1984a) conjecture on the possible regaining of the
exact character of parity for weak fateractions , of course, when realized at the covering isotopic
level. These studies are under way at this writing and, if confirmed, would be of such a magnitude to
deserve, alone, a NOBEL PRIZE IN PHYSICS.
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isosymmetries in Santilli {1978a) and in the enclosed monograph Santilli (1982a). The
explicit treatment of the isceuclidean symmetry first appeared in Santilli (1988a) and
was then treated in full details in the monograph Santilli (1991d).

The NOBEL COMMITTEE should be aware that, again, Santilli is the originator
and the sole contributor on the isoeuclidean symmetry to this day.

The discovery can be essentially presented via the following

THEOREM V4.1 The Fuclidean-isotopic symmelries £(3) are defined on  the
Isotopes Ef,G AR of the Fuclidean spaces Efr8%) leave invariant the relative
isaseparation

(ry - rb)2 = (ria - rjp) eV, i) (r]'a - rjb], (v.26)
passess the structure

E@B) : 6(3) ® T(3), v.27

where O3 is given by the isorotational symmetries of Sect. V.3

OB): 14 = R()*rg =RE) GlrE,.)r,, {v.28a)
gk = =R =1 = &1, {V.28b)
ry = (ria), i=1,23 =xv,2, a=12,..,N,

and T3/ Is the largest possible group of isolinear and isofocal transiations

. . — o -2 .
T@3) : ¥ ia fw * 5 ﬁi v, &, 1,1, 7.0, {v.29a)

-

Pia = Pig (V.29Db)
with realization in TEE,GH) characterized by

I} The same set of parameters (wgy = (8; %/ of the conventional Syummelry
E{%;

Z) the same set of generarors (X y )= £, J =, Jp P =2, p,. of the
conventional symmetry £3)

3} the Lie-Santilii aleebras

-2

Sijk B Y, (v.302)

E@3): [Ji N J].]
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[Ji, Pj] = Eijk Bj P (V.30b)

[P;. Pj] = 0. (4.30¢)
Y the Lie-Samtilli groups '

E@B): éwpra = {R(0),T(")+a

w, wh L%, X))
={[]] e 11}, (v.31)
k
le

5 the realization of the B-functions
B 2trp..)=B "2+ r° B2, Pl/2 + r*. ¥ [B 2P} P]/3 + (v.32)
i SLIPY b e 1 ] i N J . j l i y j 5 1 T e .

and e local rsocasiuly mvariants given by the following mulliples of the
Isounits i3

tO =1, W=y, @ = g, (v.33)

Finally, all the above infinitely possitle Fuclidean-isotopic symmetries E(3/
result to be locally isemorplic to the conventional Euclidean symmetry £15/
under the sole conditions of SUFicient SHoOLRINess, nonsinguiarity and
positive-delimiteness of the Isometrics G

The NOBEL COMMITTEE should note the achievement of the most general
possible nonlinear and nonlecal realizations, not only of the group of rotations, but also
of the translations, as clearly expressed in Eq.s {V.29) via the arbitraryness of the B-
functions.

Also, the ahove theorem provides the foundations of the isotopic generalization
of the Poincare” symmetry in {2+1)}-space-time dimension (see Part I}, via tits mere

reformulation for the isonmetric G = diag. {(+ B2, + B22, - B32).

¥.5: SANTILLI'S ISOGALILEAN SYMMETRIES
Recall that the conventional Gzifers sywmetry G3.1) (see, e.g., Levy-Leblond (1971) or
Sudarshan and Mukunda (1974)) is the largest Lie group of /lwear and local
transformations leaving invariant the separations

ty — tp =inv,

18 s appropriate to recall here that the realization of the isoeuclidean symmetry under consideration
here is classical, that is, via fwactions in TE(r,BR). As a result, the generators and, therefore, the
isocasimir invariants, must necessarily be functions, while the isounit 1, of Eqs (4.18) is a matrix of
functions. When passing to the operator realization of the isorotational symmetry of Part I1II, then the
entire expressions of rthe isocasimirs must be used.
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(ria - rib} 81} (rja ~ rjb)=inv. at ty = ty, (v.34)
ij = 1,23 =xy,2), a=12..N

in Sﬁtx T*E(r.8,8), where ®; represents time, E(r,§,®) is the conventional Euclidean space,

and T*E its cotangent bundie {phase space), with metric § = diag. (1,1,1) over the reals &.

The explicit form of the celebrated Galdes ransrormacions is given by the
familiar expressions

t =t + t°, translations in time {v.35a)
Yig = b, * r"i, translations in space (v.35k)
Ui = Tia t°v%,  Galilei bosts (V.35¢c)

¥'a = RO rg, rotations. (v.354)

The use of the totality of the preceding mathematical and physical studies,
including the Lie-isotopic theory, the Birkhoffian—Santilli mechanics, the symplectic—
isotopic geometry, etc., then permitted Santilli to achieve the most general possible
nonlinear, nonlocal and nonhamiltonian generalizations G(3.1) of the conventional
Galilei symmetry G(3.1) for the interior problems, which he called Galilei-isotopic
spmmerries , or isogalifean symwetries , but which are now called Samtillis
Isogalilean symmetries (see, Kadeisvili (1991), Aringazin et al {1992) and others).

The generalizations were first achieved in the memoir Santilli (1978a) as a
particular case of their broader Lie-admissible forms {see Appendix A}, they were
formalized for the local case in the enclosed monograph Santilli (1982a); the
isosymmetries were then formulated for the most general possible nonlocal case in the
memoir Santilli (19838a); and finally treated in details in the recent monograph Santilli
{(19914).

The NOBEL COMMITTEE should note that, again, Santllll is the originator and the

sole contributor in the study of the isogalilean symmetries 14 n fact, despite the
appearance of the enclosed monograph printed by Swpringer-Fer/ag (and advertized
rather widely), no independent mathematician or physicist elected to conduct research
in the field. Santilli therefore continued his studies alone.

THEOREM V51 The general nonfinear and nonfocal classical realizatianr of
Santifiis Isogalifean symmetries G{31) are rhe Isotopic groups of the most

general possible isotransformations on Ky x TEGGH) leaving invariant the
Isoseparalions

ty - tp =inv, (v.36a)

(rka- Tgp) B2t 0. ped (0, = r ) =inv. at tg =ty (v.36b)

14 The only independent article in Santilli's isotopic generalizations of Galilei’s symmeiry known to
these authors is that by Jannussis, Mijatovic and Veljanoski (1991) reviewed later on in Sect. V.7 which
however studies evamples of the isogalilean symmetries.
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La, ty € Ry, Fa, Iy € T*Er,G.5) {V.36c)

where 8y Is an isotopic L1ting or the conventional fiela Ky, called Isotime rield,
WIth explicit structure

- - 4 -2
R = R, T; = By "6, 1, p,.), By >0, (v.37)

TEGCH) Is the isocotangent Lundle ror symplectic-isatopic two-isororms
WILh Isometrics & dizgonalizable to foru V2l and the roar functions By B3 Bg
ang By besides berng independenr apd Positive-derinite, are arbitrary
noifinear ahd noniocal er, inregrall runctions on all possible, or otherwise
#needed iocal variables ang quantities. Santillis isogalican ransrormations
AN be explicitly written

t=t+ B 4_ ,  iso-time translations (V.38a)
§= ot * B % iso-space translations (V.38b)
ry = x, + t°. v°; B2, iso-Galilei boosts (v.38¢)

I = R(@) *r, isorotations, (V.384d)

where the B-runctions are generally nonflinesr and nontocal in al possible
local variables and gquantities ro pe 1dentitied shortly. Moreover, the
symmerries Gi3y are characterized 8y the Lie-Santilli brackets underiving the
exact symplectic~isotopic twa-rorms, with CXPIICIE expression

aA 3B 8A 3B
By 2 B, , (v.39)
drg, d Pka d pgg d rpg

(A" B} =

and possess thie following structure
Y the conventionar paramelers of /3.1

W = (wy) = (05, r°, viet) k=12, 10, (V.40)

ana the conventional generators or G2 but now defined op isospace 5y x
TEACH Le,

T 2k TPy PP = 3 by, (v.412)

Gj = >q (ma1 iy ~ tpia), {v.41b)
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H = pgq B2 Pyy /2Ma + Vitaph

tap =lta ~rel = {, - 1) B2l - r )V
2 the Lie-Santili algebras
ey U] = ey B “de NP = i By 2 Py
b6l = ey BP0k I UBl =
ik ] i

[GI,P]] SMB]‘Z [, 7B] = 0,
[P, PI G, . ]] [P, /Bl = o,

3 the (connected component of the} Lie-Santili groups

po oV

)
6Bt ={[[]e T %) @) 1 Tobxr,

&

o the local isccasimir Imvarianls
~ (0) o A (1)
¢ =1, = (PGP - MH) 1,

¢ g - 6 p2 = {(MJ - GAP)G(MJ - GAP) ] 1.,

5] the explicit expressions of the 5; functions

while B”,J.,_z{?? Is the sofution of the ajgebraic equation

WG 5 OV
tor” xTy @ H @
ric+ t° 8, )—{e 2 % %
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+ 1% B2 ,“Pj] s2+ 1% 1% B2 TPyl Pyl /31 +..

a -2 - o o __2 - ~
+ \'2 j [Bi > Gj] / 2! + v mV n ]IBl 1 G’m] 7 Gn] +-...

