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Summary. - As is well kmown, the notions of symmetries and Wigner’s theorem con-
stitute some of the ultimate foundations of quantum mechanies. Nevertheless, the
theory is eruecially dependent on the simplest possible realization of Lie’s theory, that
via unitary linear or antilinear operators, which is characterized by enveloping associative
algebrag & of operators A, B ... with trivial associative product 4B, A series of recent,
mathematical and physical studies have established the existence of the Lie-isotopic
reformulation of Lie’s theory, which is based on enveloping algebras & that are still
assoctative, yot are realized via the less trivial associative-isotopie product d%B = 4¢gB,
where g is a suitable, fixed, operator. I'urthermore, it has been proved that the Lie-
isotopic theory can be consistently formulated on a Hilbert space, by providing realistic
possibilities of aehieving o generalization of guantum mechanics known under the
name of «hadronic mechanics». In this paper, we present the notion of Lic-isctopie
Iitbing of waitary linear and antilinear symmetries and of Wigner’s theorem within the
contoxt of (the closed-exterior branch of) hadronic mechanics. The results are applied
to the isotopie liffing of the operator formulation of the rotational symmetry. It is
shown that the generalized symmetry can provide the invariance of all possible el
lipsoidical deformations of spherical particles. This confirms the gencral lines of ha-
dronic mechanies conjectured earlier, that space-time (and other) symmetries can be
exach for extended particles, provided that they are expressed in a structurally more
general way (isotopic-unitary), while the same symmetries ean e violated when expres-
sed via the simplest possible (unitary) realizations for pointlike approximations,

(*y This wark has been supported in past by the U.S. Department of energy under contract number
DE-ACO2-80 10651 A002,
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As is well known, unitary linear and antilinear symmetries and Wigner's theorem (14}
can be soen as the ultimate foundations of quantum mecanies, from which the dynamieal
stracture and the rest of the theory follows.

Nevertheless, the results are crucially dependent on the simplest possible character
of the assumed realization of Lie's theory, that in terms of the conventional enveloping
associative algebras & of operators A, B, ... with trivial associative product 413,

Recont studies have shown the existence of the so-called Lie-isotopic theory (518,
whieh is essentiaily characterized by enveloping algebras & that are still associative,

(y H. WEYL: Gruppentheorie und Quanienmechanik (Licipzig, 1928).

(*) J. vonN HRrUMANN: Grundlagen der Quoumlenmechunil (Berlin, 1931).

(*y E. P. WioNzr: Group Theory and iis dpplications to the Quantum Mechanics sf Alomic Spectra,
(New Vorls, N. Y., 1959h

(4) Tor additional carly treatments of Wigner’s theorem, see, e.g., U. UHLHORN: Ark. Fys., 23,
307 (1962} and V. BaroMany: J. Math, Phys. (N. 1), 5, 862 (1864). Tor more recent treatments,
see, a.g,, L. Fonpa snd G. O, Grinarol: Symmetry Prineiples in Quanlum Physics (Now Yorl, N. Y.,
1970).

{(*} The notion of isolopy of dbsiract Algehraes is rather old, and dates back to the emly steges of
get theory, e.q., via the so-called Latin Squures {see R. H. Brock: 4 Swrvey of Binary Spstems
(Berlin, 1958)). The notion was extensively applied to a number of algebras, most netably, to the
(commutative and noncommutative) Jordon algebras (see, e.g. K. McCRIMMON: Pacific J- Math..
15, 925 (1965)}. Nevertheless, its applicaiion to Lie¢'s thieory remained ignored in mathematieal circles
for considerable time. The first appiicolion of the isolopy to Lie algebrn appeared in the physical
literature in memoir (*) where the terms Lie-isolopic fheory wero firgé proposed, jointly with tho
reformulation of the essential structursl theorems (Poincaré-Birkhoff-Witt theorem on the haosts of
the isotopic cpvelope; Lie's first, second, and third theorem for the Lie-isotopic eommutation rules;
Balker-Campbeil-ilausdorif theorem for the composition taw of isotople Lio groups, eto.). An up-
dated review of the (rather limited) current knowledge appears in monograph (). An additional
review within the context of the broader Lic-admissible generulization of Lde's theory appesrs in Mmone-
groph (%), The first physical applications were for symmetrics und appearcd in the original proposal ().
More recent physical applications have been presented in ref, (%'°) (isotopic lifting of the rosations),
ref. (1) {isotopic lifting of the Lorentz symmnetry) and ref. ('?} (isotopic lifting ol gauge aymmetries).
Mathematical studies on the Lie-isotopie theory initiated ot the yearly [Workshop on Lie-admissible
Formadations (Y}, (see also Tomber's Bibliography (14).) For more spoeeiile mathematical stwdios
we sugzest ref, (878),

(") TR. M. SanTieri: Hadronic J., 1, 283 (1978) (see also Phys. Rev. D, 20, 555 (1979).

() R, M. SanvTiLill; Foundations of Theorciical Mechanics, 11: Birkholfian Generalization of Hamil-
lonian Mechomics (New York, N. Y., 1982).

