R. M. SANTILLI

21 Settembre 1867

Il Nuove Cimento

Jerie X, Vol. 51, pag. 570-576

R. M. SANTILLI

Imbedding of Lie Algebras in Nonassoeiative Struetures.

BOLOGNA
TIPOGRAFIA COMPOSITORI
1967



Imbedding of Lie Algebras in Nonassociative Struetures (7).

R. M. Santirur (7)

Istituto di Fisica dell’Universitds - Torine

(ricevubo il 31 Tuglio 18967)

4. — Agisknown, there have been attempts to introduce new algebraic structures
in physics other than Iie algebras (I.A.). One of the most interesting attempts is
the Jordan investigation on the «r-number algebras», foday called (commutative)
Jordam wolgebras (C.J.A.} (1), which however have not been successful in  their
physical applieations.

We personally think that a possible reason for this disappoiniment in elementary-
particle physics may be the want of T..A. eondent in the C.J.A. In other words L.A.
should not be abandoned, but might be expanded. For instance the validity of L. A.
for free particles is well known. It may be interesting to investignte the possible
validity of new algebraic structures for an interacting or deeaying region but only
in such a way that the séandard procedures corresponding to the free states remain
unchanged, that is preserving in any case a well-defined L.A. content.

In this conneelion in the present paper we introduce an imbedding of L.A. in
more general nonassociative struetures, we choose a suitable nonasseciative algebra
for our extension and we briefty discuss the possibilities of physical applications.

2. — In the imbedding
(1) LA

of a given LA, L inte any algebra 4, which we call tho extension of L, a useful
intermediate concept for preserving a Lie content is given by the concept of Ide-
admiseible algebras introduced by Arsmrr (%), An alsebra A with produch ab i3 called

¢*) Notes on o lesture given ab the ICTD, Priegte, June 27, 1967,

**y Present addvess: {nivorsiby of Miami, Center for Theorelicnl Studics, Coral Gablies, Flu.

{1y The C.J.A., are nonassocintive olgebras defined by the rolations: 1) ab =ba, ang
H) (@b = a*(ba). They wre subdivided into: i} the speeial C.J.A., which are characterized by the
product ab= {a-b + b)) = %{a., b} (we eall -0 Ghe nssociative product), and ii} the excepiional
.. AL, i.e. thee algebras which are not epeeial, Tor an. extensive bibliography on C.JILA, see I, BRAUN
and M. Kocdrr: Jorddn-Alyebren (Berlin, 1966).

(*) A. A. ALBERT: Trans. A A8, 64, 559 (1948),
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2 IMBEDDING OF LiE ALGEBRAS 1IN NONASSOCTATIVE STRUCTURES (5711

Tic-sdmissible if the algebra A7, which is the same vector space as 4 with the product
al — ba = [&, b], is a Lic algebra. For example, if A is an assoclative aigebra. then 4~
is the Lie algebra in the standard form Jnown by the physieist; if 4 is a LA, with
product ab =a-b—b-a, then A- is still o T.A. with product ab— ba = 2(a-b—b-a)
Hence agsociative and Lie algebras are Lic-admissible. On  the conbrary C.J.A.
ave frivially Lie-admissible, since A7 is always n zere algebra (i.¢. a nilpotent algebra
of degree 2). .

In the following we are inberested in the general case where 4 18 a nonassoeciative
algebra. Then, by using the Tde-admissibility concept. the imbedding (1) may be
performed aecvording to

(2) Lo A™ =4,

that is by tmbedding the considered T.A. I in a nonassociative eatension A such that 47
is isomorphic to L. The insufficiency of the G.T.A. for this bype of imbedding then
appears clear because of the commudativity of the prodnct. Hence we mush seareh
for large algebraic structures.

Ta order of to find the explicit condition for Tie-admissibility, we note that the
product of A7 is anticommutative by construction. Mence 4 s Tde-ndmisgible if
and only if A~ sabisfies the Jacoby identity, that is

(3) (@, b, ] + [b, ¢, @] + [e, a. b] = e, b, a] -+ [b, @, ¢] + T, ¢, 0], a. beed,

where [a, b, €] = (ab)ec— a(be) is the associalor, a quaniity which represents the
amount by which. the elements of a nonassocistive algebra fail fo obey the associative
law of multiplication.