{v.41c)

(V.41a)

(V.42a)

{(vV.42p)

(V.42¢)

{v.424)

(v.43)

(V.44a)

(V.44p)

(vV.452a)

{v.45p)

(v.46)



The infinite possible isogalilean symmelries Gi31) so constructed result to be
all locally isomorphic to the conventionzl/ Galiler symmetry G341 under the sofe
condition of (SUlticient SWoothiess, nonsinguiarity andl positive-derinitness of
the isounits. Finally, all isasymmetries G2} can approximate the conventional
spunnetry G321 as close as desired whenever the Isounits approach the
canventional unil, and they afl admii the conventional symmetry as a
partcular case by constiuction

The follwoving particular case is sufficiently improtant to warrant a mention for the
NOBEL COMMITTEE.

CORCLLARY V.SIA: [it the particufar case when the characteristic B-functions
of the interior physical meola are averaged fo constant b-quantities, we fiave

ReTECSR) = ReTRECH (v.472)

g =G = diag. (b12, o2, bg?), b, = cost. > 0; (V.47b)

the E“—qaaﬂtmés caincide with the diggonal elements or the rsouliLs,

Bi20c) = B2v) = By 2=y 2, By ) = byl (v.48)

and the general isogalilean transrormations (V.38 becowe linear and local ie,
tirey assuiie the simpliiied rform cafled “restricted rsagatlileanl Lransforiations”™

U =t+ by 2 (V.494)

r’i = rl + rai bi“2, (V.4’9b)
vy = r + 0V bTS, (V.49¢)
rr= R{B} * F, (V.494)

The above properties imply that the Santilli's isogalilean symmetries can indeed
preserve inertial frames, but, of course, in their linear particularization, e.g., following
averaging of the characteristic B-functions of the interior medium of type {V.4).

Thanks to the body of formulations outlined in the preceding section, the
application of the symmetries G(3.1) to the characterization of closed nonselfadjoint
systems was readily achieved by Santilli. in fact, Theorems 1V.9.2 and [V.9.3 readily yield
the following

LEMMA V.51 {loc. cit) Necessary and suificient comditions for the
Isolnvariance of closed nonselfadjolnt systems (I11) under Santilli’s isogalifean
symmelries G321} are that rthe systems can be consistently written in
isospaces Ry TEE,CHY and adwit the represemtation in terms of the Hamilton-

Santfli equations
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oH(t, a) 8H(t, a)

oo Tyl ¥ = ———,  alt = of%"(a) . {v.50a)
Bap' aav

B = Pia cli, r, p,.) Pja/2m, + V(tap) (V.50D)

ry, = (g - rip) 6%p..) i 1) (v.50c)

I which case alf total paysical quaniilies are Not SUbsidiary constraints, but
ISt mregrals or the equations or molioin.

In summary, Santilli not only discovered the class of closed nonhamiltonian
systems (I1.1) with subsidiary constraints ensuring the conventional total conservation
laws, but aiso the technical means for eliminating the subsidiary constraints, and
reduce the conservation laws to generalized symmetries. In fact, the imposition of the
invariance under the isogalilean symmetries G{3.1) ensures the ten conventional total
conservation laws.

Remarkably, the same resuits hold all subsequent levels of study, such as the
relativistic (Part 1), gravitational (Part 111}, quantum mechanical (Part 1Y), gauge, etc.

¥.B: SANTILLI'S CLASSICAL ISOGALILEAN RELATIVITY.

As well Known, Galilers relativicy (see, e.g., Levy-Leblond (1971) or Sudarshan and
Mukunda (1974)) is a description of physical systems via their form-invariance under
the Galilei's symmetry G(3.1) = [00(3) @ Tyof3)] x [Tye(3) x Tie(1)l, or, equivalently, under
the celebrated Galilers Lranstoriiations

t=t + t° translations in time, {(v.51a)
r{=rj + I, translations in space, {V.51b)
rj=r; + UV, Galilei boosts, {(v.51¢)
=R{@}r, rotations. {v.51d)

The relativity is verified in our physical reality only for a rather small class of
Newtonian systems, called c/osed selzadjoint systems . These are systems (such as our
planetary system) which verify the conventional total Galilean conservation laws when
isolated from the rest of the universe, and admit internal forces which are local
(differential), potential and {variationally) selfadjoint (Helmholtz (1837), Santilli (1978b)).

For all remaining Newtonian systems, Galilei’s relativity is inapplicable because of
the several; reasons outlined in Sect. I11.1. In the final analysis, the limitations of
Galilei’s relativity are inherent in its mathematical structure, because:

1) The Zinezr character of Galilei’s transformations is at variance with the
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generally zomfinezr structure of the systems of the physical reality of the interior
dynamical problem, as established by incontrovertible evidence;

2) The /oca/ (differential) character of Galilei's relativity is at variance with the
generally #on/oca/ {integral) nature of our Earthly environment;

3) The Hmmiftonizn (canonical) structure of Galilei's relativity is at variance with
the generally xonbamiiton/zn character of physical systems of our reality,

and so on.

An infinite family of isotopic generalizations of the Galilei symmetry, under the
name of Sguils isogalifean symumeiries G(3.1) has been reviewed in the preceding
section. In particular, we have indicated that:

A) The symmetries G(3.1) characterize closed non-selfadjoint systems
(11.1).These are systems (such as Jupiter) which verify the conventional, total, Galilean
conservation laws when isolated, while admitting the additional class of nonlinear,
nonlocal and nonhamiltonian internal forces.

B) The Galilei-isotopic symmetries possess the structure
GB.1) = [0gB3) & Tpo(3)] * [Tyo(8) » Tee(l] (v.52)

which results to be locally isomorphic to the conventional symmetry G(3.1) under the
positive-definiteness of the isounits, by admitting the latter as a particular case. In
this sense, G(3.1) provides an infinite family of Zsofopic coverings of G{3.1)

C) All symmetries G(3.1) can be explicitly constructed via the Lie-Santilli theory,
that is, via the use of the same parameters and generators (conserved quantities) of
the conventional symmetry, and the most general possible, axiom-preserving
realization of Lie algebras and Lie groups. In this way, an infinite number of symmetries
G(3.1) can be constructed for each given Hamiltonian H = T + ¥ {iLe., for each given
potential-seifadjoint forces), as characterized by an infinite number of posssible
interior physical media.

By using the above discoveries, Santilli finally constructed his generalizations of
the conventional Galilei’'s relativity for the most general known interior dynamical
systems, hereinafter referred 10 as Sawilr'’s general Isogalifean refativities (Theorem
V.5.1), with the special isagalifean refativities holding for the case of linear and local
isotransformation (Corollary V.5.1A).The relativities were first submitted as a
particular case of the more general Lie-admissible relativities in the memoir (Santilli
(1978a)). The new relativities were then submitted in the enclosed monograph Santilli
(1982a) for the most general possible local case. Finally, the extension to the most
general possible nonlinear, nonlocal and nonhamiltonian systems was achieved in
Santilli (1988a) and then presented in details in the recent monograph (Santilli {1991d)).

LDEFINTTION F.E1- The pemeral nonfinear and nonloczal, Santiflf’s isggalifean

refativities™ are a form-invariant description of physical spstems
characterized By the infinite family of Isogalilean symmetries G314 on
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BpTEGGCH, B =R iy, 1,=ciag G2 7, Gy =80y 1> 0 1,>0 with
corresponding, infinite family of general Isotranstarmations (V.35)

Note that the conventional Galilei transformations are unique, while Santilli's
isogalilean transformations admit an infinite number of different forms. Also, within the
context of the Galilei's relativity, one first selects the symmetry transformations {), and
then restricts the physical reality to be invariant under them. On the contrary, within
the context of Santilll's relativities, one first identifies the physical systems as they
occur in Nature, and then constructs the corresponding isosymmetries.