¢y H. M. SaNPILLI: Lie-admissible dpproach o ITadronic Strueture, TX: Coverings of the Gulilel and
Jotnslein Relalivities? (Nonantum, Mass., 1982).

(*) . M. SANTILLL: Lie-isolopic Lifting of Lie symmelries, 11 General Considerations, 1.B.R. Preprint
DE-83-2 (1983), submitted for publication.

(1) . M. SANTILLL: Lie-isolopic Lijiing of Lie symmetries, I1: Lifiing of Rotations, LB.LR. Preprint
D-83-3 (1983), submitted for publication.

(1) . M. SANTILL: Letl, Nucvo Cimento, 37, 545 (1983).

(') M. GaspeRrINi: Lic-isolepic Lijting of gavge theories, University of Bologna preprint, in IHadronic J.
(i press).

(*) Proceedings of the Second Workshop on Lic-admissible Formulations, Velame A+ Review Papers,
Hadronde J., 2, 1252 (1979); Volume B: Rescarch papers, Hadrowic 7., 3, 1 (1979); Proceedings of the
Phivd Workshop on Lic-admissible Formulations, Volume L Melhematics, Hadronic Sy, 183 (1981);
Volume B: Theorelical Physics, Hadronic J., 4, 608 (1081); Volume ¢': Ezperimental Physics and
Bibliography, Hadronde J., 4, 1166 (1981); Proceedings of the First Indernalisnal Conference o Non~
polential Intervclions and Their Lic-admissible Treafment, Vol. i Inviled poapers, Hadronic J., 3,
245 (1982); Vol. B: Inviled papers, Hadronic J., 5, 679 (1982); Vol. C: Coniributed papers, Hadronic J..
5, 1194 (1982); and Vol. D: Coniribuled papers, Hadronic J., 3, 1627 (1982).

(*) M, L. TouBsr e al.: Hadronie J., 3, 507 {1979); 4, 1318 {1981} znd 4, 1444 {1981). .
(1% G, BeNKar?, J. M. OsBorN and D. J. BrurrsN: Hudronde J., 4, 497 (1981).

(*) H. ¢, Myune: Hedrenic J., 8. 771 {1882),

(17} J. M. Osuvond: Hadronic J., 5, 964 (1982).

(Y A, A, SacLi: Hadronice JJ., 5, 1548 (1982).
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although oxpressed via the less trivial product 4%B = 4¢P, where ¢ is a fixed operator
verifying certain topoelogieal restrictions. The lifting ¢ — & evidently fmplies a general-
ization of the virtual totality of Lie’s theory, from the structure of the Lie product, to
the structure of the Lie group, to the representation theory, ete. More recently, the
Lie-isotopic theory has resalted to admit a consistent formulation on Hilbert gpaces,
by therefore confirming the hopes, at least on theovetical grounds, for a generalization
of quantum mechanics called « hadronie mechanios » (19-99),

In this paper, we shall present a conceivable isotopic lifting of unitary linear and
antilinear symmetries and of Wigner’s theorem. We shall then indicate the plausibility
of the oxtonsion as reprosenting the extended and therefore deformable character ol
physical particles. Deviations From conventional, quantum-mechanical, symmetries
will then result to be mere expressions of the ingufficiency of pointlike approximations.
To avoid excessive expectations, we would like to stress that a considerable smount
of additional, mathematical, theoretical and experimental work is needed to reach o

(**) The proposal to construct a generalization of quantum mechanics under the name of hadronic
mechanics was submitted in memoir (2%) immediately following that on the Lie-isotopic (and Lie-
admiesible) theory (*). The samoe memoir presented tho Lie-isnfropic gencralisaiion of Heigenherg’s
equations (for the exterior, closed trestment of systems of extended particles), that is at the founda-
tion of this work, ns well as their Lie-admissille generalization (for the ecomplementary interior treat-
ment of open constituents), A systematio study of this dual, complementary, Liv-isotopic and Lie-
admissible gencralizations of quantum mechanics was then initiated at the Yearly Forlshous on lfie-
admissible Formulafions (42) (see ulso vef, ('}, The literature in the ficld is nowadnys considerable
and expanding, We limit here to the indicntion of rof. (3) {on the peneralization of Heisenberg's
uncertainty prineiple for the intorior of hadronic matter), ref, (%) (on the application of hadronic
mochanies to the deformation of extended particies), ref. (**} (on the use of hadroanic mechanics for
the construction of o nonpotential generalization of tio contemporary seatfering theory), rel. (*4)
(on the generalization of the Wock space), ¢f af. Referencves (0.2 are particularly relevant for this papoer
inaemuch as they reached a Hilbert space formulation of hotlh, the Lic-isotopiefexterior and the Lie-
admissiblefinterior treatments, Referenco (*7) succceded in reaching an operator fermuiation of the
classienl Narebu’s mechanics. Intriguingly, the underlying envelope reawlts to be of a particular
isotopie type (*). Thus, Kelnay's quenticetion of Nambw's mechanics Is intimatety related te hadronie
mechanics (and not to ordinary guantum mechanics). A number of additional contributions are in
press at the Proceedings of the First Workshop on Hadronic Mechanies (%), Tt should be stressed theb
the TLde-isotopic lifting of unitary symmetries submitted in this paper is & particular case of an ex-
peeted. more general, Lie-adwmissible formulabion of symmelrics for the representation, this time, of Lime
rale of variulions of physical quantifies. This Turther genoratization, which appears to be permitted by
the Lic-ndmissible bimodule (**), would provide the notion of symmetry for all known dissipative
generelization of Schrédinger’s equations (*!) owing to the universatity of the Lio-admissible formuln-
tion of nonunitery time evolutions {*?) as well as the direct proofs of their Lic-admissible eiarscter (28,24
(*') R. M. San7miLL: Hadronic J., 1, 574 (1978).