1¢ we introduce flexzibility, & weaker condition than associafivity expressed by
{ab)a = alba) for cvery . b 4, thon the Lic-admissibility condition is given by the
reduced form

(4} [{I, b! C] + [b: Cy a‘] "F" [C: @y b} = 0 E

which looks like a generalization of the Jacoby identity.

There is also the Jordan-admissibility concept () which will be useful for o more
exhaustive characherization of the imbedding. An algebra A with product ab is
said to be Jordan-admissible if the attached algebra AT, which i the same vector
space ag A with the product }(ab+ ba) = +{a, b}, 38 a C.J.A,, that is the following
relaton is verified:

(5) (a2b)a + a(ba®) + (ba*la + a(62b) = a*{ba) + {ab)a® -+ a(ah) + (ba)e® .

Wo note that associative and {commutative) Jordan algebras are Jordan-admissible,
but L.A. are trivially Jordan-admissible sinee A% is a zero  algebra. Morcover an
algebra which is (nontrivially) Lde- and Jordan-admissible is the associative algebra.

3. — Clearly there is a great number of ponassociative Lic-admissible algebras.
In order that our investigation may give rise to an explicit choice with interesting
physical possibilities some smitoble supplementary conditions on .4 musé be intro-
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duced. In the present paper we eonsider the case when A is power-associative, trace-
admissible and normed; then the simple nonassocisbive extensions 4 are only the
noncommutative Jordon algebras (N.CL.J.A) (%) and among them (1) the mosk in-
teresbing Lde-ndmissible algebras are the (split) quasi-essoeialive algebras AR ().
that is algebras eharacferized by the free gealar 4 and the produet

(B) a.b=Aa-l)+(1v~,l)11'ﬁbmﬂ.[a, +ba,

whieh. constitute the basic algebras of the N.C.J.A.

Tndesd (*) the only power-associadive, simple and trace-admissible algebras are:
i) the C.J.A.; ii} the quasi-associative  algebras; i#i) the fexible aigebras of
degres 2 (). Furthermore (ScHAFER (19535) () every N.C.J.A. s power-associative
and trace-admissible, and every Hexible Jordan-admissible algebra is o N.C.JA,
while (McCrimmon (1965) M) every normed algehra is o separable N.C.J.A. Pinally
we note that (Scmarer (1965) (™) the radical B of a N.C.J.A. coincides with the
radical of tHe Jordan algebra A%, 4 © R is semi-simple and may be cxpressed a8 &
direet sum of simple aigebras.

The Jordan-admissibility concepié has the following property (*}: when 4 s
power-associative and irace.admissible, then A is simple i and only if A7 g gimple.
Consequently the imbedding (2) may be used for simple L.A. L

(7) Liwr A7 A AT

the preservation of the simplicity for a power-associative trace-ndmissible exten-
sion A is guaranteed by the simplicity of A, 4 and A7 also possessing the same
radical. Our choice of power-associative trace-admissible algebras, that is the algebras
of quasi-associative type, concorns algebras which are simultanconsty (nontrivial)
Tie- and Jordan-admissible as the associative algebras. Indeed b — ol = (24— 1)-
{a-b—1b-a) and F(ab-t+ ba}= 3 (a-b+b-a), Farthermore A1) is isomorphic o an
associakive algebra; A(0) is antiisomorphie to an associative algebra and A(d) s
isomorphic to a special C.J.A. However in the A(2) algebra shere is no finite value
of A to reduee the product () to the commutator {"}, which lessens the physical
interest. In this connection we now investigate a generalization of the A1) algebras.

4. — Let A be any algebra with produet ab over a ficld F' and A, g he free scalars
belonging to 7. We define the algebra A(A. ) bo be the (4, g)-mutation of the original

(*) The N.C.J.A. are nonassocintive algebras neither anbicommutative nor commutative defined
by the relations: i) (aba = a(ba), and i) (2 hya = a¥{ba). They were firsb defined by R. D, Seua-
FER: Proc. A.ALS., 6, 472 (1955). See also: BRAUN sud Koxcime (1); K. D, SCHAFGR: Adn
Introduction to Nonassociative dlgebras (New York, 1866}; Proe. A5, 9, 110 (14955); Trans,
ANMS,, 94, 310 (1960); T, A, KoRORIS: Froc. JALE., 9, 164 (1968); Cenod. Jowrn. Math., 12,
448 (1960); . J. Paige: Pori. Math., 16, 15 (1957); R. X, Opayce: Trens, A.01.8,, 87, 226 (1048);
Proc. A,M.5., 12, 151 (1961); K. MeCRIMMON: Pacific Jowrn. Math., 15, 025 (1965); Proc. .08,
17, 1455 (1966); Trans. A8, 121, 187 (19606),

(1) The simple NG AL of charactoristic zero (we consider only nlgebras and fields of eharac-
torigbic #oro) have been classified by SCHAFER (1935) %) according to: i) the simple C.F.A.; iD) the
simple quasi-associntive algebras; i) the simple flexible algebras of degree 2.