Note also that the above definition implies the restriction G(3.1) » G(3.1). This is
due to the fact that, if such restriction is lifted (i.e., if the isounits are not necessarily
positive-definite), isosymmetries G{3.1) still formally exist, but they do not qualify for
the characterization of covering relativities. See in this respect the classification of all
possible compact and noncompact isotopes O(3) of 0{3) of Santilli (1985b).

Finally, the NOBEL COMMITTEE should note that Santilli’s isotopic formulations
have been constructed in such a way to coincide with the original formulations at the
abstract, realization~free level. We should therefore expect that the Galilei-isotopic
relativities too coincide, by construction, with the conventional relativity at the
coordinate-free level

In the following we briefly illusirate the generalized structure of Santilli's
relativities. Consider the historical Galilers boasts

D SRR AR A Pj = pj + mv, (v.53)

which, as well known, characterize a particle with constant speed, under the (often
tacit) assumption that motion occurs in vacuum.

Suppose now that the particle considered is extended and penetrates within a
physical medium at a given instant of time t. Then, Galilei’s transfortmations are
evidently inapplicable, e.g., because of their linearity, locality and Hamiltonian
character, while the particle experiences a drag force that is nonlinear, nonlocal and
honhamiltonian.

Santilli's generalized tranformations

vi=r1j ¢ v B (L rp.u), Py = p, +mv B2t I p,.), (v.54)

are then applicable to represent the deyizZions from the original uniform motion. In
particular, Eq.5s (V.54) can represent a (monotonic) increase or decrease of speed

depending on the sign of the v°-parameter {since the B 2-terms are always positive
definite}. In the former case we have the usual drag force caused by motion within the
physical medium. In the latter case we have instead an extended particie penetrating a
medium in such highly dynamical conditions to cause an increase of its speed.

The important point is that, in the transition from the linear, local and Hamiltonian
transformations (V.34) to their nonlinear, nonlocal and nonhamiltonian generalizations
(v.38) Santilli's relativities preserve the underlying Galilean axioms for the uniform
motion, as ensured by the local isomorphisms G(3.1) = G(3.1).

To elaborate better these aspects, note that law (V.53) of the uniform motion in
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vacuum is geometrically expressed by the Lie group
T ) ry = rj -V, TG p; = pj - mvy, (v.55a)

v°j Mad (aij) (@

TV) = e ll), (v.55b)

namely, e strvcture of the the Galilean faw of uniforin motion Is provided by the
right modular @associativel action or the rinite Galiler boosts Tivd on the coardivates
ano momenta.

But isotopic laws (V.54) are geometrically expressed by the Lie—Santilli group

e = 1- VB 4 T *pj = pj - mv Bi_2

i \ {v.56a)

(e & w™? “Izmj {avG ]] (all]
le

Plv?) 115 1 {V.561)

Thus, the structure of the variable motion within a physical medivm is
characterized by the modular-isotopic {associative-isotopic/ action T u of Santilli’s
Isoboasis on coordiiales and momenta,

But the conventional action T(v’)r coincides with the modular-isotopic action
T(v")*r at the abstract, realization-free level by construction. This shows that lge
absiract axioms vhderfying the Galilean uniform motion are preserved by Santiifi’s
covering refatvities .

Note the unity of physical and mathematical thought in Santilli's covering
relativities. In fact we can introduce only one abstract law of rectilinear motion, say,

T(v®)r, with infinitely many different, but locally isomorphic, realizations T{v°)r
representing the infinitely many nonuniform motions within different physical media,
and only one canonical realization T{v°)r, representing uniform motion in vacuum,

The extension of the above results to other physical laws is straightforward and
not reviewed here for brevity.

We reached in this way another most important physical result achieved by
Santilli (1989a), {1991d), which can be expressed as follows:

THECGREM V.61 Al mnrinitely possible Santiliis isogatiiean relalivities on
RpTEGGHY colncide with the conventional Galiler relativity on Ky T EwEH)
ZL the abstract, reafizalion-free fevel, that s, not only aff rarinicely possible
Isosymmetries G{3 1} coincide with the conventional symmetry G214, but also aff
e inite class of isogalifean ransformalions colncide with the conventional
Galifel transrormations, and the same holds ror the refated physical laws .

The NOBEL COMMITTEE should keep in mind that the above unity will appear in
its full light only at the gravitational level of Part [ll where we shall see that the
axiomatic unity between Galilei’'s boosts and their isotopic extensions is a particular
case of a much broader geometric unity within the context of Santilli's Riemannian-
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isotopic geometry.

Systems: Systems: Systems:
closed. closed. closed.
Forces: Forces: Forces:

local, SA. local NSA. honloc. NSA.
Space: Space: Space:
Re<TE(e 5.5 RexTE(r g R) Rx T*Eq(r,G,H)
§=1 3 = const>0. G =Glrp.)>0
Frames: Frames: C. Frames:
Inertial. C Inertial. Noninertial.
Methods: Methods: Methods:
Lie’s Lie-Santilli Lie-Santilli
theary. theory. theory.
Relativity: Relativity: Relativity:
Convent. Restricted General
Galilei's isogalil, isogalil.
relativity. | relativity. relativity.

FIGURE V.i: A classification of physical systems, with their carrier spaces, observer's
frames {assumed at rest with respect to the center—of-mass of the system), and related
methodology. The first column depicts the conventional linear-local-inertial-
Hamiltonian setting; the second column depicts the first nontrivial isotopic
generalization, that of linear-local-inertial but of isotopic type; and the third column
depicts the most general possible nonlinear, nonlocal, nonhamiltonian and
sonirerdia/ setting. The first two columns have equivalent inertial characterizations,
because they are both defined on inertial frames. Also, the first column treats rigid
bodies, while the second represents deformable bodies. The third column represents
the most general possible conditions of extiended-deformable bodies in regard to both
acting forces and observer frames.

in particular, in Part Ll we shall see that zfe Lrgusition from the Galilean, exterior
upfors motion In vacuun o Sanlilii's extensions within phyvsical media does not nply
a change In geodesic motion. but only the transition Ifrom geodesics Within
conventional spaces, 1o geodesics within Isospaces.

Despite such ultimate mathematical and physical unity, the physical differences
between the Galilei’s and Santilli's relativities are nontrivial. To illustrate of this point,
let us recall that Ga/iers relativity esiablishes the eguivalence of alf lnertial frames
as well known.

But inertial frames are a philosophical abstractions inasmuch as they do not exist
in our earthly environment, nor are they attainable in our Solar or Galactic systems.

Santilli's relativities were therefore conceived for the actuwal, physical frames of
the experimenter, that is, for the actual noninertial frames of our Earthly laboratories.
In fact, Sanii/ii's relatvities establish equivalence subclasses or nonmertal rrames,
those witl respece to the cemter-ol-mass frame aof the interior medium , each class
being characterized by each relativity (i.e., by each physical medium). The
understanding is that different systems imply different subclasses of isotopically
equivalent frames.
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But Santilli's relativities are coverings of the conventional one. This means that
the conventional inertial aspects are not lost, but fully included and actually
generalized in the broader isotopic setting. This concept can be made more clear by
nothing that, when the isometrics § are constants, Santilli's isogalilean transformations
are given by the linear and local form (V.49). In this case the covering relativity is
called resuricted isogalilean refativities

The generalized nature of the relativities is soon illustrated by the fact that the
isotopic relativities characterize deformable bodies while the conventional relativity
characterizes 2g7d bodves (see the examples of Sect.s V.7 andV.8).

The NOBEL COMMITTEE should keep in mind that the network of classical
nonrelativistic discoveries outlined until now were merely preparatory for Samtifs
(989] isotopic generalization of Galifels relativity iy quantum mechamics (Part 1V),
which he proved in the most rigorous possible way (via an isotopic lifting of Wigner's
theorem on unitary symmetries and Mckay imprimitivity theorem), and which does
establish the mathematical consistency of the “Zadronic generaslization of quantun
mechanics” (see Fig. 1V.1). The discoveries were also conceived as a basis for the
Isotopic generalizations of Einstein’s special refztivity for interior dynamical systems
(Part 1I). However, the true geometric understanding and ultimate unity of
mathematical and physical thought can be seen only at the level of the isorgpic
generalizations of Fipsteins gravitation on the Santilli's novel isoriemannian
geometry for the most general neonlinear, nonlocal and nonlagrangian interior

gravitational conditions known to mankind today {Part I11).

¥.7: EXAMPLES OF COMPOSITE ISOGALILEAN SYSTEMS:

All the classical nonrelativistic discoveries reviewed so far have been made by Santilli
alone. The sole contribution in the field we are aware of is the paper by Jannussis,
Mijatovic and Veljanoski (1991) on examples of the classical Santillis isagalilean
refarivities consisting of two-body and three-body, closed nonhamiltonian bound
systems (I1.1).