(*1} R. M. SANTILLI: Hadronie. J., 4, 642 (1981).

(**) G. Bopsr: Hadronie J., 4, 2018 (1981},

(**) R. Mrowant: Hedropdc J., 5, 1120 (1982),

(**) A. JAnNNUSsIS, G, Buobpimas, D. SoURLAS, A. STRECLAS, P, Siaranicas, L. PAPALOOUOAS
and N, Tsakeas: Hadronic J., 5, 1923 (1952).

(**) H. €. Myung and R, M, SaxTiLLi: Hadronic J., 5, 1277 (1082).

(**) H. C. Myune and R, M. SanNmLL: ffadronic J., 5, 1377 (1082},

(") A, KanNay: Hedronic J., 6, 1 (1983).

(**) A, KaLnay and R, M. SANTILLL: in preparation for ref. {1*),

(**) J. FrONTEAV ef al,, Editors, Proccedings of the First Workshop on Hadronie i echanics, HadronicJ.,
Vol. 6 (1983}, to appear.

(**) R. M. SaxmiLui: Hadronic J., 3, 440 (1979).

(*') P. CALDIROLA: Dissipation in quaniim theery (40 years of research, University of Milano preprint,
invited paper for Proceedings (2*) (see also the contribution i the same Proeecdiugs by R. Boniracro),
(**} R. M. Sawrinui: Hadronic J., 2, 1460 (1979), p. 1820.

(*} A, JTANNUBSIS, G. BRODIMAS, V. Pararanouv and H. I0ANNIDOU: Lo, Nuovo Ciments, 38, 181 (1883) B
and invited paper in Proccedings (2%).

(*) R, MieNan1: Letl. Nuovo Cimenio, 38, 169 (1083).
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final assessment of the possibilities offered by hadronie mechanics in generalizing
quantum-mechanical symmetries. This papor, therefore, should he considered as a mere
indication of these possibilities. ‘

Tt T be an operator that preserves all the essential topological propertlics of a
positive-definite constant., For tho rudimentary objectives of this work. it is therefore
sufficient to assume hercon that 7' is a nonsingular, (conventionally) Hermitian and
positive-definite operator. More rigorous mathematical treatments {e.g., via essential
self-adjointaess in a cemmon, invariant, dense, domain, and other means) are not needed
for this work, and will be left as possible future refinements.

T'ollowing ref. (3}, we ghall now introduce the isotopic lifting 2 of the Hilbert space 5#
of quantum mechanics, with vectors 4, @, ..., inner product

{n ($19) = (8|T19) = (§|T) = (T4|P) e €

and normalization (q‘;i @) = I, where all symbols without the upper hat denocie the
corresponding quantity (or operation) in ##. Note that, under the assumed restrictions
on T, #2 is still & Hilbert space. Noto also the possibility that ' is a positive-definite
funetion.

The first implication of the lifting +# -+ # is that of generalizing the conventional
transition probabilities according to the expression

(2) Wi = [(F1 )2 = |(#ITI6) PR .

Next, we consider the enveloping asseciative algebra & of quantum-mechanical
{Hermitinn) operators A, B on C whose composition iz given by the simplest possible
associative product AB. Following ref. (8), we now subject & to an isotopie lifting &
characterized by a new unit, say, I, with inverse gt 7, p, ) = At 7, p, .00, Tor reasons
to be claborated shortly, we assume that the isotopic element g (or, equivalently, the
unit {) is nonsingular and Hermitean, but not necessarily positive-definite (*). This
implies that the fundamental enveloping associative algebra of operators of hadronic
mechanics is given by the isotope & with (associative) product 44 B = AgB; and (lefd
and right) unit f, T d = AwF = 4, for all 4 &, Jointly, we shall consider the Iiff-
ing C of the field € of complex numbers with eomposition Ewld =C8 ey, (A =
= c¢fgd = e¢A. The corresponding lifting of the inner product (q‘:i’\zﬁ) - (zﬂf;)f will
be ignored beeause inessential for the eclosed exterior treatmuont of this paper (%) (with
the understanding that it romains cssential for the complementary open interior
formulation (20)).

