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As well known, antiparticles originate from the negative-energy solutions
of relativistic equations. However, such solutions behave unphysically
when treated with our conventional space-time. This has forced the
construction of various models to avoid inconsistencies, such as the
ceiebrated "hole theory”. In this paper we use recent mathematical
advances in number theory which have identified new numbers 77 whose
unit is ~1, and therefore with norm | V<0, called isodual numbers.
These new numbers have then induced for the generalization of
converitional space-time, 2lgebras, geometries and mechanics which are
the image of conventional structures under an antihomomorphic
conjugation called isoduality, In this paper we show that isoduality to a
different space-time is equivalent to charge conjugation in our own
space-time, thus achieving a novel, rather intriguing interpretation of
antiparticles as being characterizable via isodual numbers, spaces,
algebras, geometries and mechanics. One of the itnplications of the
analysis is the emergence of a hitherto unknown isodual universe,
geometrically separate from our own universe, possessing not only
negative energies | £ M < 0, but also evolving backward in time | # | < g,

1. Introduction

The entire physical reality is represented in contemporary
theoretical physics as existiig in one single space, the Euclidean,
Minkowski or Riemannian space (see e.g. [1]). This includes not only
elementary particles of which ordinary matter is composed of, but also
antiparticles and corresponding antimatter. .

In fact, given a particle (such as an electron e~ of a proton p*) in
Minkowski space, the corresponding antiparticles (the .positron e* or

© 1994 Allatabad Mathemstical Society



.A.Ouu
‘swsiydiowost-nup ‘Kdojosr-1ur se yons suLd) JaYio J0) {1jonpost uLl)
2yl Jo Juruedty dUp SABNSO[]I SIY], "SPIOUIOD JIUN MU pue j2utdLio aipy
Jo san[eA 2Injosqge ay) Ing "paAlasaid 10U afe | Jo swoixe [euiLo Ay
setp) SwiAdun sy ‘o > p 1 3ym 0 <7 9sned3q Adojost ue jou st =1
Sunjip o ‘Buppeads Apowns ‘rey) aieme aq pInoys Jspeas ayl

*J 1iun 2[qBATR0U0D Isadulrs ay; jJo asn
ay1 o1 parowsas Alomus si sorsAud Aresodwauod 2[ym 0w ‘seiqale
a1 ‘seoeds oujow ‘sppayy Jo suopezijeisusld Fuipuodsouod Yim ‘yiun
aIseq 2y} jo uonezielauaf [eiatnuou ng sjdwis e sannbal jusuiesn
I3 “10m] up ae9d mou sI Apuasal jnun paypuapun Aepdwos
paurewar aaey {saoedsos] pue) saoeds [enpost Ays uoseal ayf,

( Jun osy a1qissod je1auad oW Ay} Jo @Iv = uotssaidxa
[ENPOS] 3U) J0J PIAIASAL Ak [ogWAS SY) U JIUNOST JEMPOST SULI)
3y 3Iym ‘(=) =, ] [0QUIAS 3L tplm PIIOUSP PUR Jun [onpost PI[ed s
yougm (J—-) = d Auenb reqnotted su Joj J & I yun o1seq a1 Jo Juiygy

31} Jo sistsuod Ajfenuassa 51 pue ‘sanbiuyady mau saoqe sy Aq Apsioasd

ponnuuad wssq sey sadeds [enpos! 9} JO UONEOYNUSPI Y],

(ag-on 12 .booﬁ=ouﬁ=omo.a83m9om_
ay) ‘sewaunuds sdojost o ‘sdn013 ardojost-or] 10} s)nsar Te[ruys
yua ‘(Anuopr s.iqooep pue jonpoid ay; jo Answuifspue) Aoy
517 Jo sworxe diseq 2y Suiatesaad o[iym ‘yiunost 1oy 4 Amuenb
oyt ywipe 0) Aem B YOS Ul PAAONNSUOD SI N JI p4qadip ndojosi-ary
e po[ed> SI viqaf[e ar] B jo uonezijerousd e .Euﬁmonoa [euISLo
a2y} 0y Suipiodoe ‘Aprejiulg Q < l ‘ssoudnuysp-aanisod pue Aronuuey
‘Aoelousdap asaymou 971 ‘7 Jo swoixe [euiduo oy seatssexd 1
J1 Ajuo pue Ji 7 jo edojosi ue st J 'SNYL "wi10 [EOIUOURIUOU PUE [230]UOU
‘reaunjuou eiousd jsow oy ur pezijeas ySnoye ‘swioixe [euiZHo
oyl satasaud Aoy J1 ordojost aq 01 pies e suonezijesudd ayf,