The two-body case is the simplest possible one and is geometrically expressed by
the so—called scalar isotopy of the Lie tensor

otV = M =12 "V p = constant > 0. (v.57)

Despite this simplicity, the system is analytically nontrivial. In fact, contrary to the
conventional Kepler's system where both circular and elliptic orbits are possible, z
two-body closed system wild comiact Internal forces adwmits only the circle as z
stable orbrt . Moreover, scalar isotopy (V.57 implies a remormalization of the
massses of lhe twe badies already ar this classical fevel (Santilli (1988a), (1991d), with
truly intriguing implications at the operator level (see Part III).15

15 As an illustration of advances reviewed in Part IV, recall that # structure model of the 7° pasrticle
as a bound state of an ordivary electron aud 8 positron Is meonsistent within the context of guantun:
mechabics . This is so on numeorus counts, such as the inability to represent the total energy of 140
Mev as a bound state of two very light constituents with 0.5 Me¥ rest energy, the inability to represent
the relatively long mean life, and others. In his very first proposal of the ‘“Aadromic generalzation of
quantum mechanics™ (9784, Sect. V), Santilli proved that # serectare model of the 7° particle as #
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Three~body closed nonhamiltonian systems are less trivial then the two-body
ones and much richer in structure, possible configurations and implications. The
simplest stable configurations is that for the three bodies on a straight line, the system
rotating rigidly as a whole on its center-of-mass. The next stable configuration is
Lagranges frstorical trizngfe with contact internal forces. These configurations
occur without subsidiary consiraints and they all imply circular orbits for the
individual constituents.

The most general configuration was studied by Jannussis et al. {loc. cit.) and
occurs for nontrivial subsidiary constrtaints (I1.1b). This configuration is analytically
intriguing because it permits the constituents to have individually unstable-
nonconservative orbits, while all total quantities are conserved (this possibility is
precluded for the two-body case).

Santilli (1978a), (1982a) (1988a), (1991d) also studied examples of his classical
relativities and made another discovery. In essence, the sucfeusfor the conventional
Kepler's systems must have a mass much bigger than that of the peripheral
constituents, as verified by our Solar system. However, when the constituents are
under mutual contact interactions, the particle at the center, called by Santilli
Isonucl/evs , can instead have an arbitrary mass, including a mass much smaller than
that of the peripheral constituents.

These features have predictable far reaching, quantum mechanical implications,
as we shall indicate in Part IV. In fact, they imply profound departures from
conventional guantum mechanical bound states, e.g., of atomic type, into fundamentally
novel composite systems with short range, nonlocal and nonhamiltonian internal
effects, These systems possess basically novel features, such as “isocenters” with mass
much smaller than those of the peripheral particles, spontaneous renormalization of
the masses and other characteristics. In turn, these novel features permit
fundamentally new approaches to all conditions in which short range nonlocal effects
are expected, such as: the structure of hadrons; the structure of the Cooper's pairs in
superconductivity, the origin of the Bose—Einstein correlations; etc.

In conclusion, the studies by Jannussis et al. {loc. cit) via specific cases of
generalized two-body and three-body systems have confirmed the existence and
consistency of Santilli's isogalilean relativities. Moreover, the emerging generalized
bound states possess truly novel features at the classical level, with far reaching
implications at the quantum mechanical level

‘conpressed positronian’, Le., as & bound stale of one electron and one posiron al distances wmaler
than their wavelength, s fully consisient within the conlext of the coveriyg hadrouic mechanics, and
in fact capable of representing with one single equation of structure ALL the characteristics of the m°,
such as: rest energy, mean life, charge radius, charge, spin, space and charge parity, and the (null)
electric and magnetic moments. The consisency is given precisely by the short range internal nonlocal
effects caused by the total mutual penetration of the electron and positron. In fact, when such internal
force is represented by an isotopy of quantum mechanics {Fig. IV.1), it implies the renormalization of
the masses already existing at the classical level (Santilli (loc. cit), Jannussis et al. (loc. cit.) which
turns inconsistent quantum mechanical equations into consistent hadronic equations. We reach in this
way what appears to be one of most important aspects of Santilli's research: the possibility that the
imposition of established relativities for the characterization of the hadronic constituents PREVENTS
their identification with physical particles freely emitted in their spontaneous decays. On the contrary,
if generalized relativities and disciplies are build for the interior structural problem of hadrons following
the historical legancy on its lonlocality, the identification of the hadronic constituents with ordinary
particles appears within technical reach. As clearly stated in his contributions, see (1978a, c, d), (1981a),
and others, Santilli constructed his scientific edifice for one ultimate purpose: achieve, in due time, the
identification of the hadronic coustituents with physical particles freely produced in the spoataneous
decays, as established for the preceding nuclear and atomic structures.

78



¥.8: EXAMPLES OF ISOGALILEAN PARTICLES
Another most effective way of appraising the physical relevance of any generalized
relativity is by identifying its impact in the characterization of the notion of particle. It
is at this point where Santilli's relativities acquire their full light, inasmuch as they
imply a profound revision of the very notion of particle, into a generalized notion he
called Jisgparticle (Santilli (1983a), (1991b)).

As well known, the conventional notion of c/zssical nonre/zlivistic particle is a
representation of the Galilei group G{3.1) = [03(3)@’Tr°{3)]"(Tv°(3)th°(1H on R T*E(rS.%)

and, as such, it is characterized by conventional units, the scalar unit i for the time
field %, and the six-dimensional unit matrix I for the cotangent bundle.

By recalling that the Galilei symmetry holds only for interactions which are of
local and potential type, the notion essentially characterizes the historical Galilei's
caoncept of “massive peoir” moving in vacuum under action-at-a-distance
interactions {Fig. 1.1).

In particular, the intrinsic characteristics of the particle {mass, spin, charge, etc.)
are immutable, classically and quantum mechanically, because points are immutable
geometrical objects,

This perennial character of the intrinsic characteristics of particles is lost under
Santilli’'s covering relativities. In fact, as we shall illustrate shortly, the new relativities
represent the actual shape of the particle, as well as all its possible deformations,
called mutations in Santilli (1978c).

The NOBEL COMMITTEE can now see better why the Galilei symmetry G(3.1) is
unique, while there are infinitely many isotopic coverings G{3.1). In fact, the latter
essentially represent the physical reality according to which one extended particle
can assume an infinite variety of different configurations, evidently depending on the
local physical conditions,

Consider a spherical particle, say, in vacuum. When the same particle penetrates
within an inhomogeneous medium, it can assunte an infinite number of different shapes
depending on the local density, pressure, etc. All these infinitely different
configurations, including the simpler isogalilean one, are represented with the
following

DEFINITION H17 1 foc. cith A nonrefativistic Isoparticle is a represemtation of
one of the infinitely possible Santillis isogalilean symmetries Gi3.1/ on Isaspace
R TEnGHY , Thearem V.51,

e 0PO 1,7 (8,3 @)
Get): a” = gw)xa = &w) T,a ={[e| Jig}*a,  (v.58))
'Y

Egquivalently, Santllis nmoprefalivistic isoparticlte can be defined as the
generalization of the copventional particle rdvced by the isotepic lirtings of
the unit

=1 e® >l ehy, 1eTERSH =1y =diag (1,67 e TECGR.  (v.50h)
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§ = diag. (1,1,1) > & = diag. (B42, B2 Bg?) > 0. (V.59¢)

We shall now present a few classical nonrelativistic examples of isoparticles. A
technicalk knowledge of the preceding analysis is assumed.

FREE” ISOPARTHEE. In this case, N = 1, all selfadjoint and nonselfadjoint forces
are null, and the isometrics 8§ = G must evidently be constants, and we have {Santilli
(1988a), (1991d)}

8 = G = diag. (0,2, bgz, bg?, bj= constants > 0. (v.60)
Hamilton—-Santilli equations (IV.55) then describe, as expected, the free particle

= bi_2 O0H/® pi = pi/m = Vi, {v.6ia)

Bi = ~b ZOH/dr; =0 (v.61b)

namely, the iscequations of motion are identical to those of the conventional Galilei's
relativity.

Despite that, the use of the Santilli's relativities is not trivial, because it permits
the direct and immediate representation of:

1) the extended character of the particle;

2) the actual shape of the particle considered; and

3) an infinite class of possible deformations of the shape itself;
all the above already at this primitive, classical, nonrelativistic level.