Finally, and following ref. (25}, we shall assume $hat the action of the algebra & on
the space 7 is characterizell by the modular isotopic formn As ¢ = Agd, i.e. by the
isotopy of & (and not that of ). Thisis due to reasons of cousistency of the theory thak
need not be reviewed here, Note that wo consider the lifting & as well as #, while
ref. (%) deals with the more particular caso of an isotope & acting on » conventional
gpace &,

The isotopic generalization of the various operations of a Hilbert space (transpose,
Hermitian, unitary, antinnitary, trace, determinant, ete.) was studied in detail in Tef. (*).
Their re-formulation for our case of dual isotopy isstraightforward. We shall, therefore,
resirict ourselves to reviewing only the operations necded for our work.

The operation of isetepic, linear, Hermilean, adjoint is defined by

o~

(3) (4 ¢19) = (¢]47= )
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and can be written (The{.)rem 2.3, vel. (*), p. 1293)

) (AgpiT) = (Hlga? TH) = ($|T4Tgp) ,

by therefore holding if and only if

(5) At e g gt T

LEvidently, an operator 4 is isotopie, linear, Hermitian when 4 = AT,
Simitarly, the operation of isctopie, aniilinear, Hermitean, adjoint is defined by

(6) (A xp|9) = (¢4t %),

where the upper bar denotes complex conjugation, and where the use of reduction (4)
is implicit. The proof of the following property is then trivial.

Proposition 1. Under the condition that the isotopic element of the envelope coincides
with that of the Iilbert space (by verifying all the restrictions of the latter, g = T)
the isotonic lincar and antilinear, Hermitean, adjoints coineide with the conventional
adjoints, e.g., A% = A*. Under these conditions, physical quantities that are observable
in quantum mechanics (¢.g., linear Hermitian), remain observable in hadronie mechanics
(e.g., isotpic linear Hermitian}.

Ag o result of the above property, the case ¢ = T is evidently relevant. Nevertheless,
the more general case g % T should not be precluded, for instance, when the lifting of
the Lorentz symmestry is desired (1) jointly with the condition that 5 be a Hilbert
space. Wo shall, therefore, continue our analysis for the more general case g £ 7'

Next, an operator U is called isolopie, linear, unitary, when it verifies the condition

{7) ([7 :kqﬁ[@:k'lﬁ)::(‘Twﬁ),
which can be wrilten
(8) (Ugp| TTg3) = (plyT TTgp) = (9 T'9)

thus lkolding if and only if the following conditions are verified:

(%) O (d49) = 6% (U 2 9) = o{ Og)
(95) s 0=020"=1,

where we have used eqs. (),

Note that, oven when the theory admits one, single, but nontrivia lisotopie element
g = T, the notion of linear unitarity remains generalized.

Similarly, an operator & is called isolopic, aniilinear, unifary when it verifies the
condition

(10) (£ 2@ F wp) = (§]9),
which can hold if and only if the following conditions are verified:

(11m) Ux(@sp) =32 (0 ) =aUgh),
(11B) O 0=0s0F =1,
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The isotopic, linear, unitary eperators provide the following fundamental vealization
of the Lie-isotopic theory (%) (see alse Theorem 2.17, ref. (%), p. 1305)

(12} & = U,(0) = exp [{i0X}]|g = I + if_;{lf + @_{)‘;gfmm

= [exp [(iXg0)|g]] T = I[exp [(i09X) 1], X=1x".

The operators U, therefore, constitute a continuous, Lie-isotopie, transformation group
in one parameter, G(1). For the extension o wm parameters see the guoted literature.
Note that the conventional unitary transformation groups of quantum mechanics are
a trivial particular case of their isotonic coverings. (To avoid possible misrepresentations
of the Following analysis, a sufficient knowledge of the Lie-isotopic theory will be
tacitly assumed hereon.)

The isotopie, antilinear, unitary operators provide a realization of the discrete part
of the Lie-isotopic theory, e.g.,

(13) F=0xE, E=ri, O'=07,

where X is the conventional operator of complex conjugation. At this point, the reader
intorested in acquiring familiarity with the new teclhniques may work out the isotopic
lifting of the conventional theory of antilinear unitary operators, e.g, prove ibat (iso-
topic} squares of isotopie, antilinear, unitary operators are (isotepic) linear unitary.

According to postulate IT of ref. (2%}, states of hadronic mechanics are represented
by dsotopic unit veciors &, B, ... of #. The association, however, is not one-fo-one, 2s in
the conventional case, To by-pass this difficulty, we, therefore, introduce iselvpic unit
rays x’i\; = & % 9 == ¢, where @ is a fAxed isotopic unit vector and ¢ varies in € under
the condition |¢] = 1. Lvidently, ((@T«T))i = (t;’o'i #)| by construction. The asseciation
of isotopic unit rays to states of hadronic mechanies demands the lifting of superselection
rules and the decomposition of # into orthogonal, coherent, subspaces This latter lift-
ing is not essential for this paper, and, for breviy, its study will not be conducted atb
this time. Nehertheless, we shall ftacitly assume that the isotopic Hilberi spaces con-
sidered verify all the restrictions needed for the conventional formulation of Wigner’s
theorem (e.g., coherence).