*019 {SOLNOWIWIAS [RUISIUT PUR SWIG-208dS [RUOIIUSAUOD
‘soeyoaw  uejuoynwey wmuenb pue  [esissed  ‘peuonuesucd
‘salnawoad uziuuBwWary pue suyse ‘opdspdwis (L10ay) uoneuaseidal
K300y uoneuniogsuen; ‘dnois o1 ‘seiqalie o1 ‘seiqadpe Surdopsdus

SS1 T TIVIAOST VIA STIDLLEVALLNY A0 NOLLV.INISTddTd

tsaoeds omjaw-opnasd pue oW splay Suipnjout pue “Junum sy
Je Joyme S1y) 0} umouy uoisnjoxa Aue moyim ‘saskyd Kesodwauod
JO suonE[nuuoj [eonsloall (v jo  suonezieiousd  aiqnediiod
Suipuodserios sannbar uay i=l Bunyy ay) (e ‘he .mr ‘hox

U x '5) =1 adfy o3 Jo oouspuadop [BUONOUN) 2JQBAIIIUCGD

[elouaS 1SOUI SUY) 9ARY YOIYMm ‘Sj1nost Paf[ed J siun ojqissod jesousd
1SOUI 31} UO PIseq Pedjsul ase SIHUBYDIAW pue soLjowodd ‘seiqadie
Arerodwauos jo saidojost ayy (f °[ ‘1 ‘1) Fep = | Xujew jun
[RUOISUSWID-f SU1 IO | JSQUINU SUY1 S& YINS ‘J1un Sqeatadnod ysajduus
ayy Jo uondwnsse w3 uo yuapusdap A[[e1onia si 31 pue ‘Jo siseq ay; uo
Pa1onIIsu0D usag sey sorsAyd [eonacay Arerodwauod jo Alenus Ay
asnes2q A[US0aI JHUN UMOUNLN Pauiewal dAry Saords [2npost oy,

-1aded yuenbasqns
e ur pojednsaaul aq [[im yorym ‘Aep sup 01 umowjun Aj[Riuswepuny
sasdaamun Jonpost Jo uOnEdnUSpl A yunad Aoy asnedsq pSapul
SumBmur aunb 9 w1 wor e $20pds uptuupwaly pnpost ], "ased
seqnoned ojdwis e s1 20pds upaponyg jonposi U3 UY UOHBZLISIIRIELD
Fuipuodsawioo o) eyl Sulpueisiepun Y IPim ‘200ds DSMOYUIHY
Jorpost syl ul Janewnue pue  sepipednue Jo o UONEZLISIORIEBNO
ay) Apms [eys om saded sup wi ‘(A pue Al ‘TN smxdeyDd
[ary] osie 22s) [qe} jo fesodoad Amyusuripru oy Suimoyiod
"auo
Kresoduimuoo ayy uey) Jadosp Ajqesopisuod Aem e Uy Jopewrnue pue
sopruedpue jo uonezuaoeleyo g nuuad Apuaredde yorym ‘saonds
jonpost jo Sweu 9yl ISpun panmugns ‘sadeds mou Afjeluslrepuny
Jo ooudlsIXa SU) poynuept aaey Aayl 9snedaq . SOIPYIIUL
pup  saujaw0a3  ‘svagadiy  Kiviodwaniod  fo  sadojosy oy)  se
UMOUY SI0UBAPE U201 AQ palalfe A[{esmonils uaaq Sey mata SIYT,

._w-:.muc% po1siyyd WD 2y U1 JSIX3 Of PIUNSSD 24D "LINDUUD
puv aanvi Kjjpiausl aiow Sp [[aM Sp ‘Sapundyuv pup saponand
yroq soisdyd (poyasoays Kiviodwamuod wr jeyy sondun sy,

-ajorued Areuipio syl jo adeds D{SMOYUIA JWES 3Y)
01 squoyag ajonrednue oyl eyl Sulpue)sIapUN JiDE] A4 YIlm INg ‘sugIw

oo pue uopesnfuod 931eYd BIA PAINNSUOD St o _d uojoidnue

TTTILNVS VRIVIN Od3DDNY 14!