By comparison, if one insists in preserving the conventional Galilei relativity:

1) the extended character of the particle can be represented only after the
rather complex process of second quaRlZaLon;

2') the second quantization does not represent the actual shape of a particle, say,
an oblate spheroidal ellipsoid, but provides only the remnants of the actual shape; and,
last but not least, :

3} possible deformations of extended particles are strictly excluded, as well
known, for numerous reasons, €.g., because they imply the breaking of the conventional
rotational symmetry. :

As an illustration, there are reasons to suspect that the charge distribution of the
proton is not perfectly spherical, but characterized instead by a deformation of the
Sphere of the oblate type computed by Nishicka and Santilli (1992)

5 = diag. (1,1.1) = g = G = (diag. {1, 1, 0.6), (v.62)

(where the third axis is assumed to be that of the intrinsic angular momentum), which
permits an interpretation of the anomalous magnetic moment of the particle.

Oblate spheroidal ellipsoid (V.62) can be directly and exactly represented by
Santilli's relativities, already at the classical nonrelativistic level of this treatment via
the value of the isometric



b2 =1 b?=1 b =06 (v.63)

It is evident that such an actual, direct and immediate representation of the
shape of the proton is impossible within the context of the conventional Galilei’s
relativity, classically and quantum mechanically.

We shall indicate in subsequent strudies that, in the transition to the operator
version of the theory, the representational capabilities are enhanced because of the
appearance of additional degrees of freedom besides that offered by the isounit of the
enveloping algebra.

The above case illustrates the simplest conceivable (and perhaps most
fundamental) mutation of a Galilean particle. In fact, the original particle has the
perfectly spherical shape expressed by the underlying metric § = diag. {1,1,1), while
Santilli’'s isoparticle can acquire any cne of the infinitely many ellipsoidical
deformations of the original sphere expressed by the isometrics 8.

The case also illustrates a first use of the isoceuclidean spaces E(r8#), the
geometric one for the characterization of shape only without any force.

In particular, it should be indicated that this is a sort of limiting case because
the notfon of Isoparycle generally requires nonirivial mteractions . With the terms
“free” isoparticles we therefore refer to a conventionally free particles which
however have nongalilean characteristics.

In conclusion, the mutation of shape under consideration at this primitive
Newtonian level is intrinsically contained in the lifting of the underlying metric 3 = §,
with consequential liftings of fields, metric spaces, space-time symmetries, etc.

Equivalently, it can be geometrically expressed by the symplectic isotopy wy = Q"z =

woxTo and it is algebraically/group theoretically characterized by the Lie—Santilli

isotopy otV = QP = g0 1,0V T, = T2"1 >0

ISOPARTICLE UNDER EXTERN, TF INTERACTIONS The simplest
possible generalization of the preceding case is the extended-deformable particle

under conventional, external, poZestiz/ interactions. In this case, N = 1, V # 0, FRA = 0,
all nonselfadjoint forces are null, and the b-quantities can still be assumed to be
independent of the local coordinates in first approximation, although they can be
dependent on the local strength of the potential and other local quantities. The
equations of motion are then given by (loc. cit.} 4

B = b’i_2 8H/dp, =p,/m=Vj, (v.64a)

By =-b28H/ar; = —@V/ar) ryr, (v.640)
where one should assume that the deformation of shape § = ¥ is volume preserving
8 = 3 detd = det¥d. (v.65)

Equations of motion (7.7) also coincide with the conventional Galilean equations
when
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r=( ] bizri ) EEE (i‘l s\ i‘]) : . i.i = ribi’ {v.66)

namely, when the coordinates rj in the geometrical space E{r3.%®) coincide with the
distance I;= rjb; in our physical space E(r,5,R).

Again, the transition from the Galilei to Santilli's covering relativities is not trivial.
In fact, it first allows the direct representation of the actual shape of the particle, as in
the free case. In addition, e wew relafivities can represent the deformalions of the
original shape caused by the external force.

In fact, starting from an extended particle with the shape represented by the
isometric §, we have to expect from simple mechanical considerations that the

application of the external potential force F5* will cause a deformation of the shape
into the isometric 8.

Needless to say, one may argue that such deformation could be small for given
conditions. The point is that perfectly rigid bodies do not exist in the physical reality.
The aueoiur: of deformations for given conditions is evidently an open scientific
debate, but its exvstence is out of any scientific doubt. 16

In conclusion, the rotational and Galilei symmetries characterize a zheory of
rigrd bodies , as well Kknown. The above examples confirm that Santilli's isorotational
and isogalilean symmetries characterize instead a fheory of derormable bodies
(Figure 1V.1} without violating the abstract O(3) and G(3.1] symmetries, but by realizing
them instead in their most general possible form.

ISOPARTICLE UNDER EXTERNAL NONHAMIL TONIAN INTERACTIONS. The next
examples are those of an extended-deformable isoparticle under, this time,
noppotentiz/ external fields caused by motion within a physical medivm. Nofe rioar
iiis c/ass of lnteractions Is Saicly excluded by the conventional Gatiler refativity, but
It is rather natural ror Santiffis covering refzivities,

In this case, N = 1, the selfadjoint interactions can be assumed to be null (V = 0)
for simplicity, but we have nontrivial nonselfadjoint interactions represented via Lie-
Santilli formulations.

A first simple case in one space-dimension is given by a particle moving within a
resistive medium under a quadratic damping force (loc. cit.)

mi + y1é = g (V.67)

with the Birkhoffian representation (Santiili (1982a))

16 1n particle physics, this is precisely the case of protons and neutrons (see Part 1V). Their extended
charge distribution (of about 1F in radius) is in fact expected to experience deformations under
sufficiently intense external forces or collisions, resulting in a consequential alteration of their intrinsic
magnetic monent, as indicated at the end of Sect. V.3. These novel conditions are predictéd and directly
represented by Santilli's isogalilean relativities, classically {198%a) and quantum mechanicaly (1991f).
Again, the amount of deformation of the charge distribution/intrinsic magnetic moment of protons and
neutrons under given external forces is debatable, but the idea that these partecles have a perfectly
rigid charge distribution and a consequently perennial magnetic moment under whatever conditions
exist in the Universe, has no physical value.
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R° = (p8, 0, B= pdp/2m, § = e¥T, {V.68)

which provides a first approximation of systems such as a satellite penetrating
Jupiter’s atmosphere or, along similar conceptual grounds, a proton moving within the
core of a star.

The above case illustrates a second use of the isospaces, namely, that for the
characterization of nonpotential forces of the interior dynamics. In fact, the lifting
Ers® = Er8#®), 8§ =1=8 = exp yr > 0, essentially represents the local, but
nonlinear and nonselfadjoint resistive force FNSA = —yp2

Note that the resistive forces imply an evident breaking of the conventional
Galilei symmetry, while Santilli's techniques permit the restoration of the exact
symmetries at the broader isotopic level. Note also that the case considered is a direct
illustration of physical validity of Santilli’s isoboosts.

The above example can be readily extended to three dimensions, e.g., for motion
along the third axis

R° = (b, 85 0, &= diag. (072 by? bg? e, B = pj g Pj / 2m, (v.69)

with a deformation of shape, this time, due to contact interactions!?.

Along similar lines, one can have an isoparticle subject to selfadjoint (V # 0) and
nonselfadjoint (8 = 8(r)) interactions. In this case, a simple exampie is given by the
quadratically damped oscillator

Fo+or o+ by + dyr2 = g, m=k=1, (v.70)

with Birkhoffian representation (loc. cit.)

B = (pe’ .0, B = tpe?’p + we¥'r. (v.71)

Similarly, an illustration of a nonlocal and nonselfadjoint internal forces is
provided by the isometric

8 =explyr + kj‘c do ¥t r, p,.J)} (v.72)

where the first term characterizes the damping of the center-of-mass trajectory due
to the quadratic forces in the velocity, and the second term provides the nonlocal
correction due to the shape ¢ of the particle considered.

Numercous additional examples can be worked out in any desired combination of
selfadjoint and nonselfadjoint forces, the latter being local-differential or nonlocai-
integral, as desired. A number of explicit examples of nonlocal interactions can be
found in, e.g., Hostandter et al (1971) or Fujimura et al (1971) and in the references quoted
herein.

In the transition to elementary particies, we shall encouter nonlocal interactions
directly expressing the overlapping of the wavepackets § and ¢ of two particles

17 This case is particularly relevant in elementary particle physics to represent the deformation of the

charge distribution of hadrons under sufficiently intense external fields and/or collisions, as we shall
see in Part IV.



represented by Animalus (199 isounit

1 = lexp I:C_r dr” $(r) o) (v.73)

where one can see that, for nonoverlapping waves, the isounit T recovers the trivial
unit I of quantum mechanics. Isounit 1 illustrates that the systems outlined in this
section are intended to be a mere classical image of the systems expected in Santilli's
honlocal realization of the strong interactions (Part IIIj.