(%Y A. A, ALBERT: Proc, N. 4.8, 35, 317 (3949).

(%) Howevor, for i-+oo, alb—+[a, bl The author is indebted to Prof. A, Sasam for this remark.
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algebra, that is the same vector space as A but with the product (7)

A=g-+p,
(8) (@, D) = Aab 4 pbo = ola. b1+ o{e, b}, e
‘££=G"“‘Q.

‘We see clearly that: i) A{1, 0} is isomorphie to .4 ; ii) 4(0, 1) is antiisomorphic to d;
il A(1,—1) is isomorphic to A~; iv) A{}, }} is isemorphic to A*; v} A(d, 1—2)
is isomorphic to the l-mubations of 4.

Theovem 1. A{d, u) 1s power-associative for every 13 —u if and only if 4 is
power-associative and for 1= —p it is trivially power-associative. Proof: the
identities [a, @, 6] = 0 and [a, a, 6®] =0 are sufficient to guarantee the power-asso-
ciativity of an algebra (for fields of characteristic zero as in our case). The power-
associativity of A (4, u) is then easily reduced to the validity of the above relations
Tor 4.

Let us also note that the algebras A(2, p) satisfy the relation

9 {a, a) = yaa (p=2=A1+u,

namely powers in A(A, #) and 4 do not coincide for y5=1. This is the first esson-
tial differenee between the (A4, x)- and A-mutations of an algebra. If 9=1 then
the (4, p)- and Z-mutations are equivalent. Indeed

(@, D) = gla, 0]+ 3{a, 0} = (o + $)ab -~ (}—g)ba = Aab+ (1 — L) ba

for A==p-+ 4.

Theorem 2. A(A, p) is flexible for every A, pe ¥ if and only if 4 is flexible
Prooj: we have

{{a, b), a) == *ab)a 4 Ap(be) a 4 Aueteb) + pta(bae)
and
(@ (b, @) = 22aba) -+ Aualed) + Apba)a + Au(baya - pi(ab)a .

Henee, if (ab)o = albe), then {(a, b), ¢) = (@, (6. @)).

Theorem 3. A{4, p} I8 Lie-admissible for every Az p if and only if 4 is Ede-
admissible. Proof: A~ and [A(4, x)]- are defined by the respeetive products ab - ba
and (&, b) — (b, @) = (} — p){ab — ba}. Hence for 1=£p [A(Z, )]~ is isomorphic to the
isotopic algebra £* () with product e b— bk a= (1 — w)al— (1 — w)ba.

TFor A== u, A(4, 1) is frivially Lie-admissible.

(") TFrer the case with A =associative algebra sec also: 11, M, SanTinLi and G, Sorniawi:
A slalistics and parastalistics formal uwificefion, to appear,

(*) Given an algebra - with produch ab and an invertible element ¢ we can form an algebra ¥,
called the dgsolope of <I, with the product a# b= ach. As o particular case we may have ¢ = i,
whoro «is a free {aonzero) scalar. 'Uhen the new multiplication in 4* is simply « Gimes the olé malbi-
pHeation in d4: e+ b = aud.
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Theorem 4. A(k, ) is Jordan-admissible for every A= —p if and only if 1 is
Jordan-admissible. Proof: A* and [A{1, ©)]* wmre characterized by the respective
products % {ab + ba) and 4[{a, )+ (b, ¢}]=1% (A4 puMab - ba).  Henee [4A(4, p)]t is
isomorphic to the isotopie algebra A*¥ with produet §(a#b+4-b3ka)==1 (A p)(ab - ba).

Tor A=-—pu, A(X, p) is trivially Jordan-admissible.