The isotopic lifting of the notion of symmetry of quantum mechanies, as defined,
for instance, in Tef. (%), can then he formulsted as follows.

Definition 1, Let 2 and ' be two {not necessarily different) isotopic Hilbert spaces
charactorized by the same (nonsingular, Hermitean, and positive-definite) isotopie
oslement T, An isotopic transformation is a one-to-one map G — # of unit rays
C]\J € # onto unit rays '1)" e # characterized by the modular isotopic action t:f)’ =G :L =
s Gg?{) with ¢ being a second {nonsingular, Hermitian, but not necessarily positive-
definite) ispfopic element generally different than 7. The transformations so defined
besome isofopic symmetries when they verify the additional condition of preserving the
hadronie probabilities, |((’f)'] tT)’)| = [{c’;\)‘i:]:a)i

The formulation of the isotopic lifting of the inverse Wigner's theovem is now trivial,
In fact, all possible isotopic, linear or antilinear, unitary transformations on 5 are
isofopic symmetries. The proof of the direet theorcm, however, is not trivial in the
conventional case, and a similar situation oceurs under isotopy. ’

The proof, however, is greatly facilated by the foliowing property.
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Lroposition 2. Within the econtext of the exterior/Lic treatment of closed systems,
fields, Wilbert spaces, enveloping algebrag of operators, unitary linear and ansilinear
transformations, the notion of symmetries and obther quantities of quantuwm and
hadronic mechanics admit a single, nnified, realization-free formulation.

This is due o the fact that the isotopes Rand €are fields, the isotopes 2 are Hilbert
spaces, and the isotopes & are enveloping ussociative algebras. The differences with
the conventional forms R, €, # and & are, therefore, merely a question of differcnces
in realizations and numerical values, but not differences in the topological structure.
In the final analysis, this is preeisely the spirit intended for the construction of the
{closed exterior branch of) hadronic mechanics via an isotopy of quantum mechanics (20},

Once the preservation of all the essential topological characteristies is understood,
one can see the existence of a consistent, step-by-step, generalization of the proofs of
Wigner’s theorem, as given, for instance, in ref. (%). It is merely given by the littings
CoC, # P, Cxit »Cux B G—0C and G — G # noder the fopological
conditions specified above, and it will not be repeated here for brevity.

Theorem 1. Lok G be an isotopic symmelry as per definition 1, Then, all possible
onto mappings &P — # with ' = G G € #' for each e P, aro sither isotopie
linear unitary or isotopic antilinear unitary transformations.

At the risk of boing pedantie, it should be stressed that, in the final analysis, the-
orem 1 is not a generalization of Wigner's theorem, a8 far as the mathomatical view-
point is concerned (and for this reason we prefer the term lifting used in ref. (32). In
fact, it is a mere broader realization of a known mathematical property. Yet, ibs
physical implications are far reaching, as we hope to illustrate below.

As well known, quantum mechanics represents particles as points. Such an approxi-
mation is evidently excellent for the electromagnetic inferactions at large and most
of the wealt Nevertheless, the same approximation may become excessive when used
for the description of the short-range interactions of hadrons, clearly, because they are
extended charge distribntions (with a charge rading of the order of 1F = 10-12 em).
Thus, hadrons are expected to exhibit deformations under sutficiently intense, short-
range, oxternal fields (*). This implies the possibility that the charge distribution of
hadrons can either be spherical, riir = xlz -+ yly 4 #lz = 1, or ecllipsoidical

(14) rigr = abiw + ybiy -+ e =1 (g1 = b = const) .

In particular, the elliposidical charaeier ean hold either for closed-isolated systeins,
or a8 a deformation of the spherical shape due to external fields. In this paper, we shall
oonsider only the former possibility (exterior/Lic-isotopie treatment), and this justifies
the assumption of the constancy of the metrie cloments in eq. {14). Its diagonal char-
acter follows from the assumed restrictions on the metrie.

The clagsical form invariance of ellipsoids has been achieved in ref. (11} In this
paper, we would like to summarize our studies for its « hadronization », that is for its
isotopic Hilbert-space formulation, Predietably, the results will be applications of
thevrem 1.

The physical toundations of the desired hadronization are provided by Birkchoffian
mechanics (7}, which is precisely an isetopic lifting of the (elassicall Hamiltonian
mechanics {and whose knowledge is assumed lereon), Consider o classical, extended,
sphovical, particle with charge distribution of radius 1 and wmass 1. Suppose that the
particlo moves freely in vacoum {empty space). Then, its rotational symmeitry is given
by the conventional S0, transformations in Buelidean space By; the unit is the conven-
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tional quantity 7 == 6-1, where § = (8,;) is the Tuclidean metric; and the system can
be deseribed by the free IHamiltonian Hy,,= 4p* with canonisal nction

ta
4= J (par — Hyppedt) red,.