In all the above cases, Santilli's covering relativities permit the explicit
construction of the generalized invariance G(3.1) via the computation of the isounit
directly from the equations of motion, and its use in the exponential characterizing
G(3.1} as reviewed in Sect. V.5, all in a way which reconstructs the exact Galilei
symmetry in isospaces RgxT*E(r,G#), while the conventional symmetry is manifestly
broken in RexT*E(r,8.R).

¥. CONCLUDING REMARKS.

The most important conlusion of this Part I which is here submitted for consideration
by the NOBEL COMMITTEE is that

SanLilli’s cfassical isogaiifean relztivities are rully consistent on
mathematical groovnds, and zmply verified In the interior physical
reality of ocur environmenlr.

Stated differently, and contrary to the relativistic case of Part II which dooes
need experimental verificastion, Santillis classical isogalilean relativities need no
further experimental verification.

The grounds for the above statements are the following:

The existence theorems of S2alifli's isotopic formulations!?
permit the construction of the isogalilean symmetry for all
closed, Iinear and nonlinear, focal and nomlocal and Hamiftonian
or nonhamilitonian systems of the exterior and interior physical
reality. Szmtilli'’s Isagalilean relativities are then “directly
universal” in classical Newtonian mechanics, thatr Js, they hold for
2/l possible interior and exterior!? spstems (universalityl,
directly in the frame of the experimenter f{direct universality)

Also, we would like to take the liberty to point out to the NOBEL COMMITTEE that
the possible granting of the NOREL PRIZE to Santilli would be different than any of the
recent NOBEL PRIZES, essentially consisting of awards for clearly outstanding but
past accomplishments without significant implications for the surure of physics. We

13 See the Thevrem of Hirect Universality of Birkhoffian Mechanicsfor all local Newtonian system of
the enclosed monograph Santilli (1982a), p. 54, and the corresponding TEeorew of Direct Huarversality of
the Rirkhoffian-isotopic Mechanic for all nonlocal systems of Santilli (1991c).

1% The conventional Galilei's relativity is a simple particular case of Santilli's covering relativities.
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therefore closed this Nomination with the remarks that

The possible grapiing of z NOBEL PRIZE IN PHYSICS to Prorfesscr
RUGCCERC MARIA SANTILLI would have a profound imrivepce in
e FUTURE of physics, because it would provide the necessary
authority rto rermimate 23 rather widespresd sciemlific imertia
ZLRINSE  lroly fondamental advances, it wowld faunch 2
fundamentially  new generation of  relativities with expected
implications in all branches of physics and, in the words of Prof
Leiphollz aof the University orf Waterioo, Canads, It would confirm

the birth of a “new epoc”™ in physics , fundamentally beyond
Galilel, Newton and Einstein.
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APPENDIX A:

SANTILLI'S CLASSICAL LIE-ADMISSIBLE
FORMULATIONS

The Lie-isotopic formulations outlined in the main text were achieved by Santilli
as a particular case of the still more general formulations of Lie—admissible
type, as indicated in the very title of a main reference of this Nomination, the
memoir Santilli {1978a), see the title of the memoir in Exhibit D.

No in depth appraisal of Santilli's research can be achieved without some
knowledge of at least the analytic, algebraic and geometric structures
underlying these broader formulations. One can then see in this way the birth of
a second generation of covering theories for yet more general physical
conditions..

The study of the classical Lie-admissible formulations was initiated in
papers ( Santilli (1967), (1968), and (1969);, then developed in the memoir (1978a); and
finalized in monographs (Santilii (1978c) and (1981a) (the operator Lie-admissible
formulations originating from the second memoir off the same year, Santilli
(1978c) will be outlined in Part III). As it was the case for the Lie-isotopic
formulations, Santilli is the originator and remains the sole author for
fundamental reseaerch on cossica/ Lie-admissible formulations. However,
unlike the Lie-Santilli algebras which have seen no contribution by
mathematicians to this day, Lie-admissible algebras have been the subject of
considerable mathematical research identified in the bibliography by Baltzer et
al. (1984). Also, numerous physicists conducted independent research in the Lie-
admissible formulations, although mostly in the operator formulation of the
theory and, for this reason, thety will be identified in Part IIL

A 1: ANALYTIC PROFILE.

As recalled in Sect. 1II, the central physical objective of the classical Lie-
admissikle formulation is the representation of the most general known
nonlinear, nontopcal and nonhamiltonian systems {1.3) in open-nonconservative
conditions.

This physical arena can be best visualized by considering oxe
extended—-deformable object moving within a physical medium which is
considered as exzernmz/, such as a sateilite during re-entry in Earth’s
atmosphere.

As a resulf, while conventional Lie and Lie-isotopic formulations use
symmetries for the characterization of conservation laws, zhe more general
Lie-admissible rormulfations use Spmmenies ror the characlerization of tie—
rate-ar-varigtions of pliysical guantities , of course, in a covering way, that is,
in such a way to recover the conventional Lie-isotopic or the simpler Lie
formulation whenever the physical quantities considered are conserved.

86



As recalled in Sect. III, the analytic foundations of the approach are

given by the equations originally conceived by Hamiiton (1834) for interior dynamical
systems, those with external terms

8Ht, 1, p)
Ikg = —————— = Pga/Mas {(A.1a)
9Py,
oH(t, r, p)
Pka =-——— + Fga (A.1b)
arka
H = pp, Pya /2my  + V() (A.1c)
Fig = FoA L p.p.) + IG doF™A 6 r, p, o), (A.1d)

k=1,23(Fxy9,2, a=1,2,..,N.

As one can see, the “direct universality” of the equations for the
representation of all possible systems {I.3) in the coordinates of the exterimenter is
immediate, because the Hamiltonian H = T + V represents all local and potential forces,
while the external terms Fka represents all remaining nonlinear, nonlocal and

nonhamiltonian forces. However, in so doing, the Hamiltonian H is necessarily

nonconserved and, for this reason, the equations characterize an open
nonconservative system.

But, as recalled in Sect. III, the brackets of the time evolution characterized by
Eq.s (A.1)

aA
AxB =[AB] +

Fia- (A.2)
3Ppa

{where [AB] are the conventional Poisson brackets) violate the left scalar and
distributive laws (Santilli (1978a)). For this reason they were rewritten by Santilli in the
unified form in phase space T*E(r,3,®) with the now familar local coordinates a = (r, p),

oH(t, a)
atb = s a4, ) =
9aY
tka . dH/8pyy, aH / 8Py,
= = = ( A, 3]
Pra - dH/ary , + Skajb aH/apjb - gH/0rK, + Fka'
called Azmilton-aomissible equations ,where
Mea) = o'+ M), (A.4)

oV is the (totally antisymmetric) canonical Lie tensor ([I1.2), and sMV is the totally
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symmetric tensor

s = (slV) = diag. (0,s), s =F/(@H/ap) (A.5)

In the disjoint r- and p-variables, Eq.s (A.2} can be written

8H(E, r, p)
]..'ka = ~ (A. Ba)
Pxa
. aH{t, r, p) ~ 8H,r,p)
Pka = " —— * Sy;ialt-T. PP ) -, (A.6h)
ya ja

The brackets of the theory are now given by

aA 3B A aB
(AB) = —— st¥ta,.) = [AB] + ——Sjp5, — (A.7)
aat aaY api,

The consistency of Santilli's reformulation (A.3) is soon established by the fact
that brackets (A8} correctly represent the time-rate-of-variation of the energy

doH

H=(HH = Fra = VkaFka (A.8)

Pka

Santilli (1978a) (1981a) discovered that the most general possible nonautonomous
Birkhoff's equation in T*E(r8,R)

aB(t, a) aRu(t, a)
at = oilita) | + L, wov=1,2..,N, (A.92)
aa¥ at
V = - DY
Qi (IQQBI v (A.9b)
aR. (¢, a) aR, (ta)
Q= — S : (A.9¢)
aal aaV

also do not characterize a consistent algebra, in the sense that the brackets of their
time evolution also violate the right scalar and distributive laws.
For this reason, he reformulated Eq.s (A.9) in the identical form

9Bit, a) dB(t,a} oR,,(t, a)
ab = &Vt a, ) = MYt a) - , (A.10)
8aV gaY at

called Arr&horr-adumissible equations, where
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SRV = iV o é”v, {A.11)

namely, where the antisymmetric part attached to the S-tensor is the most general
possible Birkhoff's (rather than the canonical) tensor.
The brackets of reformulation (A.10) are now given by (Santilli (1981a))

dA 9B
(A'B) = — & a,.) —- (A.12)
aaH gaV

and they are now algebraically consistent as well as characterizing a Lie-admissible
algebra. Moreover, note that the mapping of brackets (A.7) into brackets (A.12)

(AB) = (A'B) (A.13)

constitutes a Lie—admissible isotopy, in same way as the transition from the Poisson
brackets [AB] to the Birkhhoffian brackets [A , B] constitutesd a Lie isotopy (loc. cit).