156 RUGGERO MARIA SANTILLI

The fundamental notion of this paper, that of isospace on an
isofield, was introduced for the first time in A:E. Section 1) in regard
to the formulation and proof of a general theorem on isosymmetries,
The notion of isoduality was introduced for the first time in (&,
Definition 1, p. 42) as part of the classification of all possible isotopes
o (3) of the rotational symmetry O (3). The first application of these
notions to the lifting of the Minkowski space and related Lorentz
symmetry was submitted in"", and then extended to operator
formulations in™ via an isotopy of Wigner's theory on unitary
symmetries, later treated in more details in memoirs”). The interested
Rmﬁ_mn ,may note that ref.s™ ™ were written considerably earlier
than"**), but they appeared in print considerably later than the latter
because of unusual editorial difficulties reported in _([8a], p. 26).

The studies on the isotopies of contemporary algebras, geometries
and mechanics are now well under way (see the mathematical
monograph [15] and quoted contributions). However, except [7-11],
the complementary notion of isoduality (or anti-isotopy) has remained
unexplored, thus motivating the analysis of this paper.

2. Isotopies of Contemporary Formulations

As recalled in Section |, the isotopies are given by axiom-
preserving, nonlinear, nonlocal and noncanonical realizations of any
given linear, Iocal and canonical structure, and were constructed for the
purpose of enlarging the representational capabilities of contemporary
formulations.

More specifically, contemporary formulations essentially permit
the treatment of the so-called exterior dynamical problem, consisting
of point-like particles moving in the homogeneous and isotropic
vacuum, thus resulting in the familiar local-differential and
canonical-Hamiltonian equations of motions verifying linear
symmetries. On the contrary, the isotopic formulations have been
constructed for a quantitative treatment of the more general interior
dynamical problem, which consists of extended-deformable particles
moving within inhomogeneous and anisotropic physical media, thus
resulting in the most general known nonlocal-integral and non-
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canonical-nonhamiltenian equations of motion verifying expectedly
nonlinear symmetries.

In this paper we shall study the isodual image of the conventional
formulations, thus restricting our analysis to the conventional exterior
problem in vacuurmn. Nevertheless, a knowledge of the isotopic
formulations is important for this paper, first because a necessary
pre-requisite for its technical understanding, and also because the
exterior, local-canonical isoduality of this paper can be extended by the
interested reader to the covering notion of nonlocal-noncanonical
isoduality of the interior dynamical problem.

The fundamental isotopy is that of the unit. Consider a relativistic
quantum field theory on Minkowski space M (x, 1, K), with invariant
line element s, local coordinates x, and metric 1 over the reals % The
basic unit of such space is then the four-dimensional familiar form I =
diag. (1, 1, 1, 1}. The isotopes of I are given by the infinitely possible 4
x 4 matrices { with the most general admissible nonlinear and nonlocal
dependence on: s, the local coordinates x, their derivative with respect
to s of arbitrary order, the wavefunctions wand y' and their deri-
vatives, and any needed additional quantity, under the condition of
mnmm._e.m:m the original axioms of I (in order to qualify as an mmoﬂonEm?

I=diag. (1, 1, 1,.., ) = 2= (s, x, 5, %, w, ¥\, Oy, oy, ...), (2.13)
det7#0,I=1I>0=>detf20,7=1"f50.  (@21b)

The isotopic lifting of the unit [ =1 then implies corresponding
compatible liftings of all the mathematica! tools vsed in contemporary
theoretical physics, which can be outlined as follows.