1y
Suppose now that the particle, even though free, has an ellipsoidical charge diséri-
bution because of internal effects. One of its simplest possible deseriptions is provided

by the Pfaffan-Birkhoffian action

¢

i3 ta 2
ton [ Pip)ar— Bip) ae) = [pgdr — b (pope) ) = [Tp s dr — 3 (psp) s+ A,
1 Y %

whero g is precisely the metric of ellipsoids {14), and B = }pgpg is the Birkhoffian.
Note that the transformation (r, p) — (7, P(p)) is generally noncanonieal. The under-
lying dynamical equations are therefore Birkhoff's and not Hamilton’s equations. This
implies the following Lie-isotopic generalization of the Hamiifon-Jacobi eguations
{ref. ("), eq. {6.1.23), p. 207)

Q.Amen + 1 o deen ot zen
— B {q = -
P 5 (PoP)Y . Py ™ g

(15)

3

The naive quantization applied to the operator P, then yiolds the following isotopic
generalization of Schrédinger’s equations:

a9 1 L~ 1
(16a) i = Hgp = T 5 =5 (V9 9, H == pap,
A A A 1 "
{18b) ﬁQ‘P=P*'P$®TV‘P-

Evidently, the meiriec g is positive-definite and, therefore, it can he the isotopie
olement not only of a Lic group, bué also of a Hilbert space. We, therefore, assume that
the isotopic elements of & and of 2 are iden$ical, g = ', This agsumption implies the
preservation of the Hormiticity of the # and ¢ operator, as well as of their polynomial
forms when properly symmefrized in &, Proposition 2 applics, and quantitics that
are observable in the ordinary ease remain observable nnder lifting.

The canonical commutation rules are now subjected to the isotopy

(17 ([@Fn & D% ¢ = (48 &7 — Ave dEY e = D)k P =

0 I .
='i(w“")rf>='i(_1 O)q‘u d= (), mr=12%..6,

which preserves the conventional values (expressed Dby the fundamental, Lie, cosym-
plectic structure w#), even though the Idie product is generalized.

Tho preservabion of the values w# implies the validity of the conventional uneertainty. -
In tact, the application of the generalized uncertainty principle proposed ir vef. (*)
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o the case at hand yields the ruies
(18)  Ardp> (6% Fx By 19> L[(6lx 15 B1% 16)] = (ol @) =% (=1

Since we are considering the exterier, Lie-isotopic trentment, the pregervation of
conventional Hermiticity, commutation rules, and uncertainty is fully in line with
hadronic mechanies {where possible deviations are essentially admitted for the interior
of hadronic matter, as indicated below).

Once an explicit realization of the #- and g-operators has been achieved, the oper-
ator [ormulation of the isotopic theory of rotations becomes consequential. Recall fhat
quantities of the type 7P in & have no meaning in hadronic hechanies (e.g., hecause
they do not act linearly on the Hilbert space), snd must be properly formulated in &,
e.., r,gp.. The hadronic expression of the angular-momentum operator is then given
by the {isctopic Hermitean) form [;= st @iy p= €7k Pp. The following isotopic
commutation rules then trivially follow from rules {17):

(19) @31[]’;’; Fil= Jugli— Figki= i8]

and they coincide with the conventional ones at the tovel of abstract, realization-free
formulations as desired. Thus, for the agsumed metric, the operator realization of the
isotope G0, is locally isomorphie to the conventional form 80, in exactly the same way
ag it oceurs for the classical case (*%11).

The matrix representation for the tegular, (3 X 3) ease jdentified in ref. (1) thenholds:

0 0 0 [} 0 —1
(20) Jo=aber (0 0 1}, Je=ab7ipt{o 0 04,
0 —1 0 1 [4] 0
0 1 0
Jo=abbztd—1 0 0
0 0 0

The exponentiation to finite gransformations is also possible nnder the assumed con-
ditions, resulting in the Lie-isotopic group of rolations (19)

(21) 80,: B = R{0) = exp [4,0.3139 exp [1].0,1129 exp {]u05ll¢ =

3
= (T exeifutille) = 8,07
Lol

An example of isotopic rofations around the third axis is given by (%)

cos 0y (ofby) sind, O\ fw
(22) = Ry(0g) sk 7 = Sy{0p)r = | -—{(by/by) sin by o8 O by
0 0 if \z

This confirms the achisvement of the desired operator formulation of the form-
invariance of all possible ellipsoidical deformations of spherical charge distributions, ’
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as the reader is encouraged to verify vis the applications of the isotopic rotations to
composition (14). a

The second-order izotopic Casimir invariant is evidently given by fi= 2 figfu=
=1

— 3. Also, JE and J, constitute a seb of maximal, isotopically commuting and

Hermitian operators and, as gnch, they can Dbe diagonalized simultancously. The

repetition of the standard procedures for the identification of the eigenvalues, then

yields the litting
(230) fag=r G+ DlEe=9G+Dg, T=05 L

(230) Tk ¢ = 1k = map o= g, g =Ly ey =i

where the half-odd-integer values have been included mainly for completencss (since
we are not treating the lifting of the ST, spin group).

‘We recover in this way a result first achieved in ref. (2}, that the eonventional value
of the magnitude and of the third component of angular momentum ¢an be the conven-
tional ones; yet the conventional rotational symmetry is broken.