Even though Eq.s (A.10) might be considered physically redundant over Eq.s
(A.3), (because the latter are already directly universal for all possible systems (1.3)),
the generalization is analytically nontrivial. As an example, it allows the derivation of
the analytic equations from the most general possible nonautonomous Pfaifian
variational principle

8A = s_rt l:2[Ru(1:, a)ak - Bt a)]] = o, (A.14)
t

from which Eq.s {A.9) and their identical reformulation {A.10} follow.
Regrettably, we are forced for brevity to refer the interested Reviewer to
Santilli (1981a) for further analytic details.

A.2: ALGEBRAIC PROFILE
By no means, the loss of a consistent algebra in the brackets of the time evolution laws
is a mere "“mathematical occurrence”, because it carries serious physical impocations.
As an example the angular momentum can be consistently formulated in
classical Hamiltonian mechanics because the underlying Poisson bracklets, first of all,
verify both the right and left scalar and distributive laws and, secondly, characterize a
Lie algebra.
When the same system becomes open-nonconservative and it is represented
via Hamilton’s historical equations (A.1}, the entire theory of the angular momentum
cannot be consistently formulated any more, let alone applied to specific cases. In

particular, the magnitude J2= Jg of the angular momentum, while having a fully

consistent meaning in conventional Hamiltonian mechanics {as the Casimir invariant of
0(3)), it loses any consistent formulation when referred to Eq.s (A.1).29

20 ag it is the case for most of Santilli's studies, these classical occurrences are a mere basis for the
identification of corresponding implications in guantum mechanics. In this case, the operator equations
corresponding to Egs (A1) are given by Schrddinger's equations with nonherntitean Hamiltonians H =M,

as widely used, eg., in nuclear physics. The brackets of the theory are then given by A®H = Al - HA
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Santilli arrived at the consistent reformulation (A.3) by imposing the following
conditions on the new brackets (A.B):

I) They must be algebraically consistent, that is, verify the right and left scalar
and distributive laws);

II) They must xof be totally antisymmetric as a necessary condition to
represent the time-rate-of-variation of the energy H = (HH) # 0; and

IIT) They must admit the convenmtional (Lie} Poisson brackets as a particular
case when all external forcees are null, i.e.,

(AB) g, o= (48] (A.15)

Santilli (foc. cit) then proved that the above conditions identify uniquely the
so—called general Lie-admissible algebras .

According to Albert (1948), an algebra U with (abstract) elements a, b, c...and
(generally nonassociative, abstract) product ab over a field F is called a rZJ/e-

admissibie algebra, when the attached algebra U , Which is the same vector space as
U, but equipped with the product

LU [a.,b]l_I = ab - ba, (A.16)

is Lie.
The simplest Lie—admissible algebras are the associative algebra & with
elements A, B, ... {e.g., matrices) and product AB. Then

£ [ABly = AB - BA, (A.17)

is the familiar Lie produce of current use in mathematics and physics.
The next Lie-admissible algebras are the Lie algebras L themselves because,
fodr ab = [A’B]E’ we have

L": [AB} = 2 [A,Blg e (A.18)

Santilli (1978a) called the most general possible algebras of the type considered
the geweral Lie-admissible algebras U when they verify no condition other than the
general Lie-admissibility law

(A,B,C) + [B,C, A) + (C,A,B) = (C,B, A} + (B, A, C} + (A, C,B), (A.19)

where

and they also do not characterize a consistent algebra any more, let alone they violate the lie algebra
axioms. Under these conditions, and contrary to a rather popular but erroneous use, guantities centrally
dependenit on a consistent algebra, such as the notion of spin,. cannot be consistently defimed |, let
alone consistently applied (see Santilli (1978d) for details). This illustrates rather forcefully the serious
physical implications originating from the mathematical loss of a consistent algebra in the brackets of
the time evolution.
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(4,B,C) = (A, (A, B)-{(A,B],C) {4.20)

is called the associator, and (A, B) is the Lie—admissible product (A.7)

Simpler Lie—admissible algebras are those of the so-called /Zex/b/e type, and
they occur when, in addition to axiom (A<), verify the law. Yet simpler Lie-admissible
algebras are the Lie algebras themselves. The simplest possible Lie-admissible
algebras are the associative algebras.

It is easy to see that brackets {A.7) verify all conditions I, II and I11 abaove.
Moreover, the brackets are Lie—admissible because the attached brackets are Lie
{Santilli (oc. cit.),

LU [A,B]U =(AB} - (B,A) =2[A,B]Poissm- (A.21)
or, equivalently, because the attached antisymmetric tensor
shv - g = gy {A.22)

is canonical, and the same occurs for the more general brackets (A.12).

The regaining of a consistent algebraic structure carries rather important
physical implications.

As an example, £g.5 (4.1} do nor adunt a consistent exponentiation inte a Iinfite
group or sewigregp . On the contrary, when written in their equivalent Lie-admissible
form (A.3), they can be easily exponentiated into the form (Santilli (1978a), (1981a))

tostVa H ]
a = {e v )(u) la, (A.23)

s

In particwlar, e azbove siructure leaves lnvariant the equations of Woton .
In fact, from a general property of vector-fields on manifolds we have {loc. cit.)

Iita) =

I:OSW(aVH) (au)
{ e[A } Mta) = Ta), (A.24)

For this reason, structures of type (A.23) constitutes an intriguing generalization of the
notion of Lie-isotopic symmetry {Sect. 1V.9) called ZLie-zdmissible symwetry(lac. cit.).

Also, the broader Lie-admissible symmelry (4.23 represents the time-rate-
or-variation of the energy , exactiy as desired,

_ sV (@ 1) @ )
H =Hita) - {e‘a WY HEa) = v Frar (A.25)

Moreover, exponentiation (A.23) admits the following explicit form
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€
a

tOgHV (aVH) {au}}

A+ 0A, H) /11 + tO%A, H), H) /20 + (A.26)

namely, spumetries (4.24] admit non-Lie, Lie-aduissible algebras in the nejghborfiood
of the Identity.

The above properties signal the birth of a generalization of the entire Lie’s and
Lie-isotopic thecries in a yet more general Lie-admissible form. We are here referring
to a Lie-admissible generalization of the entire Lie’s theory, such as enveloping
algebras, Lie algebras, Lie groups, representation theory, etc.

These studies were initiated by Santilli (1978a), (1981a), (1982a} via a (flexible) Lie-
admissible generalization of the Popincaré—Birkhoff—Witt Theorem {see also Ktorides,
Myung and Santilli (1980)), the Lie-admissible generalization of Lie's First, Second and
Third Theorem, the notion of Lie-admissible group, the bimedular representation
theory (see also Santilli (1979)), and other aspects, with the understanding that so much
remains to be done. For additional mathematical studies of abstract Lie-admissible
algebras, one can consult the bibliography by Balzer (1984).

A.3: GEOMETRICAL PROFILE

As stressed in Santilli's work, pipsical theorres in general, and refativities mn
parucular, are a Simbiotic expression of deeply inter-refated, analviic, algebraic and
geomeic rormy/airons . No truly novel relativity can be achieved without prior
achievement of a generalization of each of these three basic structures.

After identifying the appropriate analytic structure of the equation and their
Lie-admissikle character, Santilli proceeded with the discovering a pet wew gecmelry
(santilli (1978a), (1981a)), he called spmplectic-aduissible geowmetry , which is the
geometric counterpart of the Lie-admissible algebras, in exactly the same way as the
symplectic geometry is the geometric counterpart of the Lie algebras, and the
symplectic-isotopic geometry is the geometric counterpart of the Lie-isotopic
algebras.

Recall that the direct geometric structure underlying the conventional
Hamilton’s equations is the exact, canonical, symplectic two—form (A

W= boy, dal A dgaV; {(A.27)

the geometric structure underlying Birkhoff's equations is the exact, symplectic,
Birkhoffian two-forms

= 4 qu(a) dat A gaV; {A.28)

and the geometric structure underlying the Hamilton-Santilli equations is the isoexact,
symplectic-isotopic two-form on isospace T*E(r,8,A)



& =11 %) w

" dat A ga¥ | {A.29)

ay

Finally, recall that the covariant (geometric) tensor and the contravariant
(algebraic) tensor are inverse of each ather, and that the symplectic (or symplectic—
isotopic) character of the two-form provides the necessary and sufficient conditions
for the cortresponding brackets to be Lie {or Lie-isotopic).