First, conventional fields F (restricted in this paper to the fields of
pape

real numbers % or complex numbers C or quarternions Q) must be

generalized into the forms, called isofields™ %114

m.n?uau::uum.nﬁm"mnaw:mﬁr (2.2a)
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160 RUGGERO MARIA SANTILLI

similarly, the anisotropy of the interior problem, e.g., due to an
intrinsic angular momentum can be directly represented via a
factorization of the spinning direction in the isometric; the integral
structure of the interior problem can be directly represented via integral
realizations of the isometrics; etc. (see [11] for a detailed study and
examples).

The generalization of the basic unit, fields and carrier spaces then
implies a corresponding, step-by-step generalization of Lie’s theory
into the Lie-isotopic theory of the original n.dw%&a&. Recall that the
entire Lie theory is constructed with respect to, and crucially dependent
on the conventional unit I. The Lie-isotopic theory is instead an
axiom-preserving reformulation of the coventional Lie’s theory, this
time, constructed with respect to the most general possible nonlinear

and integral isounits » and consists of the following main
branches>00:102:11b,15],

1) The isotopies of the universal enveloping associative algebras &
with elements A, B, ..(say, vector fields or operators) and trivial
associative product AB over F into the following structure called
universal enveloping isoassociative algebras

def et
mi*mumww.?;uf»u},imm. (2.8)

with underlying isotopy of the Poincaré-Birkhoff-Witt theorem and
related infinite-dimensional basis for an (ordered) moﬁ..&. generators
X i=1,2, ..., nfirst submitted in [Sa] o

DX X X (€)X X2 X (<GSR, ... (2.9)

2) The isotopies of Lie algebras L = £™ and of the celebrated Lie’s
First, Second and Third Theorem with familiar product
(X Xil: = X; Xi-X;X;=C w X, where the C’s are the familiar structure
constants, which are given by the Lie-isotopic algebras and theorems
first submitted in [Sa).
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A A def

humn..ﬁk_..k_.._ﬂnﬁ_.ﬁguﬁ.*%l.d*ﬂ

A
=XiTX-X,TX;=Ch(s. X ) X,, (2.10)

where, as one can verify, the isotopic product X; T X; — X; T X, satisfies
the Lie algebra axioms, and the C’s are called the structure functions;

3) The isotopies of the conventional (connected) Lie groups G
{also necessary under lifting (2.1) because of the evident lack of
mathematical meaning of the conventional exp (iwX) = expz (iwX),
w & F). The isotopies are expressible in terms of the exponentiation in
§ (permitted by the existence of infinite basis' (2.10) and called
ﬁ.qcmauoamzm.n:.e:&. characterize the Lie-isotopic  groups also
submitted for the first time in [5a], and can be written for the
one-dimensional case

Gy U W)=+ 8X/11 + () » (WX)/2! + (iWX) * (iwX)

def

i%g_f:. umm..iurmma )=(et ™1 (2.1hH

with ready generalization to the case of more than one dimension (via
the isotopic Baker-Campbell-Hausdorff theorem®™), The Lie- isotopic
groups evidently violate the conventional group laws, but verify
instead the isotopic group laws'™)

Uw)*UW)=U(w)* Uw)=U(w+w), U(0) =]

Uw)* U(-w) =1, (2.12)

where the product U (w) * U (W) is evidently isoassociative. This
permits the preservation of the Lie group axioms at the abstract,
realization-free level where the conventional associative product AB
and its isotopic image A * B coincide.

4) The isotopy of the conventional linear transformations X “=Ax
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164 RUGGERO MARIA SANTILLI
N d
nn*_€v+$ﬂ_€vutl:%ﬂ_€v. (2.19b)

(where H and p are certain effective Hamiltonian and linear
momentum operators, respectively), with corresponding, isounitarily
equivalent isoheisenberg's equations in their infinitesimal form
(originally proposed in {5b] as an operator realization of the
Lie-isotopic theory of the preceding [5a])

iA=[A,Hle=A*H-H+A=ATH-HTA=ATH-HTA
=AT( xnxyy, 0w oy, ) H

—HT(s,x,x, %y, ¥, 3y, oyt, .) A, (2.20)

and finite form characterized by the following Lie-isotopic group of
isounitary transformations

AW=e"A©) ™ =T = A (0) x ] (2.21)

The interested reader is referred to reviews!"*'¥ for remaining aspects
of hadronic mechanics, including the isotopies of conventional
Operations, quantities and physical laws on a Hilbert space
(determinant, trace, Dirac’s delta distribution, superposition, casuality,
etc.), as well as a number of applications to the Bose-Einstein
correlation, exact confinement of quarks, etc.