The existence of a consistent lifting of the remaining parts of the quanium-meeh anical
theory of rotations is then expected, such as: the construetion of the isotopie form of
spherieal functions, the diagonalization of hasis (20} via an appropriate isotopie unitary
transformagion; the composition of isotopie rotations; obe. Except a few additional
remarks presented in fig. 1, these aspects will not be considered at this fime.

Iig. 1. — The figure presents & gohematic view of the ¢ hadronization » of angular momentum nndor
the condition of preserving conventional magnitudes and third components. Ono can see the transi-
tion from the gquantum-mechanical sphore zx +yy +2z =0 +1)4% to the hadronic ellipsoids wbiz +
4 ybiy - 2bis = [# +1)1-’-’, while the quantization of the third component i8 gonventional, The ganical
sections for each projection m are, of course, elliptical. Note that the magnitude T2 iy leit invarinnt,
white an isotopic rotation ground the third axis (as depicted in the Agure) is given by .?{ =T, eos -i;
- {B2fb4) F.sin 0y, for which the axes are kept fixed as in the conventional case. 1f the unit vectors ¢
are rotated by an angle —#&., thon 1 = oxp [~ Fapfh] S exD {iBygFat = Fycos fly — Fsiny, f.c the
transformation is conventional, trivially, becsuse of the preservation of the commutation rules,
eq, (19), Despite the assumed, simplest possible realization of the isotopy, the model indicates that,
when the conventional symunetry nnder rotations is broken due to ellipsoidical deformations, the exact
rotational symmeiry can bo regatned via a switable isotopic lfting, The physical {implications are .
intriguing and deserving rurther study. Fer instance, it is conceivable bhat, for the ellipseidical shaye
of this figere, there exist Zifferent quenia of eneryy Jor different spuce orienielions, A= hbgt (seo texti).
This, and other aspeeta, will be investigated in seporate papers in more detail,
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Tt should be stressed that eigenvalues (23) are crucially dependent on the positive-
definite character of the metrie (which permits upper and lower bounds in the isotopic
expectation values), as well as of the conventional value of the commutation rules (17)
(which preserve the scale of the speetrum {28)).

A few concluding remarks are now in order. Recall that we have essentially studied
an operator description of a free, nonspherieal, charge distribution. Such a system is
essentially nonpointlike, and, as such, owuiside the technical pessibilitics of quantum mech-
anics in its current formulation. A% any rate, the conventional rotational gymmeiry i
evidently and manifestly broken for the system considered.

In this note, we have showed that the deseription of the free, ellipsoidieal, charge
distribufion can be achieved by preserving tho abstract, realization-free structure of
guantum mechanics, and by assuming instead a realization more general than the sim-
plest possible one of current use. This noto therefore confirms the hopes of hadronic
mechanics achieving a deseription of extended and therefore deformed ox deformable
particles.

Most importantly, we have achieved a description of the ollipsoidical charge distri-
bution in such a way that its center-of-mass motion is conformed to the available
quantum-mechanical, experimental evidence. This is ensured by the validity of the
sonventional uncertainty, oq. (18), by the preservation of conventional values of an-
gular momentum, eq. {23), and other properties. An aspect focused in this note is,
therefore, the possibility that a number of Liadrons currently believed to be perfectly
spherical and possessing the conventiomal rotational symmetry 80,, are in actuality
allipsoidical and verify the more general symmetry 50,.

The study of this possibility evidently demands the ealeulation of the magnetie mo-
ments associated to ellipsoidical charge distributions. Predictably, these moments
will he anomalous, by therefore econfirming the possibilily ihat (al least some of the known)
hadrons arve not spherieal. As a matter of fact, it may well be that the established anom-
alous value of the magnetic moments of hadrons (and of nuclei) turns out to be a rather
foreeful argument favoring the broken character of the convenfional rotational sym-
metry, and the validity of more general formulations.

Turthermore, the reader can readily see that the isotopic element T of the Hilbert
space 2 i o form of generalization of the inverse of Planck constant #i. In fact, by
imposing g = T = #-1, hadronic mechanics recovers the conventional one identically.
Without any claim to oviginality, the next issue raised by this paper is the possibility
that the ewchanges of energy of ellipsoidical charge distributions are nown-uniform in space,
according to the distribution figy, = Rb".

This somewhat suggestive hypothesis implies the possibility that, in case, say, pro-
tons are nob periectly spherical, they have different gquanium of energies 'fi\;_. = 7yt
depending on the orientation in space of the emission-absorption.

The resolution of this hypothesis evidently demands specifie, theoretical and ex-
perimental work. At this point we can only note that theisotope P has been introduced
following the lifting & — & for the primary purpese of preserving the conventional
chservability (proposition I). In fact, the symetry B0, ean also be fermulated in a
conventional Hilbert space, in line with ref. (¥). The arguments supporting the lifting
# —» # must, therefore, be of experimental nature, and eannot be of pure mathematical
character.