The first point identified by Santilli (loc. cit) in the study of the geometry of
Eq.s (A.3) is that zhe spmplectic geomeltry and related exterior calculus, whether in
threrr canpventional or isotopic rormulation, are niinsically unable to characterize the
Lie-aopissibife algebras,

This is due to the fact that the calculus of exterior forms is essentially

antisymmerric in the indeces, while the Lie-admissible tensors S*Y are not, and the
same occurs for the covariant counterpart

Splta) = (sl , =+ Syy (A.30)

In fact, the construction of a conventional exterior two-form with the above
tensor implies the reduction

Sy dah A da¥ = ta, da Adal, {A.31)

8

namely the symplectic geometry automatically eliminates the symmetric component of
the 8-tensor, thus characterizing only its Lie content.
The main idea of Santilli's symplectic—admissible geometry is that of

generalizing the conventional exterion calculus, say, of two differentials da* and daV
into a more general calculus of differentials called exierfor-adwissible calcuius . 1t is
based on a product, say ©, which is neither totally symmetric nor totally antisymmetric,
but such that its antisymmetric component is the conventional exterior one,

da¥ o da¥’ = dat AdaV + daV xdal, (A.322)

dah A da¥ = - da¥ A dal, dabx ga¥ = da¥ = daaM, (A.32¢)

This allows the introduction of the exzerior-adwissible rorus
8o = dfa), 8 = Qu dal, Sz = & daltodaV, ... (A.33)

The exzact exterior-admissible rorms are then given by

§ = a8, = — dal, {A.34a)



& A aAV
8§, = d§; = — dal e da, (A.34b)

The calculus of exterior-admissible forms can indeed characterize the Lie-
admissible algebras, because they characterize, not only the antisymmetric component
of the Lie-admissible algebras, but also their symmetric part, via the two-forms

v
Syplta) dat o daV =w ya) dat A gaV + S'w(t, a) daM x da , (A.35)

n

Structures (A.34b) were called by Santilli (loc. cit) spuplectic-admissible
twa—rorms  because their antisymmeyric component is symplectic, in a way fully
parallel to the property whereby the antisymmetric part of the Lie-admissible algebras
is Lie. Spaces T*E(r,5,R), when equipped with two-form {A.34b) were called symplectic-
aduissible manirofds and the related geometry spmplectic-aduissible geomelry .

The most salient departure of the exterior-admissible calculus from the
exterior calculus in its conventional or isotopic formulation is that the Poincare’

Lemma no longer hoids, ie., for exact symplectic-admissible two-forms we have in
general

S, =48y, a8, = didly) = 0. (A.36)

In actuality, within the contest of the exterior-admissible calculus, the
Poincare’ Lemma is generalized into a rather intriguing geometric struture which
evidently admits the conventional Lemma as a particular case when all symmetric
components are null.

The geometric understanding of the Lie-isotopic algebras requires the
understanding that the validity of the Poimcare Lemma Witfin the context of lie
spaplectic-isotapic geometry Is 4 necessary condition for the representation of the
conservalion of the total energy under nonfamiltonian internal forces, as putlined in
the main text

By the same token, the geometric understanding of the Lie-admissible algebras
requires the understanding that the Jack of validity of the Paoincaré Lemma within the
context or the more general spuplectic-admissible geometry is 8 necessary condition
for the representalion of the time-rate-or-variation of the epergy of an Interior
dynamical Systen,

By using the above generalized, Lie-admissible, analytic, algebraic and
geometric structures, Santilli then formulated his Zie-adwissible geweralizations of
Gafifers refativity for open nonconservative systems, as stated in the title of the
memoir (1973a), and then elaborated in the monograph Santilli (1981a),

The NOBEL COMMITTEE should know that such generalized relativity has a
bimoduiar structure (Santilli {1979), namely, a structure which, in its most general
possible form, is composed of two inequivalent modular-isotopic actions, one to the
right (forward in time) and one to the left (backward in time), which is one of the most
complex notions of contemporary mathematics, of which we possess today rather
limited knowledge beginning at the pure matheatical level. While the Lie-isotopic
formulations are at an advanced stage, the study of the still more general Lie-
admissible formulations will certainly continue well into next century.
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To conclude this Nomination, in the main test we have reviewed the series of
discoveries that lead Santilli to a Lie-isotopic generalization of Galilei's relativity for
closed systems with nonlinear, nonlocal and nonhamiltonian interior forces. In this case
the abstract Lie character is preserved, but realized in its most general possible form
preserving the original generators. This guarantees the validity of the conventional
total conservation laws, while permitting generalized interior forces.

In this Appendix we have outlined the foundations of a further generalization
of Galilei’s relativity of Lie-admissible character. In this case, the Lie structure itself is
abandoned in favor of a covering algebraic structure, while the emerging generalized
symmetries directly represent the covering notion of time-rate-of-variation of
physical quantities.

The sequential quantum leaps in physical and mathematical knowledge are
then rather evident.
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“It 1s...a hope and a prophecy that this book will soon become
essential knowledge for all those engaged in the development of
science... Professor Santilli’s discussion of the subject
distinguishes itself by completeness, mathematical rigor,
and clarity of physical applications.”

R. Mignani
University of Rome

Foundations of Theoretical Mechanics
and 11

Ruggero M. Santilli, Basic Institute for Research,

Cambridge, Massachusetts
The Importance...

The contemporary conception of Galilei's relativity is

based an systems of particies that are both ciosed—in 1he
sense that they verify conservation laws —and are
Hamiltonian-type.—or have constituents that are ap-
proximated as being point-like. Because most real systems
are non-Hamiltonian. its applications have, for the most
part. been limited to theoretical exercises,

Professor Santilli, drawing from mechanics, geometry. and
algebra, develops a generalization of Galilei's relativity for
closed systems thut considers both Hamiltonian and non-
Hamiltonian internal forces, Based on original research,
Santilli's discovery essentially establishes a new branch of
physics, with important applications in statistical and space
mechanics, theoretical biophysics, particle physics, and
engineering.

The Books...

Volume |, The inverse Problem in Newtonian Mechanics
develops the conditions in which an arbitrary Newtonian
system can be integrated to admit a Lagrangian or,
independently, a Hamiltonian represemtation. In additien,
it surveys results in the field going back three centuries,
Building on the findings of the first volume, Birkhoffizn
Generalization of Hamiltonian Mechanics constructs a
step-by-step generalization of Hamiltonian mechanics—a
generaiization that on one hand, preserves the analytic,
Lie. and symplectic characters of Hamilton's equations,
¥yel, on the other, it expresses the principle in the most
general form possible. This constitutes the foundations of
generalized relativity. The numerous examples and
applications which are cited throughéut the 1ext emphasize
the direct universality of the new mechanics for local non-
Hamilionian systems.

Foundations of Theoretical Mechanics

Volume I

The inverse Problem in Newtonian Mechanics
1978/266 pp. ;5 itlus, /cloth $37.00

(Texts and Monographs in Physics)

ISBN 0-387-08874-1

Volume 1I:

Birkhoffian Generalization of Hamiltonian Mechanics
1983/370 pp. /cloth $66.00

(Texts and Monographs in Physics)

ISBN 0-387-09482-2

The Reviews. ..

Volume I
“Truly epoche-making...It can be said that this is a
remarkable book of highest quality and greatest
importance to anyone who is interested in the progress of
theoretical mechanics,”
—H.P. Leipholz, University of Waterloo.

JOURNAL OF APPLIED MECHANICS
“This outstanding book treats the title probiem, which
is making rapid and significant impact in mechanics as
well as control theory... Reviewer recommends this text
highly."
—L.Y. Bahar, Drexel University, AMR

Volume II:

“l’s all to Professor Samtilli's credit that in the second
volurmie of his treatise he proves the existence of a
mathematical siructure of Lie type capadle of these {non-
potential) interactions.™

“The monograph is =~ excellent completion of the existing

literature. It deserves the attention of all students as well

as researchers, who deal with classical mechanics and;or

fieid theory.”

—J. Kobussen, Swiss Federal Institute for Reactor
Research

&) Springer-Verlag

. New York Berlin Heidelberg Tokyo

L= i 175 Fifth\Avenuc. New York, New York 10010

OFFICIAL ANNOUNCEMENT OF PROF. SANTILLI'S DISCOVERY APPEARED IM
PHYSICS TODAY, ISSUE OF JUNE 1983
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Images of the MEDAL OF HONOR received by
Professor RUGGERQO MARIA SANTILLI

érom the CITY OF ORLEANS, FRANCE, in the

occasion of the First international Conference on

nonpotential interactions and their Lie—admissible
Treatment.

Oriéans, le Mercredi 6 Janvier 1982, & 18 heures.
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