The fundamental concept the reader should keep in mind is that
hadronic and quantum mechanics coincide, by construction, at the
abstract, realization-free level. The mathematical consistency of
hadronic mechanics is therefore established at this writing. Only its
physical effectiveness is under ..,.n_.:zsu\_:_.

3. Isodual Minkowski Spaces and Related Forinulations

The isodual theory is essentially given by the reformulation of the
isotopic theory of the preceding section for the isodual unit
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def
P=—1=diag. (~1,-1,-1, .., ~1) =<0, (3.1)

and the realization of the isotopic element T via the isodual element
T=(-I%"=diag. (-1, -1,~1, ..., ~)=T? <0, (3.2)

which, in the particular case considered, trivially coincide, J =74

Thus, isoduality is not an isotopy because of the lack of
preservation of the original axioms. The isodual and isotopic theories
therefore admit nontrivial differences illustrated below.

First, liftings (3.1) and (3.2) imply the following isodual Jield of
real numbers

ﬂ_u?..."an_uz iulz.m R} m&u Nﬁulﬁ. (3.3)

which are the image of the original fields ® under reversal of the sign
of all numbers. Thus, the identity of two numbers belonging to R and

# is characterized by the following property
nyg=-n|g, - (3.4)

which the reader should keep in mind to understand the realization of
antiparticles in isodual spaces.

Note also the sum of isodual numbers is the conventional
operation, but its value is the opposite of the conventional one.

i+ ng=(n +m) == (ny +ny) I, (3.5)
while for the multiplication we have
M= T (I =mm) F=—mm) 1. (3.6)

Moreover, the modulus of a number in R is given by
Vlg=1nn1"? I'=+1nn1"2 while the corresponding isomodulus in &
is given by ; .



. onydi0wosy-1up 34 Cm y .qc. ‘%) p W 101pOSs} it 'pup
& ‘W x) y sopds pysmoyuipy pouonusnios ayg | NOLLISOdO¥]
Suimorjoy
a1y 2401d 0) ASED S| 31 ‘0JUO PUE SUO-SNUILL-0) JUO SE WisIYdIOWOSI-1iUD
ue Sumuyyop Aq ‘usy] ‘seoeds reurSuo oy 0) onydrowos) are sasedsosr

I siunosy axtuyap-aanisod 10 ‘ey) smoys g 1ONOAS JO | BWIWST
v

iy .HV r T .H. e
@s1°e) \d (emx—= P Dy
(51°¢)
=l Fﬂ...:.n».nainanu.l,._w o)==, (X = b ) = x

Aq Kjoan0adsat uani3  poumisip jonposi, pup JUDLIDAUT IDNPOST, Y1im

Wre)  B-=, 0% =P U-=U = U: (¥ un u

sum onpos e prayf [onposy ays 4200 (1°1 ‘1) Bep—=1-= [ =
TA _vnu = =1 nun jonpos; ay1 &q pazusovioysr (g LX)y
Jo 38vun wﬁﬁ..u @a .u:. ‘x) H W2UdS Dysmouipy [ompost, ayy ‘usy]

{(€£1°€) PW=xY 3 X X-

KX XXX _RH>R>=_.;»\H_ Gh=x: LUy

T Im ymy, Sppad ayy 4340 uoyIvdas jupLiDaul pup

(1°1°1 1) Betp=1 o “(1~*1 *1 1) “Ioip= . omowt § *g ‘g | =1

‘() =x sawuipiood o] ynm aopds psmoyulpy  ouoisusugp-(|
+ £) ppuouanuod ay1 aq (g ‘L °x) w127 [TE°L ‘gl 1 NOLLINIHH{

Zuimolioy sy

9ARY 2I0J211 3, “30eds ISMONUTI (PUE UBSPI[INY) [PUOTIUDALOD ay

Jo Aypenpost Jurpuodsanod Lressaoat € ‘Aoussisuod Joj ‘annbal spjoy
PUE jun diseq 9yl JO SanIenpos! dy) ‘7 UONIAS Ul po[[edal sy