At any rate, if future experimental studies will confirm the need for an isotopic lift-
ing of the Hilbert spaco for extended, deformed-deformable particles, its isotopic ele-
ment need not be identical with that of the envelope. This aspect will emerge quite
naturally from the hadronization of the Lorentz-isotopic transformations of the preceding
lotter (1) $0 be presented elsewhere.
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In essence, our studies indicate that, when conventional symmetries ave broken be-
sause of the oxtended character of hadrons, their isotopic formulation may still be
exact. Equivalently, we can say that space-time symmebries may be exact in nature,
provided thab they are vealized in their structurally most general possible form, rather
than in the simplest possible realization of current use in physies (e.g., canomical or
unitary). Contrary to impressions that may have heen perceived by a number of
researchers, hadronic mechanics is being constructed to preserve space-time symmetries,
rather than breaking them, but, jointly, to relax excessively simplistic {(often tacit)
assumptions in their algebraic/group-theoretica.l struciure.

Most importantly, thereader should keep in mind that the compatibility of the model
with current experimental data on center-of-mass dynamics is erucially dependent on
the constancy of the ellipsoidieal shape. In faet, if such shape assumos a dependence
on e local co-ordinates », the value of the isotopic commutation rules is given by a
genoral {noneanonical) Lie-cosymyplectic stracture Que(s, 4). In this case, we may have
deviations from the conventional uncoerfainty. This latter aspect is not necessarily a
drawback of the theory. In fack, under the conditions considered, the system becomos
open. We are then referring to a novel physical areus for which no valuable experi-
mental information on uncertainty exists ab this time. As a matter of fact, one of the
central aspects of hadronic mechanies is the indication of the possibility {hat, even
though the eenber-of-mass of » closed hadronie system (say, s hadren or a nucleus)
oheys conventional quantum-mechanical laws, the dynamies of its open, interior con-
stituents can be fundamentally generalized.

The compliance with the conventional uncerbainty of the free, deformed, particles
considered. in this note is, therefore, compatible with possible deviations for ifs open
gonstituents. .

To pub it explicitly, the current experimental evidence favoring conventionai un-
corbaingies for the center-of-mass imotion, say, of a proton under long-range, clectro-
magnetie interactions (e.g., when the proton moves in a particle accelerator} appears
to be compatible with the generatized uncertainty pioneered by CALDIROTA and his
associatives since 1939 {*1) (and more recently formalized in the goneralized principle
of vef. (%), under the sole condition that the underlying, epen, genoeralizations of Behrd-
dinger’s equations merely vefer to the constituents of the proten, or, more generally,
of closed systems of extended particles with contact/non-Hawiltonian internal ferces 7).

These latter issues can be resolved experimentally, e.g., via neubron interferometry.
Tor instance, if short-range forces deform the eharge distributions of nucleons, depar-
fures from their magnetic moments are expected to be consequential, with a deviation
trom the spin precession predicted by the gquantum-mechanical descriptions for point-
like approximations. After all, we should not forget that tho anaiysis of ref. (*2) has
predicted about 19, deviation from the conventional rotational symmebry for neutrons
within the intense fields of nuelei, and that the measures of experiments (3}, oven though
preliminary, confirm such a value.

1f these measures of rotational-asymmetry are confirmed by future tests, they will
likely establish Caidirola’s treatment of unecertainties for open, interior, badronic,
dynamies, This can be seen by the aspect indicated earlier that, for open conditions due
to intense external fields, s dependence of doformations (14) on local variables implies
generalized values of the fundamental (isotopic) commutation rules, and, inevitably,
of Heisenberg’s uncertainty (although gtill in a way possibly compatible with conven-
tional uneertainties for the closed implementation of the system, when inclusive of the
external sourceo).

(#y H. Ravos: Hoedronic J., 5, THD (10832).



LIE-TSOFOPIC LIFTING OF UNITARY SYMMETRIES ETC. 52%

A corresponding situation is expected to occur for the time reversal symmetry.
I fact, the Hime symmetry of the centor-oi-mass trajectory of the deformed, but iselated
system considered in this paper is sxpected fio be compatible with the irveversibility of
its opon coustituents, along the lines presensed in the preceding note on hadronic
mechanies (3%). More detailed studics on this [rather intriguing and fundamental] pro-
blem will be presented elsewhere.

As n concluding note, we would like to recall that generalizations of the inner product
of type (1) have been known since considerable time (%7} (although for the case of non-
Hermitean 7). The novel aspects of the Birlthoffian and of the hadronic mechanies are
therefore those related to the isotopie lifting of space-time (and other) symmetries,
that is to the lifting of the envelope & — &, In this respect, it is amusing to recall that,
as BRUGK put it in his memoir of 1958 (loc. cit (%), p. 56), these degrees of freedom «are
g0 natural to creep in unnoticed ». Bruck’s words turned out to be prophetic. In fact,
the isotopic degrees of freedom of enveloping algebras and, consequentily, of elassisal
and operational space-time symmetrics, have remained unnoticed in the virtual entirety
of the theorstieal physics literature of this century, even though their implications ate
manifestly deep.
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