Theorem 5. If U= A(A, w), then, for 1 + pu, = Ta, f), where o= A/(A*— i%)
and §= pf{ut—A2). Proof: sinco

(@, b) — (b, &) = (A — p}{ab — ba) and (@, D) - (D, @) = (A -+ p¥ab 3~ ba) .

we have

— (a b) + — L (b, @)
. jZ

(10) th ==

@

At 2 )%

Theorem 5 has the following consequences: as for the A{1) algebra (), if I is o
two-sided ideal of A, that is ba and ebe B for every be X and ee d. then (a.b)
and (b, @)eR. It A=B®R, then Al p)==B(d, p)@ R(A, p). Bld, p} Is solvable
(nilpotent) if R is solvable (nilpotent), and the maximal solvable ideal of A (A 1)
coincides with that of 4. Henece A (4, x} is simuple if 4 is simple, and (4, #) can be
given as a direct sum of simple algebras when the radical is zero, if the same ocours for 4.

The possikle interest of the (2, u)-mutations for physical applications is essentinly
given by the mutations of associative algebras 4. In this ease it is easy to show
that A(A, ) is » realization of the N.C.J.A., since it Is flexible and Jordan-admissibie,
Turthermore A(A, p)} is an algebra of quasi-agsociative type (for A5 — ), indeed
the associntors in A(A, p) and [A(4, )" are connected by the relation fa, b. t] =
= (1— &) [, b, 617, where &= ((A—m)/(A+ ) ¥ is the diseriminant of the algebra
(McCriamow (1966) (%)) ().

The (4, p)-mubations of an associative algebra satisfy the following cssential
relations:

i) {ab)a= a(ba),

iy {a*d)e = a®{bo),
{11)
i) e*=yae¢ (yei),

iv) [a. b, 6]l [b, e, al + [6.0,0]=0.

where i) and i) are the fundamental relations of the N.C.J.A.. 1ii) connects powers
in the assoeiative algebra and powers in the corresponding mufakion, and iv) rep-
resends the Lie-admissibility condition for flexible algebras,

(%) The author is indebted to Prof. K. McCriMMoN for o very kind lotter (of June 12, 1967), wiere
the conneetions bebween she (4, ) and A(2) algebrag ave explicitly investignfed. McCrivsoN
notes thaé for 4, o0, by pubiing z=120, A'=3afr and p'= pjr, We hove A+ p'=1. 'Then
(e, ) = Aza-b+ p'zhra = Au* b4 {1 —1)p* @, Mence (A, p) is just ihe (#HZe)mubation of the
isotopic algebra «i*, i.e, .i(4, p) is isomorphie to 4*(1/20). In addition we nebe thab, sinee ¢ == A+ p,
the isotopic algebra «(* charactorized by tho product a* b= (A4 p)eb is the zera algebra for
A= —p. Furthermore for 4 = - pu (1, ) corrcsponds to the co-mubalion of the A* (zcro) aigebra
(scc algo footnote (). Mence the (4, ») and .i(3) algebrag arc equivalent for every A¥ —p,
while 4ho case A= — x corresponds to the explicit Lie content of the LI{2, p) alzebras which oceurs
when the diserimiznant has the degenerate value oo,
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Phesrem 6. TF (A p3 1s an algehra ol quasi-associative type. then (4 u) is
solvable if it i a nilalgebra and it is strongly nilpolent if it is solvalle; the radical
RiA, ) s the maximal selvable ideal such that A(A, p) © R{A, p) is semi-simple and
Tias o nonzero nilideals: every semi-simple A(2, p) algebra can be given as o direed
sum of simple algebras. Prosf: The above gtabernents hold for A-mutabions of an assoe-
ciative algebra (3). Hence they also nold for TAN(A 4 p)yl-mutations of the isotiopic
algebras A* with the product a¥-b== (A p)a-b.

For the ease A==-—zu we prave the following

Theorem 7. If =10, then relations (11) define a Tic algebra. Proof: If y =10,
the condition «f = 0, which is the first relation for L.A., implies that the product
is anticommutative. i.e. @b ==—ba. Then the Lie-admissibility condition hecomes
the Jacoby identity, since [a. b, ¢] + th, e, a]-F fe, @, bl == 2[{ab) e+ {be)a + (ca)b] = 0.
Turthermore fexibility becomes inessential sinee all Lie algebras ave flexible, and
condition i) is trivially satisfied since a®=10.