9] " TVNAOST VIA STTOLLYVALLNY 40 NOLLV.INISTHdTY

*A11A21q 10 JopEAI PalsaLaul 3 0] Ys] auay .n@ P1a2f uoriazonb
foriposi ay Jo uonowisuod sy; st (JunSuur pue) sanonsu A|jenbg
‘s Jo suonetado Suurewst [je 1onnsuco Apses Usyy ueD Iapeas oy

are .u_u_IHS_%+~u_|u§~@u3ﬂnu_wu_

Q.u + D=2
doquiny xaydwod v fo snmpowios: (aanedou ‘st jey) JUIJSISUOD B
d'al 03 papaau st (8°¢) Uonuyap ‘Anusieambs pue ‘Alsanewd)y

pue oidojost sy usemiaq aousjeambs Jo %98] 9y agensn|[i o surfoq
SI4L 7 0npoid ays pue | 3un (22l 5y yiog jo Aupenpost sy £q ‘Ajstuen

©01°¢)
VY -=0) (1D O+ =g 0,51 +¥) = %1+ %= 3

"1=1-=_17e 90N 'S2L03Y) [Enpost

Aq uaA18 2se spenposi
Y ‘snyl WI+¥ = Amodnns ap aaey siaquinu xajdwion jeip
ileoa1 1811 "sAem jo Jaquinu ® ur paacid 3q ued (8°¢) amgonng
6°€) - Pqi1+r)=Dlg1+n)

o' P2 Ul g1+ v —Jequnu ar3nfuod ¥aidwos ay; o) [eonuapi
210ja104) SI D Ul g1 + 0 Jaquinu xsjdutos v -uoneSnfuos xajdwoo Jo
uonelado oy snyd ‘pf MUN [2npost 3y £q uorrenydnyn a1y e1A ‘Ajeureu

(8¢} D= d23=.0'{D 22°02= ]} =0

Aq paugep aq
ued Yo1ym prayf xapduiod fonpost Jo uonou 3 20UpONUT oM “JXIN

I Anwenb [eiaw sy Aq voneardnnw
Sy) 210uUS1 [[eys om ‘Sasue UoISnJUOd ou Jsasuaym ‘Fuimoljoj o} uf

we) Hul-= == g uu-s g qusu)=Fu

I'TILLNYS VIAVIK O¥E591d 991




168 RUGGERO MARIA SANTILLI

It is important to understand that isoduality is a new operation
independent from all conventional operations, such as space and time
inversions, trivially, because all conventional operations cannot alter
their own basic unit.

To see this important point, consider the isoinversions®%"
’ A A
M=Prx=Pr=(-xx), =T x=Te=(x,—, (3.16)

A
.s.:oao.v =Pl ¥= T1, and P and T are the conversional space and time
Inversions, respectively. Then, it is easy to see that the lifting
M(x,m, &UE& (x, :m.u& cannot be reached via the inversions,

- 2. . .
trivially, because x° is invariant under P and T, as well known, and the
same occurs for all other operations.

Another important point to understand is the difference between
the space M (x, 3n.. R) characterized by the sole change of the sign of
the metric 1 =sn?=~n (which is studied in details in [19] and
M {x, :m &v. The former is a conventional space, i.e., a space based on

the conventional unit /, while the latter is an isodual space, i.e. space
whose definition necessarily requires a generalized unit.

. Also, note that the mapping M (x, . R) = M (X, ._._mnd is not an
tsomorphism (or an antimorphis) because, for a fixed coordinate X, the
mapping changes space-like into time-like vectors and viceversa,
evidently because of the inversion of the sign of the separation while
preserving the underlying field, i.e.

M@ R R My, B:¥=-Fe g 317

On  the contrary, the isodual, mapping M (x, 1, )

d .
uu?i?q._ , %) preserves the original space-like or time-like
character because, jointly with mapping (3.17), we have a
corresponding mapping of the field,

M@En, R:x'e RoM ' ®): P=- 2@ #=—g (.18)

This occurrence is an indication of how misleading can be a direct
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interpretation of a given sign, unless treated in a mathematically
correct way. We have recalled earlier that a numerical value,’say, x = 3,
has no mathematical meaning unless referred to a specifically selected
unit and related field. If the conventional field & is selected, then (and
only then) the expression x=3 has the conventional meaning.

However, if the isodual field & is selected, then the mathematically
cofrect expression is 3¥=3r=-3,

Moreover, the isoproduct of any isodual number n? with a given
quantity Q coincides with the conventional product.

xQ=nFT0=n0 (3.19)

Thus, when dealing with isodual fields, for practical purposes one may
consider ordinary products such as xQ, where x is, say a local
coordinate. However the correct expression in M (=, :A &u is x* 0, in

which case the correct coordinate is x7=x [ = = x.

In short, all numbers of the conventional Minkowski space,
including space and time coordinates, change sign under isoduality,

Next, the isodual Lorentz symmetry O° (3.1) of ﬁn (x,n%, uﬂv is a
simple particular case of the isolorentz symmetries O (3.1) forl =P
=-~I, Both the isolorentz and isodual lorentz symmetries have been
originally proposed in [7] and then studied in detail in [11b], jointly
with the isodual isospecial relativity, that is, the image of the special
relativity under isoduality.

Here, we limit oursclves to the review that, for an arbitrary
isotopic element T = diag, Quw. b, ww ww. where the b's are arbitrary,
positive-definite functions of all needed local variables, the isolorentz
transformations can be written

=y = P = .@ o - Bxh), x* = .@o% - ?J. (3.20)

where
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as well as evolving backward in time, because

11«0 (3.26).

As we shall see in the next sections, the above principle appears to
permit a novel interpretation of antimatter, as well as stimulate rather
Intriguing epistemological possibiiities.

Finally, the reader should be aware that the introductory lines of
this section represent only part of the isodual theory, that of
_l.mo-wmoﬁovwn type for the exterior dynamical problem. Another part is
given by the isodual theory of isominkowski spaces for interior
dynamical problems. Additional parts are given by the still more
general, exterior and interior, isodual theories of Lie-admissible type
(see [Sa,b] or the Appendixes of [11a]).

4. Antiparticles in Isodual Spaces

As indicated in Section 1, it is currently believed that antiparticles
such as the positron e* or the antiproton p™ exist in the same
Minkowski space M (x, . K) of the ordinary particles ¢~ and .

.d& purpose of this Wmum_. is to study the following hypothesis
rudimentary submitted in "

. Eﬁuo.._.zmma Consider particles existing in our Physical
Minkowski space M (x, N, R). Then their antiparticles exist in the
mmq.&:& Minkowski space M® (x, N’ % and are characterized by the
isodual mapping

I=diag. (1.1.1, )= =~ I = diag. (-1, 1, -1,-1), (4.1

that is, by the isotopies of conventional fields, pseudo-metric
spaces, Lie's theory, symplectic, affine and Riemannian geometries,
and quantum mechanics characterized by the isodual unit I, with the
understanding that there exist particles, such as the neutral pion,
which are "self-isodual", that is, common to both M (x,7, %) and

M (x, %, 2.
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The purpose of this paper is to study this hypothesis in more
details. For this, we need the operator theory" on M (x, :mn@ here
introduced under the name of isodual relativistic quantum mechanics
which is a nmm:u.)mzc: of hadronic mechanics of Section 2 for the

particular isounit [ = I and, as such, it is characterized by the following
main structures:
1) The enveloping isodual associative operator algebra mm of with
elements A4, B, ..., and isodual product .
E.A*B=AT'B=-AB,T%=("%" = diag. (-1, -1, -1, ~1),(4.2a

FrAz=AxF=AVAect (4.2b)

II) The isodual fields & = R I and C* =T F, and

I The isodual Hilbert Spaces 3 with states | ¥ vm =—{¥!land
composition :

H(olyY=(eIT1§)Fe (4.3)

. The above structures imply a simple but rather subtle change of
the entire formulation of relativistic mechanics. First, the notion of
Hermiticity remains unchanged, i.e. HY=H' Nevertheless, the right
modular action of the Hermitean operator H on a state | ¥ ) is chanced
into the form

Hiy)=>-(GI+H=—(GI+*E=—(F|E (44
which confirms the inversion of the sign of ordinary numbers under
isoduality plus conjugation, i.e. if { x| y } = y (x) is a wavepacket in %
its image in #f' is given by — (y (x)".