We conelude by noting that starting from a given Lic aigebra which is the (1, —1)-
mulation of an associative algebra, it is possible to perform an imbedding according
Lo (7) by taking as extension the (4, s)-mutation of the original associative algebra,
while the iwo-sided ideal, the derivations, the automorphisms and many other
charactoristics remain unchanged. In addition the given mathematical ool presents
two free quantities belonging to the field whick may have some physical intevest.
Partieularly the (A p)product may be wsed: i) in the goneral form (u, )=
= ola, ]+ o{a, b}, d.e. with two free sealars; ii) in the reduced form {w, ) ==
= eos o [@, b} + sin a{a@, 0}, 4.c. with fthe supplementary condition g*4-0*=1;
iii) in the contracted form (e, b= (@, b] + o {a, 0}, ie. p=1 and only the senlar o
is free for « perturbation» of the Lie content.

Turther investigations on the A(4, p) algebras particularly for what concerns
the explicit construetion of the basis, the classifieation of 1he matrix representations
and the Pierce decomposition are in progress.

5. — Leb us now discuss the possibilities of physical applications. At @ classical
tevet for nonconservative systems (1) there s already a physical applieation of im-
bedding (2) given by pseudo-Hamiltonian mechanies, introduced by DUFFIN,

where the Poisson bracket may be imbedded in the more general Tie-admissible
n

form (11) (@, D)o = > (A0a/3q,)(b/eps) + 1(dejOp:)Bb[oq))-
el
Al a quantum-mechanical level Tor elomentary-particle interaeting or decaying
regions {1%) there are many problems to be investigalied in order to cvaluabe the pos-
sibilities of application of the given procedure. Among these problems one of the most
srucial is the possibility that imbedding implies a change of the statistical Bose or
Termi character of the particles in inferaction or decay ().

(*%) Clenriy for conscrvabive systems thoe fTamiltonian mechanics and Lic algebra are compivtely
gatisfactory.

¢1) R. M, SANTILLL: Somc remarks on peeudo-Ieoniltonian mechanics, to appear,

(1*) Of course for free states Lic algebras are completely satisfactory. 'Their validity however
beenmes probiomalic for the same parbicles is internctions of for problems ike the relalivistic extendion
of the internal symmebries where infinite parameter Lic algebras occurs, Hee for instance: 3. Tronr-
MANVR: Czech. Jowrn. Phays,, 13 16, 1, 281 (1966).

(") ¥For instance, in the decay w—-i+v there in the transition from bosons to fermions, which .
leaves open the problem of charncterization of the decaying region frem a stabisbical vicwpoint (7).
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In this conneciion the following approaches are being attempled:

iy p—~1, o—0 {or the « angle» 2—0). In this casc it is possible to inves.
tignte the conncetion between the given proeedure and the approximation methods
or the « neighbouring algebras» by SEGAL (.

i) g, o = fiwed quaniitics (or o= fized «angle »). In Lhis case, Dy recatling
that the Fundamentat representations of the 81, Lie algehras are closed under both
sominutators and anticommubators {hence they ave closed also for tho A{i. g}
algebra), it may be inferesting to investigate the imbedding of the S U, {or ST
model in order o see if the given procedure may give & contribiwtion to the preblem
of the (non) observability of the quarks and # more exach mathematical chavacter-
ization of the physical numbers. Clearly it may he interesting also to investigato
the imbedding of the squal-lime commuttation relations, current algebra and sum rules.

iii) g, o == variable quoniities (or «= variable « angle »}. In this case it Is pos-
sible, for instance, to consider a plysical region with o everywhere zero (i.e. we
have L.A. everywhere) and only 2 well-defined {and limited) reglon of validity of the
imbedding with ¢ ¢ (ov 3= 0). In this last ease the physical aceeptanee of tho
procedure might be allowed by the indetermination prineiple.

W ok

The author is indebted o Prof. G. WATAGHIN for continuous encouragerment.
Thanks arc due to Profs. A. SALAM, R. Raczxa and 1. T. Toporov for interesting
conversations during o sbay ob the I0TP, Trieste in June. Thanks are also due o
Profs. M, Korcanr, T. Bravn and K. MoCRIMMON for some very interesting cor-
respondence on mathematical problems.

{14 1, B. SeGaLn: Dule Auth, Journ., 18, 221 (1951
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