The notion of isodual mE.B:.Q is also equivalent to the

conventional one owing to the properties

UsUl=pMs Pyt =-t'U=-1. (4.5)
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176 RUGGERO MARIA SANTILLI

while it is easy to see that the helicity is iso-self-dual.
We therefore have the following

PROPOSITION 4 The conventional Dirac equation for a charged
particle under an external electromagnetic field on Minkowski space
M (x, 7, ®) is mapped under isoduality into the adjoint equation for the

antiparticle in isodual Minkowski space Ml (x, .:nu&v. ie.,

ﬁéjz::|m>cc:+¢b_evuouvaﬁ:ﬂa:%<qux>ﬂ@:

il ) = (G ™ oy HeAy (] —im} =0, (4.15)
while the four-current remains unchanged, i.e.,
u_,uﬂ_@_<=€vnvxu§¢:a_ﬁ_ﬁm#. (4.16)

We have reached in this way the following

PROPOSITION § The conventional charge conjugation for particles
on Minkowski space M(x,n, R) is equivalent to the “isodual

conjugation”, ie., the mapping of the equations of motion Jrom
M (x, 7, R) to its isodual image M d ,Sm, mm_v

Next, it is important to clarify that the conventional solutions of
relativistic equations, including both the Klein-Gordon and Dirac's
equations admit  solutions in both spaces M{(xn R and
M (x, 1", #'). This property should be expected from the fact that the
fundamental Casimir invariant p* + m” is common to both spaces.

Consider in this respect the explicit form of the plane-wave
solution of the Klein-"Gordon equation. As well known, (see n.m._s_. p-
29), both positive and negative energies (or frequencies) are possible
according to the expression

W (1) = exp (K Ny ) =exp (kX x —i 0 1), 0= K +m)? @I

But, by recalling rule (3.4), any positive energy (or frequency) on
M (x,m, ®) coincides with the corresponding negative value -In
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M {(x, ;a, _.@. In fact, the isodual conjugation

W (X en g =€Xp (kXX —i@X)= W (s en'5)

—exp (K x+ P o' X y=exp (ikxtinD, (418

where we have kept the space-time coordinates unchanged because
they are the same as for the positive-energy solutions.

We leave it to the interestec reader for brevity to verify that a fully
similar situation occurs for Dirac’s equation, which admits solutions in

both M (x,m, &) and M (x, 1", B).

The interested reader may also easily prove the existence of

particles which are iso-self-duals, such as the photons 7y and the °
Meson.

Finally, note that the problematic aspects for the Lorentz
invaraince of the solution with positive  energy in
Mx,n, R, expi (Kxk+lwl)are resolved in isodual spaces via the

0? (3.1) invariance of the expressions nval»xwis_.e on

M (1, K.
5. Concluding Remarks

The analysis of this paper confirms the possibility of representing
antiparticles and antimatter in general as belonging to a space different
than our own physical Minkowski space M (x,n, R), called isodual
Minkowski space M (x, jm. h@_ v aich is characterized by a negative

unit ¥ = — I called isodual unit, with n=nF=-n, & = R =~ &

In such isodual space all quantities are conjugate to the
corresponding quantities in our own space, in the sense that: the
numerical unit 1 becomes —1; the imaginary unit i becomes —; all
positive numbers become negative and viceversa; right is turned into
left; up is turned in down; forward motion in time is turned in
backward motion in time; conventionally positive distances and
magnitudes are turned into negative values: conventional Hilbert states
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particle. In fact, as elaborated in the preceding section, a given physical
n_wn:,cn in Minkowski space becomes a positron in the isodyal space
with the net result that each space has only one particle, one being Sm.
isodual image of the other.

But vﬂ.rm_uw the most intriguing possibilities occur when the
results of this paper are extended to the Riemannian spaces and their
1soduals, In this case, as we shall see in a subsequent paper, we have
Eo apparent emergence of an entire new universe of isodual type
hitherto :.:xnoé? with rather intriguing possibilities regarding bacsijc
advances in gravitation. ‘
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